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Abstract

Data augmentation is essential to achieve state-of-the-art performance in many
deep learning applications. However, the most effective augmentation techniques
become computationally prohibitive for even medium-sized datasets. To address
this, we propose a rigorous technique to select subsets of data points that when
augmented, closely capture the training dynamics of full data augmentation. We
first show that data augmentation, modeled as additive perturbations, improves
learning and generalization by relatively enlarging and perturbing the smaller
singular values of the network Jacobian, while preserving its prominent directions.
This prevents overfitting and enhances learning the harder to learn information.
Then, we propose a framework to iteratively extract small subsets of training
data that when augmented, closely capture the alignment of the fully augmented
Jacobian with labels/residuals. We prove that stochastic gradient descent applied
to the augmented subsets found by our approach has similar training dynamics
to that of fully augmented data. Our experiments demonstrate that our method
achieves 6.3x speedup on CIFAR10 and 2.2x speedup on SVHN, and outperforms
the baselines by up to 10% across various subset sizes. Similarly, on TinyImageNet
and ImageNet, our method beats the baselines by up to 8%, while achieving up to
3.3x speedup across various subset sizes. Finally, training on and augmenting 50%
subsets using our method on a version of CIFAR10 corrupted with label noise even
outperforms using the full dataset. [H

1 Introduction

Standard (weak) data augmentation transforms the training examples with e.g. rotations or crops for
images, and trains on the transformed examples in place of the original training data. While weak
augmentation is effective and computationally inexpensive, strong data augmentation (in addition to
weak augmentation) is a key component in achieving nearly all state-of-the-art results in deep learning
applications [35]. However, strong data augmentation techniques often increase the training time by
orders of magnitude. First, they often have a very expensive pipeline to find or generate more complex
transformations that best improves generalization [} [15, 22, 40]. Second, appending transformed
examples to the training data is often much more effective than training on the (strongly or weakly)
transformed examples in-place of the original data. For example, appending one transformed example
to the training data is often much more effective than training on two transformed examples in place
of every original training data, while both strategies have the same computational cost (c.f. Appendix
[D.6). Hence, to obtain the state-of-the-art performance, multiple augmented examples are added
for every single data point and to each training iteration [14} 40]. In this case, even if producing
transformations are cheap, such methods increases the size of the training data by orders of magnitude.

'Our code can be found at ttps:/github.com/tianyu139/data-efficient-augmentation
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As a result, state-of-the-art data augmentation techniques become computationally prohibitive for
even medium-sized real-world problems. For example, the state-of-the-art augmentation of [40],
which appends every example with its highest-loss transformations, increases the training time of
ResNet20 on CIFAR10 by 13x on an Nvidia A40 GPU (c.f. Sec. [6).

To make state-of-the-art data augmentation more efficient and scalable, an effective approach is to
carefully select a small subset of the training data such that augmenting only the subset provides
similar training dynamics to that of full data augmentation. If such a subset can be quickly found,
it would directly lead to a significant reduction in storage and training costs. First, while standard
in-place augmentation can be applied to the entire data, the strong and expensive transformations
can be only produced for the examples in the subset. Besides, only the transformed elements of the
subset can be appended to the training data. Finally, when the data is larger than the training budget,
one can train on random subsets (with standard in-place augmentation) and augment coresets (by
strong augmentation and/or appending transformations) to achieve a superior performance.

Despite the efficiency and scalability that it can provide, this direction has remained largely unex-
plored. Existing studies are limited to fully training a network and subsampling data points based on
their loss or influence, for augmentation in subsequent training runs [20]. However, this method is
prohibitive for large datasets, provides a marginal improvement over augmenting random subsets,
and does not provide any theoretical guarantee for the performance of the network trained on the
augmented subsets. Besides, when the data contains mislabeled examples, augmentation methods
that select examples with maximum loss, and append their transformed versions to the data, degrade
the performance by selecting and appending several noisy labels.

A major challenge in finding the most effective data points for augmentation is to theoretically under-
stand how data augmentation affects the optimization and generalization of neural networks. Existing
theoretical results are mainly limited to simple linear classifiers and analyze data augmentation as
enlarging the span of the training data [40], providing a regularization effect [4, |9} [3'7, 140]], enlarging
the margin of a linear classifier [32], or having a variance reduction effect [6]. However, such tools
do not provide insights on the effect of data augmentation on training deep neural networks.

Here, we study the effect of label invariant data augmentation on training dynamics of overparameter-
ized neural networks. Theoretically, we model data augmentation by bounded additive perturbations
[32], and analyze its effect on neural network Jacobian matrix containing all its first-order partial
derivatives [1l]. We show that label invariant additive data augmentation proportionally enlarges but
more importantly perturbs the singular values of the Jacobian, particularly the smaller ones, while
maintaining prominent directions of the Jacobian. In doing so, data augmentation regularizes training
by adding bounded but varying perturbations to the gradients. In addition, it speeds up learning
harder to learn information. Thus, it prevents overfitting and improves generalization. Empirically,
we show that the same effect can be observed for various strong augmentations, e.g., AutoAugment
[7], CutOut [10], and AugMix [14]F]

Next, we develop a rigorous method to iteratively find small weighted subsets (coresets) that when
augmented, closely capture the alignment between the Jacobian of the full augmented data with the
label/residual vector. We show that the most effective subsets for data augmentation are the set of
examples that when data is mapped to the gradient space, have the most centrally located gradients.
This problem can be formulated as maximizing a submodular function. The subsets can be efficiently
extracted using a fast greedy algorithm which operates on small dimensional gradient proxies, with
only a small additional cost. We prove that augmenting the coresets guarantees similar training
dynamics to that of full data augmentation. We also show that augmenting our coresets achieve a
superior accuracy in presence of noisy labeled examples.

We demonstrate the effectiveness of our approach applied to CIFAR10 (ResNet20, WideResNet-
28-10), CIFAR10-IB (ResNet32), SVHN (ResNet32), noisy-CIFAR10 (ResNet20), Caltech256
(ResNet18, ResNet50), TinyImageNet (ResNet50), and ImageNet (ResNet50) compared to random
and max-loss baselines [20]. We show the effectiveness of our approach (in presence of standard
augmentation) in the following cases:

* When producing augmentations is expensive and/or they are appended to the training data:

2We note that our results are in line with that of [34]], that in parallel to our work, analyzed the effect of linear
transformations on a two-layer convolutional network, and showed that it can make the hard to learn features
more likely to be captured during training.



We show that for the state-of-the-art augmentation method of [40] applied to CIFAR10/ResNet20 it
is 3.43x faster to train on the whole dataset and only augment our coresets of size 30%, compared
to training and augmenting the whole dataset. At the same time, we achieve 75% of the accuracy
improvement of training on and augmenting the full data with the method of [40], outperforming
both max-loss and random baselines by up to 10%.

* When data is larger than the training budget: We show that we can achieve 71.99% test
accuracy on ResNet50/ImageNet when training on and augmenting only 30% subsets for 90
epochs. Compared to AutoAugment [7]], despite using only 30% subsets, we achieve 86% of
the original reported accuracy while boasting 5x speedup in the training time. Similarly, on
Caltech256/ResNet18, training on and augmenting 10% coresets with AutoAugment yields 65.4%
accuracy, improving over random 10% subsets by 5.8% and over only weak augmentation by 17.4%.

* When data contains mislabeled examples: We show that training on and strongly augmenting
50% subsets using our method on CIFAR10 with 50% noisy labels achieves 76.20% test accuracy.
Notably, this yields a superior performance to training on and strongly augmenting the full data.

2 Additional Related Work

Strong data augmentation methods achieve state-of-the-art performance by finding the set of trans-
formations for every example that best improves the performance. Methods like AutoAugment [7]],
RandAugment [8], and Faster RandAugment [8] search over a (possibly large) space of transfor-
mations to find sequences of transformations that best improve generalization [7, 8} 24, |40]. Other
techniques involve a very expensive pipeline for generating the transformations. For example, some
use Generative Adversarial Networks to directly learn new transformations [2} 24} 27, [33]]. Strong
augmentations like Smart Augmentation [22], Neural Style Transfer-based [[15], and GAN-based aug-
mentations [5] require an expensive forward pass through a deep network for input transformations.
For example, [15] increases training time by 2.8x for training ResNet18 on Caltech256. Similarly, [40]
generates multiple augmentations for each training example, and selects the ones with the highest loss.

Strong data augmentation methods either replace the original example by its transformed version,
or append the generated transformations to the training data. Crucially, appending the training data
with transformations is much more effective in improving the generalization performance. Hence,
the most effective data augmentation methods such as that of [40] and AugMix [14] append the
transformed examples to the training data. In Appendix we show that even for cheaper strong
augmentation methods such as AutoAugment [7]], while replacing the original training examples with
transformations may decrease the performance, appending the augmentations significantly improves
the performance. Appending the training data with augmentations, however, increase the training
time by orders of magnitude. For example, AugMix [14]] that outperforms AutoAugment increases
the training time by at least 3x by appending extra augmented examples, and [40] increases training
time by 13x due to appending and forwarding additional augmented examples through the model.

3 Problem Formulation

We begin by formally describing the problem of learning from augmented data. Consider a dataset
Dtrain = (Xtrain; Ytrain), where Xerain = (X1;  ;Xn) 2 R " is the set of n normalized data
points X; 2 [0; 1], from the index set V, and Yirain = (Y1; ;Yn) 2Fy 2 F 1; 2, ; cgg with
f jg5=; 2[0;1].

The additive perturbation model. Following [32] we model data augmentation as an arbitrary
bounded additive perturbation , with kK k . For a given ¢ and the set of all possible transforma-
tions A, we study the transformations selected from S A satisfying

S=FfT; 2 AjkTi(x) xk 8x2Xtraing: (1)

While the additive perturbation model cannot represent all augmentations, most real-world augmenta-
tions are bounded to preserve the regularities of natural images (e.g. AutoAugment [7]] finds that a 6
degree rotation is optimal for CIFAR10). Thus, under local smoothness of images, additive pertur-
bation can model bounded transformations such as small rotations, crops, shearing, and pixel-wise
transformations like sharpening, blurring, color distortions, structured adversarial perturbation [24].
As such, we see the effects of additive augmentation on the singular spectrum holds even under



real-world augmentation settings (c.f Fig.[3]in the Appendix). However, this model is indeed limited
when applied to augmentations that cannot be reduced to perturbations, such as horizontal/vertical
flips and large translations. We extend our theoretical analysis to augmentations modeled as arbitrary
linear transforms (e.g. as mentioned, horizontal flips) in[B.3]

The set of augmentations at iteration t generg;;lng r augmented examples per data pomt can be
specified, with abuse of notation, as Daug =f _; (T (Ktrain); Yirain)9, wherejDaugj— rn and
T (Xtrain) transforms & the tralmng data pomts with thegget of transformations Tt S at iteration

t. We denote Xaug =f r_l T(Xtrain)g and yaug =f r_l Ytrain0-

Training on the augmented data. Let f(\W ; X) be an arbitrary neural network with m vectorized
(trainable) parameters W 2R™. We assume that the network is trained using (stochastic) gradient
descent with learning rate  to minimize the squared loss L over the original and augmented training
examples Dt = fDyrain [ Djyq9 With associated index set V' ¥, at every iteration t. Le.,

t 1 > t 1 > t 2
LWEX) =5  Li(Whxi) =3 kF(WE i) yiks: 2)
i2vt (xi;yi)2D"
The gradient update at iteration t is given by
wtt=wt'  rL(W4%X); st rL(WH5X)=J3TW5LX)FWEX) v): 3

where X = fXtrain [ X599 and Y* = fytrain [ Y549 are the set of original and augmented
examples and their labels, J (W ;X) 2 R™ ™ is the Jacobian matrix associated with f, and
rt =f(W?% X) vy is the residual.

We further assume that J is smooth with Lipschitz constant L. Ie., kJ (W;X;) J (W ;X;)K
Lk X;i Xjk 8 Xj;Xj 2 X: Thus, for any transformation T; 2 S, we have kJ (W ; X;)
J(W;Tj(Xi))k L o. Finally, denoting J =J (W;X¢rain) and J = J (W;Tj (XKtrain)), we get
J=J + E, where E is the perturbation matrix withkEk, KEKg nL o.

4 Data Augmentation Improves Learning

In this section, we analyze the effect of data augmentation on training dynamics of neural networks,
and show that data augmentation can provably prevent overfitting. To do so, we leverage the recent
results that characterize the training dynamics based on properties of neural network Jacobian and the
corresponding Neural Tangent Kernel (NTK) [16] definedas = J (W ;X)J (W ;X)T. Formally:

RS Tt 1 t T,0
r= (1 Duiv)r- = (1 i) (uiug)re; “4)
i=1 i=1
P
where = U UT = ._  juju] is the eigendecomposition of the NTK [[]]. Although the

constant NTK assumption holds only in the infinite width limit, [21] found close empirical agreement
between the NTK dynamics and the true dynamics for wide but practical networks, such as wide
ResNet architectures [41]. Eq. @) shows that the training dynamics depend on the alignment of the
NTK with the residual vector at every iteration t. Next, we prove that for small perturbations o,
data augmentation prevents overfitting and improves generalization by proportionally enlarging and
perturbing smaller eigenvalues of the NTK relatively more, while preserving its prominent directions.

4.1 Effect of Augmentation on Eigenvalues of the NTK

We first investigate the effect of data augmentation on the singular values of the Jacobian, and use
this result to bound the change in the eigenvalues of the NTK. To characterize the effect of data
augmentation on singular values of the perturbed Jacobian J', we rely on Weyl’s theorem [39]]
stating that under bounded perturbations E, no singular value can move more than the norm of the
perturbations. Formally, j~j i KEkz, where ~j and ; are the singular values of the perturbed
and original Jacobian respectively. Crucially, data augmentation affects larger and smaller singular
values differently. Let P be orthogonal projection onto the column space of J T, and P> =1 P be
the projection onto its orthogonal complement subspace. Then, the singular values of the perturbed
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Figure 1: Effect of augmentations on the singular spectrum of the network Jacobian of ResNet20
trained on CIFAR10, and a MLP on MNIST, trained till epoch 15. (a), (b) Difference in singular
values and (c), (d) singular subspace angles between the original and augmented data with bounded
perturbations with ¢ = 8 and o = 16 for different ranges of singular values. Note that augmentations
with larger bound ¢ results in larger perturbations to the singular spectrum.

Jacobian JT are ~i2 =(i+ i)+ ,2 where j ijj kP EKky, and min(P-E) i kP-Eks,

min the smallest singular value of J T [36]. Since the eigenvalues of the projection matrix P are
either 0 or 1, as the number of dimensions m grows, for bounded perturbations we get that on average

2=0(1)and ? =0O(m). Thus, thﬁsecond term dominates and increase of small singular values
under perturbation is proportional to © m. However, for larger singular values, first term dominates
and hence ~j i = i. Thus in general, small singular values can become proportionally larger,
while larger singular values remain relatively unchanged. The following Lemma characterizes the
expected change to the eignvalues of the NTK.

Lemma 4.1. Data augmentation as additive perturbations bounded by small o results in the
following expected change to the eigenvalues of the NTK:

E[Ti]=E[~?]= 2+ (1 2pi)KEK+KEK?=3 (5)
where pi 1= P(~ i < 0) is the probability that  decreases as a result of data augmentation,
and is smaller for smaller singular values.

The proof can be found in Appendix |A.1
Next, we discuss the effect of data augmentation on singular vectors of the Jacobian and show that

it mainly affects the non-prominent directions of the Jacobian spectrum, but to a smaller extent
compared to the singular values.

4.2 Effect of Augmentation on Eigenvectors of the NTK

Here, we focus on characterizing the effect of data augmentation on the eigenspace of the NTK.
Let the singular subspace decomposition of the Jacobian be 3 = U V T. Then for the NTK, we
have =JJT=U VTV UT=U 2UT (since VTV = 1). Hence, the perturbation of the
eigenspace of the NTK is the same as perturbation of the left singular subspace of the Jacobian J .
Suppose  are singular values of the Jacobian. Let the perturbed Jacobian be J = J + E, and

denote the eigengap ¢ = minf j+1:1=1;, ;rgwhere ,+;:=0. Assuming o 2KEk;,
a combination of Wedin’s theorem [38]] and Mirsky’s inequality [26] implies
P
kui dijk 2 2kEk= g: (6)

This result provides an upper-bound on the change of every left singular vectors of the Jacobian.

However as we discuss below, data augmentation affects larger and smaller singular directions
differently. To see the effect of data augmentation on every singular vectors of the Jacobian, let
the subspace decomposition of Jacobianbe J = U V T =Ug SVST + Up nVnT , where Ug
associated with nonzero singular values, spans the column space of J, which is also called the
signal subspace, and Uy, associated with zero singular values ( , = 0), spans the orthogonal space
of Us, which is also called the noise subspace. Similarly, let the subspace decomposition of the
perturbed Jacobian be 7 = U ~V T =y, ~3\73T + U0, ~n\7nT, and Us = Ug + Ug, where Usg
is the perturbation of the singular vectors that span the signal subspace. Then the following general
first-order expression for the perturbation of the orthogonal subspace due to perturbations of the
Jacobian characterize the change of the singular directions: Us = UaUJEVs (1 [23]. We
see that singular vectors associated to larger singular values are more robust to data augmentation,
compared to others. Note that in general singular vectors are more robust than singular values.



Fig.[] shows the effect of perturbations with= 8; 16 on singular values and singular vectors of the
Jacobian matrix for a 1 hidden layer MLP trained on MNIST, and ResNet20 trained on CIFAR10. As
calculating the entire Jacobian spectrum is computationally prohibitive, data is subsampled from 3
classes. We report the effect of other real-world augmentation techniques, such as random crops, ips,
rotations and Autoaugmen][- which includes translations, contrast, and brightness transforms - in
Appendix C. We observe that data augmentation increases smaller singular values relatively more.
On the other hand, it affects prominent singular vectors of the Jacobian to a smaller extent.

4.3 Augmentation Improves Training & Generalization

Recent studies have revealed that the Jacobian matrix of common neural networks is low rank. That is
there are a number of large singular values and the rest of the singular values are small. Based on this,
the Jacobian spectrum can be divided into information and nuisance spaces [31]. Information space
is a lower dimensional space associated with the prominent singular value/vectors of the Jacobian.
Nuisance space is a high dimensional space corresponding to smaller singular value/vectors of the
Jacobian. While learning over information space is fast and generalizes well, learning over nuisance
space is slow and results in over ttin@1]. Importantly, recent theoretical studies connected the
generalization performance to small singular values (of the information space) [1].

Our results show that label-preserving additive perturbations relatively enlarge the smaller singular
values of the Jacobian instochastiovay and with a high probability. This bene ts generalization in

2 ways. First, this stochastic behavior prevents over tting along any particular singular dirgction
the nuisance spaceas stochastic perturbation of temallestsingular values results in a stochastic
noise to be added to the gradient at every training iteration. This prevents over tting (thus a larger
training loss as shown in Appendix D.5), and improves generaliza8o@][ Theorem B.1 in

the Appendix characterizes the expected training dynamics resulted by data augmentation. Second,
additive perturbations improve the generalization by enlarging the smaller (useful) singular values that
lie in theinformation spacewhile preserving eigenvectors. Hence, it enhances learning along these
(harder to learn) components. The following Lemma captures the improvement in the generalization
performance, as a result of data augmentation.

Lemma 4.2. Assume gradient descent with learning ratées applied to train a neural network
with constant NTK and Lipschitz constdnton data points augmented with additive perturbations
bounded by, as de ned in Sec. 3. Letyi, be the minimum singular value of Jacobidnassociated
with training dataX 4n . With probabilityl , generalization error of the network trained with
gradient descent on augmented dta,y enjoys the following bound:

S

2

1
(min+Pﬁ|— 0)2+O |ng . (7)

The proof can be found in Appendix A.2.

5 Effective Subsets for Data Augmentation

Here, we focus on identifying subsets of data that when augmented similarly improve generalization
and prevent over tting. To do so, our key idea is to nd subsets of data points that when augmented,
closely capture the alignment of the NTK (or equivalently the Jacobian) corresponding to the
full augmented data with the residual vectd(W *; X },;)Tr4,, . If such subsets can be found,
augmenting only the subsets will change the NTK and its alignment with the residual in a similar way

as that of full data augmentation, and will result in similar improved training dynamics. However,
generating the full set of transformatioir(s;ug is often very expensive, particularly for strong
augmentations and large datasets. Hence, generating the transformations, and then extracting the
subsets may not provide a considerable overall speedup.

In the following, we show that weighted subsets (coresgtblat closely estimate the alignment of the
Jacobian associated to the original data with the residual v&ct¢W '; X yain )l yrain  Can closely
estimate the alignment of the Jacobian of the full augmented data and the corresponding residual
J T(W ' X §ug )T hug - Thus, the most effective subsets for augmentation can be directly found from

the training data. Formally, subs&5 weighted by & that capture the alignment of the full Jacobian



Algorithm 1 CORESETS FOREFFICIENT DATA AUGMENTATION
Require: The dataseb = f(x;;yi)g; , number of iterationg .
Ensure: Output model paramete ™.

1. fort=1; ;Tdo

20 Xy =

3 forc2f1;, ;Cgdo

4. SE: ;v[GSé]i: =gl 8i.

5: while kG s: kr do . Extract a coreset from clasdy solving Eqg. (9)
6: Stt: = fS(t:[ arg maxsZVnSé(kGSng k Gfsg[f sgng)g

7 end vghile

8: i = oyl =argmingoskd T(W 5 xi)ri I T(W 5 xj0)rjok] . Coreset weights
9: Xug = FXaug [T {2 TH(X st)gg . Augment the coreset
10: [= [=r

11: end for

12: Update the parameteW¥ ' using weighted gradient descent)srglug orf X grain [ X ;ug 0.
13: end for

with the residual by an error of at mostan be found by solving the following optimization problem:
St =zargminjSj st kITWHEXHrt diag §)IT(WHXErik (8)
Y

Solving the above optimization problem is NP-hard. However, as we discuss in the Appendix A.5, a
near optimal subset can be found by minimizing the Frobenius norm of a n&riin which thei
row contains the euclidean distance between data paimd its closest element in the subSetn
the gradient space. Formal[ss]i. = minjoskd T(W 5 xi)ri 3 T(W ;X 0)rjok. WhenS = ;,
[Gs]i: = c11, wherec; is a big constant. Intuitively, such subsets contain the set of medoids of the
dataset in the gradient space. Medoids of a dataset are de ned as the most centrally located elements
in the datasetl[g]. The weigpt of every element2 S is the number of data points closest to it in
the gradient space, i.e;, =,y Il =argmin e, sk T(W 5 xi)ri 3 T(W ' xj0)rjok]. The
set of medoids can be found by solving the followsupmodulat cover problem:

S'=argming jSj sit: kGskr 9)

The classical greedy algorithm provides a logarithmic approximation for the above submodular
maximization problem, i.ejSj (1 + In(n)). It starts with the empty s&&y = ;, and at each
iteration , it selects the training exampe2 V nS ; that maximizes the marginal gain, i.e.,

S =S i[fargmaxg,y,s ,(KGs ke kK Gis ,ff sggkr)9. The O(nk) computational
complexity of the greedy algorithm can be reduce®{®m) using randomized method2§] and

further improved using lazy evaluatioBq] and distributed implementation8(]. The rows of the
matrix G can be ef ciently upper-bounded using the gradient of the loss w.r.t. the input to the last
layer of the network, which has been shown to capture the variation of the gradient norms closely
[17]. The above upper-bound is only marginally more expensive than calculating the value of the loss.
Hence the subset can be found ef ciently. Better approximations can be obtained by considering
earlier layers in addition to the last two, at the expense of greater computational cost.

At every iterationt during training, we select a coreset from every cla8s[C] separately, and apply
the set of transformatiorddT' g/, only to the elements of the coresets, X}, = f[ [=; T (X st)g.
We divide the weight of every elemepin the coreset equally among its transformations, i.e. the

nalweight | = [=rifj 2 S'. We apply the gradient descent updates in @jjto the weighted

Jacobian matrix oK ' = X J,q or X ' = f X yain [ X 3,40 (viewing 'as '2 R") as follows:
WHL=w! diag HI (WX Tt (10)
The pseudocode is illustrated in Alg. 1.

The following Lemma upper bounds the difference between the alignment of the Jacobian and residual
for augmented coreset vs. full augmented data.

A set functionF : 2V | R* is submodulariff (S[f eg) F(S) F(T[f eg) F(T); forany
S T Vande2VnT.F ismonotondf F(efS) Oforanye2VnSandS V.



Table 1: Training ResNet20 (R20) and WideResnet-28-10 (W2810) on CIFAR10 (C10) using small
subsets, and ResNet18 (R18) on Caltech256 (Cal). We compare accuracies of training on and strongly
(and weakly) augmenting subsets. For CIFARL10, training and augmenting subsets selected by max-
loss performed poorly and did not converge. Average number of examples per class in each subset is
shown in parentheses. Appendix D.4 shows baseline accuracies from only weak augmentations.
Model/Data C10/R20 C10/W2810 CallR18
Subset  0.1% (5) 0.2% (10) 0.5% (25) 1% (50) 1% (50) 5% (3) 10% (6) 20% (12) 30% (18) 40% (24) 50% (30)

Max-loss < 15% < 15% < 15% < 15% < 15% 192 506 713 756 773 786
Random 335 427 587 744 57.7 415 618 725 757 776 785
Ours 37:8 45:1 63:9 74:7 62:1 52:7 65:4 73:1 76:3 77:7 78:9

Lemma 5.1. Let S be a coreset that captures the alignment of the full data NTK with residual
with an error of at most as in Eq. 8. Augmenting the coreset with perturbations bounded by

0 mlrfcaptures the alignment of the fully augmented data with the residual by an error of at most
n?Z2

kI T(W 5 X ayg)r  diag( I (W X sas Jrsk  + O °T . (11)

5.1 Coresetvs. Max-loss Data Augmentation

In the initial phase of training the NTK goes through rapid changes. This determines the nal basin
of convergence and network's nal performandd]. Regularizing deep networks by weight decay

or data augmentation mainly affects this initial phase and matters little afterwl&id<fucially,
augmenting coresets that closely capture the alignment of the NTK with the residual during this
initial phase results in less over tting and improved generalization performance. On the other hand,
augmenting points with maximum loss early in training decreases the alignment between the NTK
and the label vector and impedes learning and convergence. After this initial phase when the network
has good prediction performance, the gradients for majority of data points become small. Here, the
alignment is mainly captured by the elements with the maximum loss. Thus, as training proceeds, the
intersection between the elements of the coresets and examples with maximum loss increases. We
visualize this pattern in Appendix D.11. The following Theorem characterizes the training dynamics
of training on the full data and the augmented coresets, using our additive perturbation model.

Theorem 5.2. LetL; be -smooth,L be -smooth and satisfy the-PL condition, that is for
> 0, krL (W)k2 L (W) for all weightsW . Letf be Lipschitz inX with constant.®, and

L = maxfL;L%. LetGy be the gradient at initializaion, nax the maximum singular value of
the coreset Jacobian at initialization. Choosing — and running SGD on full data with

augmented coreset using constant step size—, result in the following bound:
11
. p E 1

E[krL f*Ca (W K] plj 1 72 2Gy+ +O

max
The proof can be found in Appendix A.4.

Theorem 5.2 shows that training on full data and augmented coresets converges to a close neighbor-
hood of the optimal solution, with the same rate as that of training on the fully augmented data. The
size of the neighborhood depends on the error of the cordadtq. (8), and the error in capturing

the alignment of the full augmented data with the residual derived in Lemma 5.1. The rst term
decrease as the size of the coreset grows, and the second term depends on the network structure.

We also analyze convergence of training only on the augmented coresets, and augmentations modelled
as arbitrary linear transformations using a linear model [40] in Appendix B.5.

6 Experiments

Setup and baselinesWe extensively evaluate the performance of our approach in three different
settings. Firstly, we consider training only on coresets and their augmentations. Secondly, we
investigate the effect of adding augmented coresets to the full training data. Finally, we consider
adding augmented coresets to random subsets. We compare our coresets with max-loss and random
subsets as baselines. For all methods, we select a new augmentation subdRtep@eiis. We note

that the original max-loss metho#(] selects points using a fully trained model, hence it can only



Table 2: Caltech256/ResNet18 with same setTable 3: Training on full data and strongly (and
tings as Tab. 1 with default weak augmentaweakly) augmenting random subsets, max-loss

tions but varying strong augmentations. subsets and coresets on TinylmageNet/ResNet50,
R =15.
Augmentation Random Ours
30% 40% 50% 30% 40% 50% Random Max-loss ours

CutOut 43.32 62.84 76.2%5.53 66.10 76.91 20% 30% 50% 20% 30% 50% 20% 30% 50%
AugMix  40.77 61.81 72.152.72 64.91 73.01
Perturb 48.51 66.20 75.388.29 67.47 76.50 50.97 52.00 54.92 51.30 52.34 53.871.99 54.30 55.16

Table 4: Accuracy improvement by augmenting subsets found by our method vs. max-loss and
random, over improvement of full (weak and strong) data augmentation (F.A.) compared to weak
augmentation only (W.A.). The table shows the results for training on CIFAR10(C10)/ResNet20
(R20), SVHN/ResNet32(R32), and CIFAR10-Imbalanced (C10-I1B)/ResNet32 Rwitt20.
Dataset W.A. F.A. Random Max-loss Ours
Acc  Acc 5%  10%  30% 5% 10%  30% 5% 10%  30%

C10/R20 89:46 9350 218% 399% 656% 329% 478% 735% 34:9% 51:5% 75:0%
C10-IB/R32 87:.08 9248 259% 452% 746% 313% 396% 746% 37:4% 49:4% 74:8%
SVHN/R32 9568 9707 58% 367% 641% 35:3% 49:7% 764% 317% 483% 80:0%

select one subset throughout training. To maximize fairness, we modify our max-loss baseline to select
a new subset at every subset selection step. For all experiments, standard weak augmentations (random
crop and horizontal ips) are always performed on both the original and strongly augmented data.

6.1 Training on Coresets and their Augmentations

First, we evaluate the effectiveness of our approach for training on the coresets and their augmenta-
tions. Our main goal here is to compare the performance of training on and augmenting coresets vs.
random and max-loss subsets. Tab. 1 shows the test accuracy for training ResNet20 and Wide-ResNet
on CIFAR10 when we only train on small augmented coresets os12éto 1% selected at every

epoch R = 1), and training ResNet18 on Caltech256 using coresets ob&tzt® 50%with R = 5.

We see that the augmented coresets outperform augmented random subsets by a large margin, particu-
larly when the size of the subset is small. On Caltech256/ResNet18, training on and augmenting 10%
coresets yields 65.4% accuracy, improving over random by 5.8%, and over only weak augmentation
by 17.4%. This clearly shows the effectiveness of augmenting the coresets. Note that for CIFAR10
experiments, training on the augmented max-loss points did not even converge in absence of full data.

Generalization across augmentation techniquedie note that our coresets are not dependent on
the type of data augmentation. To con rm this, we show the superior generalization performance of
our method in Tab. 2 for training ResNet18 wigh= 5 on coresets vs. random subsets of Caltech256,
augmented with CutOuflD], AugMix [ 14], and noise perturbations (color jitter, gaussian blur). For
example, or80%subsets, we obtain 28.2%, 29.3%, 20.2% relative improvement over augmenting
random subsets when using CutOut, AugMix, and noise perturbation augmentations, respectively.

6.2 Training on Full Data and Augmented Coresets

Next, we study the effectiveness of our method for training on full data and augmented coresets.
Tab. 4 demonstrates the percentage of accuracy improvement resulted by augmenting subsets of
size 5%, 10%, and 30% selected from our method vs. max-loss and random subsets, over that of
full data augmentation. We observe that augmenting coresets effectively improves generalization,
and outperforms augmenting random and max-loss subsets across different models and datasets.
For example, on 30% subsets, we obtain 13.1% and 2.3% relative improvement over random and
max-loss on average. We also report results on TinyimageNet/ResNRet8I%( in Tab. 3, where

we show that augmenting coresets outperforms max-loss and random baselines, e.g. by achieving
3.7% and 4.4% relative improvement over 30% max-loss and random subsets, respectively.

Training speedup. In Fig. 2, we measure the improvement in training time in the case of training on

full data and augmenting subsets of various sizes. While our method yields similar or slightly lower
speedup to the max-loss and random baselines, our resulting accuracy outperforms the baselines
on average. For example, for SVHN/Resnet32 u8io coresets, we sacri c&1%of the relative
speedup to obtain an additior2d:8% of the relative gain in accuracy from full data augmentation,
compared to random baseline. Notably, we get 3.43x speedup for training on full data and augmenting



Table 5: Training ResNet20 on CIFAR10 wil@%label noiseR = 20. Accuracy without strong
augmentation i§0:72 0:20 and the accuracy of full (weak and strong) data augmentation is
75:87 0:77. Note that augmentin§0% subsets outperforms augmenting the full data (marked

Subset Random Max-loss Qurs

10% 7232 0:14 7183 0:13 73:02 1:06
30% 7446 0:27 7245 0:48 74:67 0:15
50% 7536 0:05 7323 0:72 76:20 0:75

30% coresets, while obtaining 75% of the improvement of full data augmentation. We provide wall-
clock times for nding coresets from Caltech256 and TinylmageNet in Appendix D.7.

(a) CIFAR10/ResNet20 (b) CIFAR10/ResNet20 (c) SVHN/ResNet32  (d) SVHN/ResNet32

Figure 2: Accuracy improvement and speedups by augmenting subsets found by our method vs.
max-loss and random on (a), (b) ResNet20/CIFAR10 and (c), (d) ResNet32/SVHN.

Augmenting noisy labeled data.Next, we evaluate the robustness of our coresets to label noise.
Tab. 5 shows the result of augmenting coresets vs. max-loss and random subsets of different sizes
selected from CIFAR10 with 50% label noise on ResNet20. Notably, our method not only outperforms
max-loss and random baselines, but also achieves superior performance over full data augmentation.

6.3 Training on Random Data and Augmented Coresets

Finally, we evaluate the performance of our method for training on random subsets and augmenting
coresets, applicable when data is larger than the training budget. We report results on TinylmageNet
and ImageNet on ResNet50 (90 epodRs; 15). Tab. 6 shows the results of training on random
subsets, and augmenting random subsets and coresets of the same size. We see that our results
hold for large-scale datasets, where we ob#@%, 4:9%, and5:3% relative improvement over

random baseline with0%, 20%, 30% subset sizes respectively on TinylmageNet, @686, 2:3%,

and 1:3% relative improvement over random baseline with?s 30%, and50% subset sizes on
ImageNet. Notably, compared to AutoAugment, despite using only 30% subsets, we achieve 71.99%
test accuracy, which is 86% of the original reported accuracy, while boasting 5x speedup in training.

Table 6: Training on random subsets and strongly (and weakly) augmenting random and max loss
subsets vs coresets for TinylmageNet (left) and ImageNet (right) with ResNet50.
Random Max-loss Ours Random Maxloss Ours
10% 20% 30% 10% 20% 30% 10% 20% 30%l0% 30% 50% 10% 30% 50% 10% 30% 50%
28.64 38.97 44.10 27.641.4045.7530.9040.8846.42 63.67 70.39 72.35 65.43 71.55 72.%8.53 71.99 73.28

7 Conclusion

We showed that data augmentation improves training and generalization by relatively enlarging
and perturbing the smaller singular values of the neural network Jacobian while preserving its
prominent directions. Then, we proposed a framework to iteratively extract small coresets of training
data that when augmented, closely capture the alignment of the fully augmented Jacobian with the
label/residual vector. We showed the effectiveness of augmenting coresets in providing a superior
generalization performance when added to the full data or random subsets, in presence of noisy labels,
or as a standalone subset. Under local smoothness of images, our additive perturbation can be applied
to model many bounded transformations such as small rotations, crops, shearing, and pixel-wise
transformations like sharpening, blurring, color distortions, structured adversarial perturdjion [
However, the additive perturbation model is indeed limited when applied to augmentations that cannot
be reduced to perturbations, such as horizontal/vertical ips and large translations. Further theoretical
analysis of complex data augmentations is indeed an interesting direction for future work.
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Supplementary Material:
Data-Ef cient Augmentation for Training Neural Networks

A Proof of Main Results

A.1 Proof for Lemma4.1

Proof. Let ; = ~; i, whereP( ; < 0) = p;j. Assuming uniform probability betweek E k to
0, and betwee to KE k, we have pdf ; (x) for ;:

8
22 if KEk x<0

KEK
()= ks 0 x k Ek (12)
©0; otherwise
Taking expectation,
2
E(~+ )=E(i)= X i(x)dx (13)
1
20 Z ek
_ pi 1 p
xkEkdx+ , X kEkdx (14)
k Ek
_ kEkp . (1 p)kEK
= 5 + 5 (15)
_ (1 2p)KEK
= (16)
We also have
A
E( )= x% ;(x)dx (17)
1
2 VA kE k
_ 2 Pi 21
= X —kEkdx+ . X KEK dx (18)
k Ek
_KEK’p (1 p)KEK?
= 3 + 3 (19)
KE K2
= — (20)
Thus, we have
E(7) = E(~) (21)
=E( i+ )3 (22)
=E(2+2 i+ ? (23)
= ?+2 E[L\]+ E[ ] (24)
(1 2p)KEk KEK?
= 2+2 2' t (25)
2
= 2+ (1 2p)KEk+ KE k (26)
O
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A.2 Proof of Corollary 4.2

Under the assumptions of Theorem 5.1 Hf j.e. where the minimum eigenvalue of the NTK is
min (33 T) o for a constant o > 0, and training datX of sizen sampled i.i.d. from distribu-
tion D and 1-Lipschitz los& , we have that with probability=3, training the over-parameterized

neural network with gradient descent for ﬁ log™ iterations results in the following
population losd. p (generalization errror)
n

Lo (Wt X) w.‘.o lOgTT ; 27)

with high probability of at least over random initialization and training samples.

Hence, using min; min to denote minimum eigen and singular value respectively of the NTK
corresponding to full data, we get

S
. Zkakz 1
LDtrain (W ’X train ) % + O Iogi (28)
s
2 1
3 +0 log- : (29)
min
For augmented datas€ta,q , we have~ P+ P nL o, hence the improvement in the generalization
error is at most s
1
L Wt X p— +0 log= : 30
D ( aug) Com + 2L )2 g (30)
Combining these two results, we obtain Corollary 4.2.
A.3 Proof of Lemma 5.1
Proof.
kI T(W ' X aug)r diag ")J "(W X saw )rsk (31)
=k@TWUX)+ E)r (diag HI YW Xs)+ Eg)rsk 32)

kK @TWHX)r diag HDIYWEXs)rs)+ Er Esrsk  (33)
kK QTWHX)r  diag ) YW X g)rs)k+KEr k+ KEsrsk (34)
Applying de nition of coresets, we obtain

k(I T(W 5 X)r diag 1) '(W ;X s)rs)k+KEr k+ KEsr sk (35)
+ KEr k+KE st sk (36)

+2nzL o (37)

+2pf (38)

O

A.4 Proof of Theorem 5.2

Proof. In this proof, as shorthand notation, we ¥seandX 4, interchangeably. We further use
X ¢ to represent the coreset selected from the full dataXagg to represent the augmented coreset.

By Theorem 1 of3], under the -PL assumption foL. and interpolation assumption (i.e. for every
sequenc&V ;W 2;:::suchthatimy; L(W ;X ) =0, we have that the loss for each data point
limys  L(W Y x;) =0), the convergence of SGD with constant step size is given by

t
ElkiL (WX rac )k 1 — LW %X rc,) (39)

1 t
=1 5 kL (W %X 4 cp K2 (40)
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Using Jensen's inequality, we have

ELKrL (W % Xt 4 cpq )KI (41)
q
EIKrL (W 5 X £+ gy )K?] (42)
1 t
=1 & TRIL (W %X £ gy DK (43)
plj 1 - Pkl (W %X ¢ )k+krL (W %X ¢,y )k (44)
ot 1 S Got kI (WX * E)y f(W%Xc+ )k (45)
P 1 - (46)
Go+ k(I (WX )+ E)T(y F(W%Xe) r »f(W%X)T O (7 )k (47)
:Blt 1 = P (Go+ kr LW %X o) (3 (WX o)T(r «F (WX )T +0(T )+
(48)
E(y fW%Xc+ )K (49)
Po 1 o (Got ki LAWOXS) (3 (WX o)T(r A f (WOX Q)T +0( T ke
(50)
pékEk) (51)
1 5 0. P on .y Po
p= 1 ? (GO+ kr L(W lXC)k+ maxl— not maxo(n o))+ 2nL O) (52)
1 5 0. P 2 P
=p= 1 > (Go+ kr L(IW™; Xs)k+ + maxL no+ maxO(n §)+  2nL o)
(53)
1 5 p_ o P
pP= 1 ? (2G0+ + maxl— not maxo(n 0))+ 2nL O) (54)
O

A.5 Finding Subsets

Let S be a subset of training data points. Furthermore, assume that there isa mapping/ ! S

that for everyWW assigns every data poinR V to its closest element2 S,ie.j = ws(i) =
argmax oy s Sj o(W ), wheresj (W)= C kI T(W'xi)ri J T(W?'xj)r;kis the similarity
between gradients éfandj, andC  max; s; (W) is a constant. Consider a mat@ ., 2

R"™ M, inwhich every rowi contains gradient of,(i),i.e.,[G ,c 1. = I T(WUX o i) ws (i)-

The Frobenius norm of the matr® ,, provides an upper-bound on the error of the weighted subset

in capturing the alignment of the residuals of the full training data with the Jacobian matrix. Formally,

kJ T(Wtixtrain )rErain S‘\] T(Wt;[x train ]:Sl)rS‘k k G wiS kF; (55)

where the weight vectors: 2 RIS contgins the number of elements that are mapped to every
elemeni 2 S by mapping ws,i.e. j = 5y 1[ ws(i) = j]. Hence, the set of training points

that closely estimate the projection of the residuals of the full training data on the Jacobian spectrum
can be obtained by nding a subsgtthat minimizes the Frobenius norm of matfx , , .
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B Additional Theoretical Results

B.1 Convergence analysis for training on augmented full data

Theorem B.1. Gradient descent with learning rateapplied to a neural network with constant NTK
and Lipschitz constarit, and data point® ., augmented with additive perturbations bounded by
o results in the following training dynamics:

VE[ky f (X aug; W k2]

X 2 2 _ 56
t 1 2+ 1 2pi)kEk+kEk ((uiy)2+2np2kEk: 0) (56)

whereE with KE k P nL ¢ is the perturbation to the Jacobian, apd:= P(~ i < 0)isthe
probability that ; decreases as a result of data augmentation.

B.2 Proof of Theorem B.1

Using Jensen's inequality, we have

. t
E ky Zg(x aug-W )kZ 3 (57)
X
- E4|§J (1 ~)2 (e y)? 5 (58)
M ) i=1 )
o™ ~
E (@ )2 (e y)? (59)
i=1
E (1 7)?(uiy)®>+2n 2kEk= o) (60)
v i=1
ﬁ X h i p_
(I E T )?(uiy)2+2n 2KEk= o) (61)
M i=1 :
xn t
= t 1 2+ (1 2p)kEk+ KEK? ((ujy)? +2np§kEk: 0) (62)

B.3 Convergence analysis for training on the coreset and its augmentation

Theorem B.2. LetL; be -smoothl be -smooth and satisfy the-PL condition, that is for > 0,
krL (W ;X )k2 L(W ;X)) for all weightsW . Let upper-bound the normed difference in
gradients between the weighted coreset and full dataset. Assume that the niefWoyk ) is
Lipschitz inW , X with Lipschitz constant L and L' respectively, ahd= maxfL;L %. LetGy
the gradient over the full dataset at initializationya, the maximum Jacobian singular value at
initialization. Choosing perturbation bound —]% where nax is the maximum singular

max n
value of the coreset Jacobian ands the size of the original dataset, running SGD on the coreset
and its augmentation using constant step size —, we get the following convergence bound:

1 $ L
EKrL (W 5 X chcyy )kl P= 1 - ? 2Gy+2 +0O ; (63)

max

whereX . c,,, represents the dataset containing the (weighted) coreset and its augmentation.
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Proof. As in the proof for Theorem 5.2, we begin with the following inequality

t
EIKIL (W 5 X e KA 1 - L(W %X ¢t cag ) (64)
1 t
=1 = KL (W %X et gy IK2 (65)
Thus, we can write
E[kaL (W %X ¢t o K] (66)
E[kiL (W' X ctc k2 67
aug
1 % O.
pi 1 7 krL (W 1XC+Caug )k (68)
pli 1 > ? kL (W % X ¢)k+krL (WO;Xcaug)k (69)
l t
P= 1 & Go+ +kJ(W%Xo)+ E) f(WO%Xe+ )k (70)
The rest of the proof is similar to that of Theoré&nm. O

B.4 Lemma for eigenvalues of coreset

The following Lemma characterizes the sum of eigenvalues of the NTK associated with the coreset.

Lemma B.3. Let be an upper bound of the normed difference in gradient of the weighted coreset
and the original dataset, i.e. for full datd and its corresponding cores#&ts with weights s,

and respective residuats r s, we have the bounkd T(W ;X )rt I T(W X s)rkk . Let

f g, be the eigenvalues of the NTK associated with the coreset. Then we have that

v
u
PXCO kITWEX)rtk
o kr £k '
Proof. Let singular values of coreset Jacobian beLetd T(W ;X )rt = I T(W 5 Xs)rk+ s
wherek sk
Taking Frobenius norm, we get
K sJT(WHXg)rkk=kIT(WHX)rt sk (71)
K sIT(WhHXs)kkrEk kI T(WHX )t sk (72)
kI T(W?HX)rt k
K saTwhxgk LTI s (73
S
v
u
)sz , KITWHX)rt sk 74)
g kr §k
U
g X KIT(WEX)rt gk
) i kr Lk (75)
i=1 S
U
x3 i1 T t- t ;
)!fj . JkJ (Wkr,‘f()r k] by reverse triangle inequality (76)
i=1 S
O

We can make the following observations: For overparameterized networks, with bounded activation
functions and labels, e.g. softmax and one-hot encoding, the norm of the residual vector is bounded,
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and the gradient norm is likely to be much larger than residual, especially when dimension of gradient
is large. In this case, the Jacobian matrix associated with small weighted coresets found by solving
Eq. (9), have large singular values.

B.5 Augmentation as Linear Transformation: Linear Model Analysis

We introduce a simpli ed linear model to extend our theoretical analysis to augmentations modelled
as linear transformation matricésapplied to the original training data. These augmentations are
also originally studied by40]. In this section, we speci cally study the effect of these augmentations
using a linear model when applied to coresets.

Lemma B.4 (Augmented coreset gradient bounds: Linedtf be a simple linear model with
weightsW 2 RY € wheref (W ;x;) = W Tx;, trained on mean squared loss functibn Let
F 2 RY 9 be a common linear augmentation matrix with ndefk with augmentatiox 9 given
by Fx;. Let coreset be of sizeand full dataset be of size. Further assume that the predicted

label ofx; and its augmentatioR x; are suf ciently close, i.e. there existssuch thatw T (F x;)

=WTx; + z,kzk ! 8i. Let upper-bound the normed difference in gradients between the
weighted coreset and full dataset. Then, the normed difference between the gradient of the augmented
full data and augmented coreset is given by

X X p_
kK rL (W ;x9) sTL (W;x3"9k k Fk( +  dn!)
i2v i=1

for some (small) constant

Proof. By our assumption, we can begin with,

X X
k L (W;X;) 5L (W :xs )k 77)
i2v j=1
P .-
Furthermore, by [29], we know that sum of the coreset weigftss given by Jk:'i s N
Hence,
X X
k rL (W ;x9) L (W x99k (78)
i2v j=1

X Xk
K (@ W;x™) W (Fx) vl & (3 (Wx29)TW T (Fxs) yslk (79)

i2v j=1
X ; X .
=k Fxi[W (Fxi) il s FXs [W ' (Fxs) sk (80)
i2v i=1
X N Xk T
= kF Xi(W'xi vy) F s; Xs; (W Xsj T Zi Y5 )k (81)
i2v j=1
X Xk Xk
= kF rL(W;xi) F s L(W:xs) F s Xs; Zs; K (82)
i2v j=1 j=1
X X
k Fkk r L(W ;x;j) s I L(W ;Xs; )k+ KF kk s Xs; Zs; K (83)
i2Vp j=1 j=1
k Fk + dkFkn! (84)
= kFk( + pam ) (85)
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Corollary B.5. In the simpli ed linear case above, the difference in gradients of the full training
data with its augmentationsl{ (W ; Xt + aug)) and gradients of the coreset with its augmentations
(rL (W ;X ¢t ca )) CaN be bounded by

p_
kik (W;Xf+aug) 'L (W;Xcic, )k (KFk+1) +  dkFkn!

Proof. Applying Eq. (77) and Lemma B.4, we obtain

kiL (W ;Xfsaug) L (WX cic K (86)
= k(L (W;Xg)+ L (W;Xayg)) (L (W;Xc)+ L (W;Xc,, )k (87)
= k(L (W;X¢) b (Wi X))+ (rL (Wi Xay) b (W; X, DK (88)
k (rL (W;X¢) rL (WiX)k+k(rk (W;Xayg) 1L (WX, )K (89)

+ kFk( + pam ) (90)

= (kFk+1) + pakan! (91)
O

Theorem B.6(Convergence of linear model).etf be a linear model with weight/ and augmen-
tation be represented by the common linear transformdtiohetL; be -smoothl be -smooth

and satisfy the -PL condition, that is for > 0, krL (W ; X )k2 L(W ;X)) for all weights

W . Let upper-bound the normed difference in gradients between the weighted coreset and full
dataset and boundW T(Fx;)= W Tx; + z,kzk ! 8i. LetG§ be the gradient over the full
dataset and its augmentations at initialization. Then, running SGD on th& simeeset with its
augmentation using constant step size —, we get the following convergence bound:

E[KIL (W 5 X et e )K] Pt 1 5 ? G+ (KFk+1) + © dkF kn!

Proof. From[3], we have

t
EIKrL (W5 X o )KE] 1 - L(W %X ¢t cag ) (92)
t
1 - KL (W %5 X ot gy )K2 (93)
(94)
Using Jensen's inequality, we have
ELKrL (W ' X cr cag IK] (95)
q
E[krL (W 5 X ¢t ¢ )K?] (96)
ot 1 - TRIL (W %X s g DK (97)
1 L p-
p—= 1 - Gp + (kFk+1) + dkFkn! (98)
where the last inequality follows from applying Corollary B.5. O

C Singular spectrum analysis

C.1 Experiment details

We generate singular spectrum plots for both MNIST and CIFAR10 datasets in Figures 1 and 3. Due
to the computational infeasbility of computing the network Jacobian for the full datasets in deep
network settings, we instead construct and use a reduced version of these datasets by uniformly select
900 images from the rst 3 classes. For our experiments on MNIST, we pretrain a MLP model with 1
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hidden layer for 15 epochs. For our experiments on CIFAR10, we pretrain a ResNet20 model for 15
epochs. We then compute the singular spectrums for augmented and non-augmented data based on
these pretrained networks.

Since it is dif cult to perform a one-to-one matching of singular values produced from augmented and
non-augmented datasets, we instead bin our singular values into 30 separate and uniformly distributed
bins each containing the same number of singular values. To measure perturbation to singular values
resulted from augmentation, we compute the mean difference between each bin. On the other hand,
to measure perturbation to singular vectors, we compute mean subspace angle between the singular
subspace spanned by singular vectors in each bin.

C.2 Real-world strong augmentations

We study the effects of real-world, unbounded augmentations on the singular spectrum of the network
Jacobian. In particular, in additional to the plots in the main paper, we show the effect of strong
augmentations through (1) random rotation (u@® and AutoAugmentT] for MNIST and (2)

random horizontal ips/random crops and AutoAugment for CIFAR10. The policies implemented by
AutoAugment include translations, shearing, as well as contrast and brightness transforms. We study
the effects of these augmentations on the singular spectrum in Figure 3. Despite these augmentations
being unbounded transformations, we note that the results of our theory still holds. In particular,
it can be observed that data augmentation increases smaller singular values relatively more with a
higher probability. On the other hand, data augmentation affects the prominent singular vectors of
the Jacobian to a smaller extent, and preserves the prominent directions. As such, our argument
empirically extends to real-world, unbounded label-invariant transformations characteristic of strong
augmentations.

D Experiment Setup and Additional Experiments

D.1 Experiment setup

For all experiments, we train using SGD with 0.9 momentum and learning rate decay. For experiments
on CIFAR10 and variants/ResNet20, we train for 200 epochs, for Caltech256 (ImageNet pretrained)/
ResNet18, we trained for 40 epochs starting at learningd:@@1 and batch size 64. We also report
results for Caltech256 without ImageNet pretraining in Sec. D.8, where we train for 400 epochs
to ensure convergence with a starting learning rat@ @8 and batch size 64. For experiments on
ImageNet/ResNet50 and TinylmageNet/ResNet50, we use the standard 90 epoch learning schedule
starting at learning rate of 0.1 and batch size 64.

Data and augmentation.We apply our method to training ResNet20 and Wide-ResNet-28-10 on
CIFAR10, and ResNet32 on CIFAR10-IMB (Long-Tailed CIFAR10 with Imbalance factor of 100
following [19]) and SVHN datasets. We train Caltech288][on ImageNet-pretrained ResNet18,

and include experiments with random initialization in Appendix D. TinylmageNet and ImageNet are
trained on with ResNet50. We us#&]] for CIFAR10/SVHN, and AutoAugment/] for Caltech256,
TinylmageNet, and ImageNet as the strong augmentation method. Note that we append strong
augmentations rather than apply them in-place, which we show to be more effective in Appendix D.
All results are averaged over 5 runs using an Nvidia A40 GPU.

D.2 Experiment setup

For all experiments, we train using SGD with 0.9 momentum and learning rate decay. We also set
weight decay as For experiments on CIFAR10 and variants/ResNet20, we train for 200 epochs, for
Caltech256 (ImageNet pretrained)/ ResNet18, we trained for 40 epochs starting at learnn@Qhte

and batch size 64. We also report results for Caltech256 without ImageNet pretraining in Sec. D.8,
where we train for 400 epochs to ensure convergence with a starting learning @38 afid batch

size 64. For experiments on ImageNet/ResNet50 and TinylmageNet/ResNet50, we use the standard
90 epoch learning schedule starting at learning rate of 0.1 and batch size 64.

Data and augmentation.We apply our method to training ResNet20 and Wide-ResNet-28-10 on
CIFAR10, and ResNet32 on CIFAR10-IMB (Long-Tailed CIFAR10 with Imbalance factor of 100
following [19]) and SVHN datasets. We train Caltech288][on ImageNet-pretrained ResNet18,
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Figure 3: Difference in mean singular values (Cols 1 & 3) between augmented and non-augmented
data and mean angular difference (Cols 2 & 4) between subspaces spanned by singular vectors for
augmented and non-augmented data.

and include experiments with random initialization in Appendix D. TinylmageNet and ImageNet are
trained on with ResNet50. We us#(] for CIFAR10/SVHN, and AutoAugmen(/] for Caltech256,
TinylmageNet, and ImageNet as the strong augmentation method. Note that we append strong
augmentations rather than apply them in-place, which we show to be more effective in Appendix D.
All results are averaged over 5 runs using an Nvidia A40 GPU.

D.3 Full Results for Table 4
This section contains full experiment results including standard deviations and the full augmentation

benchmark for Tabld. Augmenting coresets of size 10% achieves 51% of the improvement obtained
from augmentation of the full data and further enjoys a 6x speedup in training time on CIFAR10.
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This speedup becomes more signi cant when using strong augmentation techniques which are mostly
computationally demanding, especially when applied to the entire dataset.

Table 7: Supplementary table for Table 4 - Test accuracy on CIFAR10 + ResNet20, SVHN +
ResNet32, CIFAR10-Imbalanced + ResNet32 including standard deviation errors and full dataset
augmentation accuracy.

Method Size CIFAR10 CIFAR10-IMB SVHN

None 0% 8946 0:17% 87.08 0:50% 95676 0:108%
5% 9034 0:18% 8848 0:25% 95760 0:084%

Random  10% 9107 0:13% 8952 0:15% 96187 0:112%
30% 9211 0:12% 9111 0:18% 96569 0:073%

5% 9079 0:19% 8877 0:35% 96:165 0:108%
Max-Loss 10% 9139 0:08% 8922 0:48% 96:370 0:076%
30% 9243 0:07% 9111 0:25% 96735 0:068%

5% 90:87 0:05% 89:10 0:41% 961121 0:055%

Coreset 10% 91:54 0:19% 89:75 0:52%  96:354 0:091%
30% 92:49 0:15% 91:12 0:26% 96:791 0:051%

All 100% 9350 0:25% 9248 0:34% 97.068 0:030%

D.4 Supplementary results for Tab. 1

Table 8: Supplementary results for Tab. 1. Training ResNet20 (R20) and WideResnet-28-10 (W2810)
on CIFAR10 (C10) using small subsets, and ResNet18 (R18) on Caltech256 (Cal).

Model/Dataset Subset Random Ours

Weak Aug. Strong Aug. Weak Aug.  Strong Aug.

0.1% () 317 32 335 227 296 38 37:8 45

C10/R20 0.2%(10) 359 21 427 39 336 32 451 23

05%(25) 511 23 587 1.3 558 31 639 21

1% (50) 662 10 744 08 659 4.0 747 1:1

C10/W2810 1% (50) 613 24 577 08 599 24 62:1 3:1

Cal/R18 5% (3) 248 15 415 05 338 1.7 52:7 1:2

10% (6) 495 06 618 08 557 03 654 0:3

20%(12) 666 02 725 01 675 03 73:1 0:1

30%(18) 720 01 757 02 719 02 76:3 0:2

40% (24) 746 03 776 04 742 04 77:7 05

50% (30) 761 05 785 03 761 01 78:9 0:2

D.5 Training dynamics vs generalization

Figure 4 demonstrates the relationship between training loss and validation accuracy resulted from
data augmentation. While training loss of augmented datasets do not decrease as quickly as non-
augmented datasets, generalization performance (shown by val. acc.) improves.
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Figure 4: Training loss vs validation accuracy of CIFAR10/ResNet20 using AutoAugment.

D.6 Augmentations applied through appending vs in-place

Our experiments on Caltech256/ResNet18/AutoAugnieab() show that even for cheaper strong
augmentation methods (AutoAugment), while in-place augmentation may decrease the performance,
appending Random (R) and Coresets (C) augmentations (Append) outperforms in-place augmentation
of 2x data points (In-place 2x) for various subset sizes.

Table 9: Caltech256/AutoAugment in-place vs. appending for Caltech256.

No Aug. In-place In-place (2x) Append

C5% 33.8% 26.4% 48.2% 52.7%
R5% 24.8% 17.4% 40.2% 41.5%
C10% 55.7% 48.2% 62.8% 65.4%
R10% 50.6% 40.2% 62.0% 61.8%
C30% 71.9% 68.8% 74.9% 76.3%
R30% 72.0% 68.7% 75.1% 75.7%

D.7 Speed-up measurements

We measure the improvement in training time in the case of training on full data and augmenting
subsets of various sizes. While our method yields similar or slightly lower speed-up to the max-loss
policy and random approach respectively, our resulting accuracy outperforms these two approaches.
We show this in Fig. D.7. For example, for SVHN/Resnet32 u§idgp coresets, we sacri c&1% of

the speed-up to obtain an additior2dt8% of the gain in accuracy from full data augmentation when
compared to a random subset of the same size. We show the speed-up obtained for our method and
various subset sizes in Tab. 10, and provide wall-clock times for our method in Tab. D.7.

Table 10: Speedup on CIFAR10 + ResNet20 (C10/R20), SVHN + ResNet32 (SVHN/R32).

Dataset Full Aug. Ours Max loss. Random.
100% 5% 10% 15% 20% 25% 30% 30% 30%
C10/R20 1x 793 6:31Ix  446x 4:27x  34I1x 343X 3:48x 4:03x

SVHN/R32 1x 5:35x  3:93x 340x 2:80x 2:49% 2:18x 2:21x 2:43x

(a) CIFAR10/ResNet20 (b) SVHN/Resnet32

Figure 5: Speedup/Accuracy of augmentB@96 coresets compared to original max-loss policy for
(a) ResNet20 trained on CIFAR10 and (b) ResNet32 trained on SVHN.
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Table 11: Wall-clock times to find various sized coresets from all classes of Caltech256 and TinyIma-
gene atlepoch. Note, training ResNet20/CIFAR10 with [40] takes 14.4 hrs. In practice, coresets can
be found in parallel (p threads) from different classes, and selection happens everyR=5 15 epochs.
Hence, the numbers divide by p R.

Caltech256 TinyImageNet
10% 30% 50% 10% 30%  50%
10.50s 10.52s  10.53s 7.85s 8.09s 8.17s

D.8 End to end training on Caltech256

As Caltech256 contains many classes and higher resolution images, training on smaller subset without
pretraining has a low accuracy. Thus, many works (e.g. Achille et al., 2020) finetune from ImageNet
pretrained initialization. However, we show that our results still hold even when training form scratch.
We demonstrate our results in Tab. 12, where we train Caltech256 on ResNet50 without pretraining
for 400 epochs, and with R = 40, where our method consistently outperfoms random subsets for
multiple subset sizes (5%, 10%, 30%, 50%).

Table 12: Caltech256 (w/o pretraining) /ResNet50, 400 epochs, R = 40

Random Ours
5% 10% 30% 50% 5% 10% 30% 50%
17.26 35.38 58.2 64.67 20.58 38.20 60.30 65.17

D.9 Training on full data and augmenting small subsets re-selected every epoch

We apply our proposed method to select a new subset for augmentation every epoch (i.e. using
R = 1) and compare our results with other approaches using accuracy and percentage of data not
selected (NS). We see that while the max-loss policy selects a small fraction of data points over
and over and random uniformly selects all the data points, our approach successfully finds the
smallest subset of data points that are the most crucial for data augmentation. Hence, it can achieve
a superior accuracy than max-loss policy, while augmenting only slightly more examples. This
confirms the data-efficiency of our approach. This is especially evident when using coresets of size
0:2%. Furthermore, despite the random baseline using a significantly larger percentage of data, it is
outperformed by our approach in both data-efficiency and accuracy. We emphasize that results in this
table is different from that of Table 7, as default augmentations on the full training data are performed
once every R = 1 epochs instead of every R = 20 epochs. Since selecting subsets at every epoch
can be computationally expensive, we only perform these experiments on small coresets and hence
still enjoy good speedups compared to full data augmentation. This shows that our approach is still
effective at very small subset sizes, hence can be computationally efficient even when subsets are
re-selected every epoch.

Table 13: Training on full data and selecting a new subset for augmentation every epoch (R = 1).

Subset Random Max-loss Policy Ours
Acc NS (%) Acc NS (%) Acc NS (%)

0% 91:96 0:12 91:96 0:12 91:96 0:12
0:2% 92:22 0:22 67:03 0:04 91:94 0:12 86:70 0:15 92:26 0:13 79:19 1:10
0:5% 92:06 0:17 36:70 0:18 92:20 0:13 76:80 0:31 92:27 0:08 63:23 0:35

D.10 Additional visualizations for training on coresets and its augmentations - Measuring
training dynamics over time

We include additional visualizations in Figure 6 for training on coresets and its augmentations as
supplementary plots to Figure 9(c) and Table 1. We plot metrics obtained during each point (epoch)
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