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Optimization for Machine Learning

- Many machine learning methods can be formulated as an optimization

problem
min f(x)
xXeX

- 45 Risa (strongly) convex function
. & C R%is a constrained set

» Stochastic optimization plays a central role in large-scale machine learning
- stochastic gradient descent
» stochastic mirror descent
» stochastic Langevin gradient descent
» accelerated variants
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Stochastic Gradient Descent

SGD update:
Xer1 = g (g — mGOx; 6p)

Unbiased estimator of the gradient:

_gk[G(ku sl = Vi)

Convergence rate

ELFx,) — fc9)] = 0(&) convex & bounded gradient
- \/% bounded gradient: ||G(x;¢&)||, £ G

G2logk\ strongly convex & bounded gradient
uk p-strongly convex: f(x) > f(y) + ( Vf(x),x — y) + u/2||x — yH%

=[fOg) = f(%)] = 0(



From Euclidean Space to Non-Euclidean Space:
Stochastic Mirror Descent

Bregman divergence D,(x,z) := h(z) — h(x) — (Vh(x),z — x)

Stochastic Mirror Descent (SMD) update:

Yik+1 = Vh(xk) — ﬂkG(J% fk)

Xep1 = VI*(Yip)

Primal space Vh Dual space

G
[ fx) — ft)] = 0(—)
X e Vh(xk)\ R Vi

convex & bounded gradient

Gzlogk>

=[ () — f(x™)] = 0(
X+1 ' Hk
J( Vi+1 / strongly convex & bounded
Vh* gradient




Accelerated Stochastic Mirror Descent

ASMD update [Lan, 2012; Saeed & Lan, 2012]
X =gl + (1 =gt xmde“
md
Xyl = Vh*(V(“‘ey (X% )
ot O YO, + (1 - pr
“a* k+1 k7%

Convergence rate

L . ¢\ convex & bounded gradient
=L 0g) —f(e)] = O ( K2 \/%> °

02) strongly convex & bounded gradient

L
[ flg) — fla)] = o(ﬁ -

E[||G(x,&) — VFX)||3] < 6°
Smooth: f(x) < f(y) + (Vf(y),x —y) + L/2|x — y|2

when ¢ = (), it matches the optimal rate of
deterministic mirror descent



We Want to ...

e Better understand accelerated stochastic mirror descent

* Derive intuitive and simple accelerated stochastic mirror descent
algorithms

e Deliver simple proof of the convergence rates
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Interpretations of Nesterov’s AGD/AMD

* QOrdinary Differential Equation interpretation
[Su et al, 2014] [Krichene et al, 2015] [Wibisono et al, 2016] [Wilson et al, 2016]}

[Diakonikolas & Orecchia, 2018]

* Other interpretations
* Linear Matrix Inequality [Lessard et al, 2016]
* Dissipativity Theory [Hu & Lessard, 201 7]
* Linear Coupling [Allen-Zhu & Orecchia, 2017]
 Geometry [Bubeck et al, 2015]

 Game theory [Lan & Zhou, 2018]



From ODE to SDE

Ordinary Differential Equation
dXt — U(Xt, t)dt
Stochastic Differential Equation

dXt — U(Xt, t)dt -+ O'(Xt, t)dBt

dX; = (—=0.5X, + sin(0.01¢))dt di dX; = (—0.5X; + sin(0.01¢))dt + 0.2d B;




SDE Interpretations of Stochastic Optimization

Stochastic Gradient Descent

~

Xk+1 = X — ﬁkvf(Xk, fk)

Stochastic Gradient Flow
dXt — —Vf(Xt)dt -+ O'dBt

Stochastic Mirror Descent

~

Yit+1 = Vh(x) — eV f (%, &)
Xp+1 = VA (Yi+1)

Accelerated Stochastic
Mirror Descent

_~

Yi+1 = Vh(xr) — eV f (XK, &)
Xp41 = g Vh™ (yYra1) + (1 — agp)xy

Stochastic Mirror Flow

Accelerated Stochastic
Mirror Flow

dZt — — 1)t [Vf(Xt)dt O'(Xt,t)dBt]
dXt — ¢ [Vh*(Zt/st) — Xt]dt,




Yet...

Discrete-time
Algorithm

Strongly

. Acceleration: Converge
Convex |

Convex

(Raginsky & Bouvrie,
2012)

(Mertikopoulos and
Staudigl, 2016)

.................................................................................................................................................................................................................................................................................................................

(Krichene & Bartlett, 2017) / J
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Lagrangian Mechanics Behind Optimization

* Optimization: Mechanical/Physical system with friction

' 1 “ l
. Undamped Lagrangian £ (X, V, 1) EHVHZ f(X)

« Principle of Least Action: real-world motion X, minimize

J(X) = J L (X, X, Ddt
T

* Euler-Lagrange equation

d 03(}( X, 1) b= asz(X X, 1)
dlox, ") ox T



Bregman Lagrangian for Mirror Descent: General( |
Convex Functions

« Damped Lagrangian

Z(X, V,1) = e”(%HVHz —f(X))

e Solution to Euler-Lagrangian equation
X 47+ VfiX)=0
« Damped Bregman Lagrangian [Wibisono et al, 2016]

L X, V,0) = e*(Dy(X + eV, X) — ePf(X))



Continuous-time Dynamics of MD: General
Convex Functions

By Euler-Lagrange equation, choosing ¢ = ﬁt, Y, = D,

%Vh(xt + 1/B,X) = — pie’ VAX)

Define ¥, = VA(X, + 1/$,X,) and rewrite the ODE

{dXt = B(VI*(Y,) — X)dt

dY, = — Bel V(X )dt




Continuous-time Dynamics of SMD: General
Convex Functions

Add a Brownian motion?
: e
X, MR - X)d
poed",

dY, = — BelV{X)dt +1/56(X, 1)dB,

So we introduce an extra shrinkage parameter

This is the continuous-time dynamics of accelerated SMD for general
convex function



Convergence Rate of Continuous-time

Dynamics: General Convex Functions
Stochastic differential equation (SDE):

dX, = p(Vh*(Y) — X)dt

} ot
4Y, = = “—(VfX)d}+ 50X, 1)dB)

@ > 01s time index drift term diffusion term

® 9,p,s, are scaling parameter
® B, € R’ is the standard Brownian motion

Convergence of the proposed SDE:

. 1 o2
E[f(X,) — )] = 0(72 + tl,z_q)

ediffusion term ||a(X,, 1)||, < o4 when g = (), it matches optimal rate for

_ of L. o’ stochastic mirror descent for general convex
®optimal convergence rate of ASMD “\ > ™ 7 functions [Lan, 2012; Saeed & Lan, 2012}



Roadmap of the Proof

- Lyapunov Function

» Step 1: bounding dgt

Rewrite the stochastic dynamics as the following SDE

X, [Bu(VA(Y;) — X¢) 0

W] T her (X s T Bt Voo (Xt /i

dB;.

Applying It0's Lemma to gt with respect to the above SDE vyields

o 8875 8575 88t | 03625’5 T(()Q((:t
A€ = = dt+<8Xt,dXt>+<8Yt,dYt> -t (o gy )

1 . .
< 8¢ Mp, x - 6362Bttr(ajv2h*(1@)at)dt — B’ (VR (Y;) — x*, 00dBy).

28t




Roadmap of the Proof

« Step 2: integrating and taking expectation

1 B t /6.262ﬂ7~ }
€] < &+ (st — s0)Mp x + 5 7 / Ts tr(ar Veh* (Y})(fr)dfr ,
L J O r _

where M}, x is the diameter of X’

» Step 3: choosing parameters

Plugging in parameters: 615 — ) logt and S; = t3/2-|-q

21

(X)) — f(xT)] < i[;::] = O( : ’ tl/iq)

t2



Bregman Lagrangian for Mirror Descent:
Strongly Convex Functions

« Damped Lagrangian

Z(X, V,1) = e”(%HVHz —f(X))

e Solution to Euler-Lagrangian equation
X 47+ VfiX)=0
« Damped Bregman Lagrangian [Xu et al., 2018]

L X, V, 1) =P (uD(X + eV, X) — fiX))



Continuous-time Dynamics of MD: Strongly
Convex Functions

By Euler-Lagrange equation, choosing ¢% = ﬁt, y, = — e

%Vh(Xt + l/ﬂtXt) = — ﬁteﬁf( VXD + Vh(X, + l/ﬁtXt) — Vh(X))

Define Y, = VA(X, + 1//3,X,) and add Brownian motion to the ODE

dX, = p(Vh*(Y,)) — X)dt

U

dy, = - ﬁ‘tG VAX)dt + (Y, — Va(X)dt + Voo, dBt)

This is the continuous-time dynamics of accelerated SMD for
strongly convex function [Xu et al., 2018]



Convergence Rate of Continuous-time

Dynamics: Strongly Convex Functions
Stochastic differential equation (SDE):

dX, = B(Vh*(Y,)) — X )dt

Y e T

® t> 0 is time index
® O, p, are scaling parameter
® B, € R? is the standard Brownian motion

drift term diffusion term

Convergence of the proposed SDE:

1 o’
=[S(X) = ()] = 0(1,‘_2 + )

ediffusion term ||a(X,, 1)||, < o4 when g = (), it matches optimal rate for

_ 1 o2 stochastic mirror descent for general convex
eoptimal convergence rate of ASMD 0(_ +_) functions [Lan, 2012; Saeed & Lan, 2012]
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Discretization of SDE

Continuous-Time to Discrete-time sequence

Continuous index Xt XH& Yt YH‘S
Discrete index X, Xprr Vi Viar
Forward (Explicit) Euler Discretization
X+ 15— Xk ~ X Yi+ 15— Yk ~ Y
Backward (Implicit) Euler Discretization
Xk = Ak—1 ~ X, Yk = Yik—1 ~ ¥

0 0



New Discrete-time Algorithm (Implicit)

SDEs for general convex functions:

dX, = p(Vh*(Y) — X,)dt

ﬂteﬂt
dy, = (VAX,)dt +/66(X,, 1)dB,)

Convergence rate i
[ fle) — )] = 0(— + —)
©Optimal rate [Ghadimi & Lan, 2012] T

eImplicit update '




New Discrete-time Algorithm (ASMD)

SDEs for general convex functions:

dX, = p(Vh*(Y) — X,)dt

ﬂteﬂt
dy, = (VAX,)dt +/66(X,, 1)dB,)

Convergence rate {2
=[f () = J(x)] = 0<§ + \/%(D)
@Not optimal rate [Ghadimi & Lan, 2012] ,

@EXxplicit (practical) algorithm ‘




New Discrete-time Algorithm (ASMD3)

SDEs for general convex functions:

dX, = B(Vh*(Y,) — X,)dt
B eP

dy, = (VAX,)dt +/606(X,, 1)dB))

Sy

Explicit discretization with additional sequence

Vh*(yk) — ’Xk + I/Tk(Zk_l_l — Xk)
Virt = Vi = = Tl 53G(Zgq 15 Sqet)

X1 = aAlZ Hég}{(G(ZkH; Sk 1)s X) + MyDy(zZyy1, %)}

Convergence rate L
- f(g) — f(x¥)] = O(E + —)
©Optimal rate [Ghadimi & Lan, 2012] Vk

@EXxplicit (practical) algorithm ‘



New Discrete-time Algorithm (Implicit)

SDEs for strongly convex functions:
dX, = B(Vh*(Y) — X)dt

dy, = — ﬁ't<l VAX)dr + (Y, — Vh(X))dr
H

Implicit discretization

Convergence rate ( ) 2)

[ fOg) —f(x®)] = O
©Optimal rate [Ghadimi & Lan, 2012] T

eImplicit update ,




New Discrete-time Algorithm (ASMD)

SDEs for strongly convex functions:
dX, = B(Vh*(Y) — X)dt

\Véo(X,, 1) dBt)

dy, = — ﬁ't<l VAX)dr + (Y, — Vh(X))dr

Hybrid discretization

Convergence rate {2
=[f () = J(x)] = 0<§ + ;C(D)
@Not optimal rate [Ghadimi & Lan, 2012] ,

@EXxplicit (practical) algorithm ‘




New Discrete-time Algorithm (ASMD3)

SDEs for strongly convex functions:
dX, = B(Vh*(Y) — X)dt

dYt — _Bt<

H

! VAX)dr + (Y, — Vh(X))dr

\Véo(X,, 1) ]

M

Explicit discretization with additional sequence
Vh*(yk) — xk + 1/Tk(Zk+1 — xk)

Yk

Convergence rate

L= = — 5 Glz

X1 = Al nég}{(G(ZkH; Crr 1) X) + MiDy(Zy 15 %) }

LS ) /n+y— Vi(z,

1 2
[ fn) = f0)] = 0(— + —)
@Optimal rate [Ghadimi & Lan, 2012]

@EXxplicit (practical) algorithm ‘

)

D)
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Experiment Results: General Convex Case
Baselines: SMD, SAGE [Hu et al., 2009], AC-SA [Ghadimi & Lan, 2012]

1
Optimization problem: min—||Ax — y||3

x€X 2n
- . _ d .
@c?nstram set: 5[ = {x E R lxlly < K] @ constrain set: 7 = {x e R?: Zc.l_lxi = lx; > O}
® distance generating functlonl: @ distance generating function: -
d
hx) = — i3 h(x) = 2, x;logx;

log(f(xx) — f(x*))

3 | | | | | | | | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200

Number of Iterations (k) Number of Iterations (k)




Experiment Results: Strongly Convex Case
Baselines: SMD, SAGE [Hu et al., 2009], AC-SA [Ghadimi & Lan, 2012]

1
Optimization problem: min—||Ax — y||5 + A|x[|5

x€X 2n
t . _ d .
o constrain set: .2 = {x € R |lxll, < K] oconstrainset: ' = {xeR’: Y7 x = 1,5>0)
® distance generating functionl: @ distance generating function: -
d
hx) = — i3 h(x) = 2,._, x;logx;

0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

Number of Iterations (k) Number of Iterations (k)




Take Away

Continuous-time dynamics can help us

e petter understand stochastic optimization

* derive new discrete-time algorithms based on various discretization
schemes

e deliver a unified and simple proof of convergence rates



Thank You
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