A∇⊔⟩⊘⌋⟩⊣↕ F⟩∫⟨⌉∫¬ P⟨†∫⟩⌋∫⇔ L≀⌋≀⇕≀⊔⟩≀\⇔ P⌉∇⌋⌉√⊔⟩≀\⇔ B⌉⟨⊣⊑⟩≀∇

X⟩⊣≀†⊓⊣\ T⊓ ⊣\⌈ D⌉⇕⌉⊔∇⟩ T⌉∇‡≀√≀⊓↕≀∫ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ T≀∇≀\⊔≀ ∞

K⌉†⊒≀∇⌈∫¬ ⌊⌉⟨⊣⊑⟩≀∇⊣↕ ⊣\⟩⇕⊣⊔⟩≀\⇔ ⊣∇⊔⟩⊘⌋⟩⊣↕ ↕⟩{⌉⇔ ⊣⊓⊔≀\≀⇕≀⊓∫ ⊣}⌉\⊔∫⇔ ⊣\⟩⇕⊣⊔⌉ ⊑⟩∫⟩≀\⇔ ↕≀⌋≀⇕≀⊔⟩≀\ ⌋≀\⊔∇≀↕⇔ √⟨†∫⟩⌋∫↖⌊⊣∫⌉⌈ ⇕≀⌈⌉↕⟩\} A⌊∫⊔∇⊣⌋⊔¬ T⟨⟩∫ √⊣√⌉∇ √∇≀√≀∫⌉∫ ⊣ {∇⊣⇕⌉⊒≀∇‖ {≀∇ ⊣\⟩⇕⊣⊔⟩≀\ ⊔⟨⊣⊔ ⌋⊣\ ⊣⌋⟨⟩⌉⊑⌉ ⊔⟨⌉ ⟩\⊔∇⟩⌋⊣⌋† ≀{ ⇕≀⊔⟩≀\ ⌉⊑⟩⌈⌉\⊔ ⟩\ ⌋⌉∇⊔⊣⟩\ \⊣⊔⊓∇⊣↕ ⌉⌋≀∫†∫⊔⌉⇕∫ ⊒⟩⊔⟨ ⇕⟩\⟩⇕⊣↕ ⟩\√⊓⊔ {∇≀⇕ ⊔⟨⌉ ⊣\⟩⇕⊣⊔≀∇↙ T⟨⌉ ∇⌉⊣↕⟩∫⊔⟩⌋ ⊣√√⌉⊣∇⊣\⌋⌉⇔ ⇕≀⊑⌉⇕⌉\⊔⇔ ⊣\⌈ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⊣\⟩⇕⊣↕∫⇔ ⊣∫ ⊒⌉↕↕ ⊣∫ ⊔⟨⌉ √⊣⊔↖ ⊔⌉∇\∫ ≀{ ⌊⌉⟨⊣⊑⟩≀∇ ⌉⊑⟩⌈⌉\⊔ ⟩\ }∇≀⊓√∫ ≀{ ⊣\⟩⇕⊣↕∫ {⊣↕↕ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ∫⌋≀√⌉ ≀{ ⊔⟨⌉ {∇⊣⇕⌉⊒≀∇‖↙ O⊓∇ ⊣√√∇≀⊣⌋⟨ ⊔≀ ⌉⇕⊓↕⊣⊔⟩\} ⊔⟨⟩∫ ↕⌉⊑⌉↕ ≀{ \⊣⊔⊓∇⊣↕ ⌋≀⇕√↕⌉§⟩⊔† ⟩∫ ⊔≀ ⇕≀⌈⌉↕ ⌉⊣⌋⟨ ⊣\⟩⇕⊣↕ ⟨≀↕⟩∫⊔⟩⌋⊣↕↕† ⊣∫ ⊣\ ⊣⊓⊔≀\≀⇕≀⊓∫ ⊣}⌉\⊔ ∫⟩⊔⊓⊣⊔⌉⌈ ⟩\ ⟩⊔∫ √⟨†∫⟩⌋⊣↕ ⊒≀∇↕⌈↙ T≀ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉ ⊔⟨⌉ ⊣√√∇≀⊣⌋⟨⇔ ⊒⌉ ⌈⌉⊑⌉↕≀√ ⊣ √⟨†∫⟩⌋∫↖⌊⊣∫⌉⌈⇔ ⊑⟩∇⊔⊓⊣↕ ⇕⊣∇⟩\⌉ ⊒≀∇↕⌈↙ T⟨⌉ ⊒≀∇↕⌈ ⟩∫ ⟩\⟨⊣⌊⟩⊔⌉⌈ ⌊† ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⊔⟨⊣⊔ ⌋⊣\ ∫⊒⟩⇕ ⟨†⌈∇≀⌈†\⊣⇕⟩⌋⊣↕↕† ⟩\ ∫⟩⇕⊓↕⊣⊔⌉⌈ ⊒⊣⊔⌉∇ ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ⇕≀⊔≀∇ ⌋≀\⊔∇≀↕ ≀{ ⟩\⊔⌉∇\⊣↕ ⇕⊓∫⌋↕⌉∫ ⊔⟨⊣⊔ ⇕≀⊔⟩⊑⊣⊔⌉ ⊘\∫↙ T⟨⌉⟩∇ ∇⌉√⌉∇⊔≀⟩∇⌉ ≀{ ⌊⌉⟨⊣⊑⟩≀∇∫ ∇⌉↕⟩⌉∫ ≀\ ⊔⟨⌉⟩∇ √⌉∇⌋⌉√↖ ⊔⟩≀\ ≀{ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋ ⌉\⊑⟩∇≀\⇕⌉\⊔↙ A∫ ⟩\ \⊣⊔⊓∇⌉⇔ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕⌉⌈ ⇕≀⊔⟩≀\∫ ≀{ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⟩\ ⊔⟨⌉⟩∇ ⊑⟩∇⊔⊓⊣↕ ⟨⊣⌊⟩⊔⊣⊔ ⊣∇⌉ \≀⊔ ⌉\⊔⟩∇⌉↕† √∇⌉⌈⟩⌋⊔⊣⌊↕⌉ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉† ⊣∇⌉ \≀⊔ ∫⌋∇⟩√⊔⌉⌈↙

∞ I\⊔∇≀⌈⊓⌋⊔⟩≀\ I⇕⊣}⟩\⌉ ⊣ ⊑⟩∇⊔⊓⊣↕ ⇕⊣∇⟩\⌉ ⊒≀∇↕⌈ ⟩\⟨⊣⌊⟩⊔⌉⌈ ⌊† ⊣ ⊑⊣∇⟩⌉⊔† ≀{ ∇⌉⊣↕⟩∫⊔⟩⌋ ⊘∫⟨⌉∫↙ I\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ ⊓\⌈⌉∇⊒⊣⊔⌉∇ ⌋⊓∇∇⌉\⊔∫⇔ ⊔⟨⌉ ⊘∫⟨⌉∫ ⌉⇕√↕≀† ⊔⟨⌉⟩∇ ⇕⊓∫⌋↕⌉∫ ⊣\⌈ ⊘\∫ ⊔≀ }∇⊣⌋⌉{⊓↕↕† ∫⊒⟩⇕ ⊣∇≀⊓\⌈ ⟩⇕⇕≀⌊⟩↕⌉ ≀⌊∫⊔⊣↖ ⌋↕⌉∫ ⊣\⌈ ⊣⇕≀\} ⇕≀⊑⟩\} ⊣∐⊓⊣⊔⟩⌋ √↕⊣\⊔∫ ⊣\⌈ ≀⊔⟨⌉∇ ⊘∫⟨⌉∫↙ T⟨⌉† ⊣⊓↖ ⊔≀\≀⇕≀⊓∫↕† ⌉§√↕≀∇⌉ ⊔⟨⌉⟩∇ ⌈†\⊣⇕⟩⌋ ⊒≀∇↕⌈ ⟩\ ∫⌉⊣∇⌋⟨ ≀{ {≀≀⌈↙ L⊣∇}⌉⇔ ⟨⊓\}∇† √∇⌉⌈⊣⊔≀∇ ⊘∫⟨⌉∫ ⟨⊓\⊔ {≀∇ ∫⇕⊣↕↕⌉∇ √∇⌉† ⊘∫⟨⌉∫↙ P∇⌉† ⊘∫⟨⌉∫ ∫⊒⟩⇕ ⊣∇≀⊓\⌈ ⟨⊣√√⟩↕† ⊓\⊔⟩↕ ⊔⟨⌉† ∫⌉⌉ ⊣ √∇⌉⌈⊣⊔≀∇⇔ ⊣⊔ ⊒⟨⟩⌋⟨ √≀⟩\⊔ ⊔⟨⌉† ⊔⊣‖⌉ ⌉⊑⊣∫⟩⊑⌉ ⊣⌋⊔⟩≀\↙ W⟨⌉\ ⊣ √∇⌉⌈⊣⊔≀∇ ⊣√√⌉⊣∇∫ ⟩\ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉⇔ ∫⟩⇕⟩↕⊣∇ ∫√⌉⌋⟩⌉∫ ≀{ √∇⌉† {≀∇⇕ ∫⌋⟨≀≀↕∫ ⊔≀ ⟩⇕√∇≀⊑⌉ ⊔⟨⌉⟩∇ ⌋⟨⊣\⌋⌉∫ ≀{ ⌉∫⌋⊣√⌉↙ W⟨⌉\ ⊣ √∇⌉⌈⊣⊔≀∇ ⊣√√∇≀⊣⌋⟨⌉∫ ⊣ ∫⌋⟨≀≀↕⇔ ⊔⟨⌉ ⊘∫⟨⌉∫ ∫⌋⊣⊔⊔⌉∇ ⟩\ ⊔⌉∇∇≀∇↙ A ⌋⟨⊣∫⌉ ⌉\∫⊓⌉∫ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ √∇⌉⌈⊣⊔≀∇ ∫⌉↕⌉⌋⊔∫ ⊑⟩⌋⊔⟩⇕∫ ⊣\⌈ ⌋≀\∫⊓⇕⌉∫ ⊔⟨⌉⇕ ⊓\⊔⟩↕ ∫⊣⊔⟩⊣⊔⌉⌈↙ S≀⇕⌉ ∫√⌉⌋⟩⌉∫ ≀{ ⊘∫⟨⌉∫ ∫⌉⌉⇕ ⊓\⊔∇≀⊓⌊↕⌉⌈ ⌊† √∇⌉⌈⊣⊔≀∇∫↙ T⟨⌉† ⊘\⌈ ⌋≀⇕{≀∇⊔⊣⌊↕⌉ \⟩⌋⟨⌉∫ ⊣\⌈ {≀∇⊣}⌉ ≀\ ⊙≀⊣⊔⟩\} ∞∞′ K⟩\}≃∫ C≀↕↕⌉}⌉ R≀⊣⌈⇔ T≀∇≀\⊔≀⇔ O\⊔⊣∇⟩≀⇔ C⊣\⊣⌈⊣⇔ M▽S ∞A△ E↖⇕⊣⟩↕¬ {⊔⊓|⌈⊔}ℵ⌋∫↙⊔≀∇≀\⊔≀↙⌉⌈⊓

√↕⊣\‖⊔≀\ ⊒⟨⌉\ ⊔⟨⌉† ⊣∇⌉ ⟨⊓\}∇†↙ W⟨⌉\ ⌋≀⇕√⌉↕↕⌉⌈ ⌊† ⊔⟨⌉⟩∇ ↕⟩⌊⟩⌈≀∫⇔ ⊔⟨⌉† ⌉\}⊣}⌉ ⟩\ ⌉↕⊣⌊≀∇⊣⊔⌉ ⌋≀⊓∇⊔∫⟨⟩√ ∇⟩⊔⊓⊣↕∫ ⊔≀ ∫⌉⌋⊓∇⌉ ⇕⊣⊔⌉∫↙ T⟨⌉ ⊣\⟩⇕⊣⊔⟩≀\ ≀{ ∫⊓⌋⟨ ∫⌋⌉\⊣∇⟩≀∫ ⊒⟩⊔⟨ ⊑⟩∫⊓⊣↕↕† ⌋≀\⊑⟩\⌋⟩\} ∇⌉∫⊓↕⊔∫ ⟨⊣∫ ⌊⌉⌉\ ⌉↕⊓∫⟩⊑⌉↙ I\ ⊔⟨⟩∫ √⊣√⌉∇⇔ ⊒⌉ ⌈⌉⊑⌉↕≀√ ⊣\ ⊣\⟩⇕⊣⊔⟩≀\ {∇⊣⇕⌉⊒≀∇‖ ⊒⟩⊔⟨⟩\ ⊒⟨≀∫⌉ ∫⌋≀√⌉ {⊣↕↕ ⊣↕↕ ≀{ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⌋≀⇕√↕⌉§ √⊣⊔⊔⌉∇\∫ ≀{ ⊣⌋⊔⟩≀\⇔ ⊣\⌈ ⇕⊣\† ⇕≀∇⌉⇔ ⊒⟩⊔⟨≀⊓⊔ ⊣\† ‖⌉†{∇⊣⇕⟩\}↙ T⟨⌉ ‖⌉† ⊔≀ ⊣⌋⟨⟩⌉⊑⟩\} ⊔⟨⟩∫ ↕⌉⊑⌉↕ ≀{ ⌋≀⇕√↕⌉§⟩⊔†⇔ ⊣\⌈ ⌊⌉†≀\⌈⇔ ⊒⟩⊔⟨ ⇕⟩\⟩⇕⊣↕ ⟩\⊔⌉∇⊑⌉\⊔⟩≀\ ⌊† ⊔⟨⌉ ⊣\⟩⇕⊣⊔≀∇⇔ ⟩∫ ⊔≀ ⌋∇⌉⊣⊔⌉ {⊓↕↕† {⊓\⌋⊔⟩≀\⊣↕ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊣\⟩⇕⊣↕∫� ⟩\ ⊔⟨⟩∫ ⟩\∫⊔⊣\⌋⌉⇔ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫↙ A∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⊣∇⌉ ⊣⊓⊔≀\≀⇕≀⊓∫ ⊣}⌉\⊔∫ ⊒⟨≀∫⌉ ⊣√√⌉⊣∇⊣\⌋⌉ ⊣\⌈ ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ }∇≀⊓√ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫ ⊣∇⌉ ⊣∫ {⊣⟩⊔⟨{⊓↕ ⊣∫ √≀∫∫⟩⌊↕⌉ ⊔≀ \⊣⊔⊓∇⌉≃∫ ≀⊒\↙ T≀ ⊔⟨⟩∫ ⌉\⌈⇔ ⊒⌉ √⊓∇∫⊓⌉ ⊣ ⌊≀⊔⊔≀⇕↖⊓√⇔ ⌋≀⇕√≀∫⟩⊔⟩≀\⊣↕ ⊣√√∇≀⊣⌋⟨ ⟩\ ⊒⟨⟩⌋⟨ ⊒⌉ ⇕≀⌈⌉↕ \≀⊔ |⊓∫⊔ {≀∇⇕ ⊣\⌈ ∫⊓√⌉∇⊘⌋⟩⊣↕ ⊣√√⌉⊣∇⊣\⌋⌉⇔ ⌊⊓⊔ ⊣↕∫≀ ⊔⟨⌉ ⌊⊣∫⟩⌋ √⟨†∫⟩⌋∫ ≀{ ⊔⟨⌉ ⊣\⟩⇕⊣↕ ⊣\⌈ ⟩⊔∫ ⌉\⊑⟩∇≀\⇕⌉\⊔⇔ ⟩⊔∫ ⇕⌉⊣\∫ ≀{ ↕≀⌋≀⇕≀⊔⟩≀\⇔ ⟩⊔∫ √⌉∇⌋⌉√⊔⟩≀\ ≀{ ⟩⊔∫ ⊒≀∇↕⌈⇔ ⊣\⌈ ↕⊣∫⊔ ⌊⊓⊔ \≀⊔ ↕⌉⊣∫⊔⇔ ⟩⊔∫ ⌊⌉⟨⊣⊑⟩≀∇↙ T⟨⌉ ⟨≀↕⟩∫⊔⟩⌋ \⊣⊔⊓∇⌉ ≀{ ≀⊓∇ ⊣√√∇≀⊣⌋⟨ ⊔≀ ∫†\⊔⟨⌉∫⟩‡⟩\} ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⟩∫ ⌋∇⊓⌋⟩⊣↕ ⊔≀ ⊣⌋⟨⟩⌉⊑⟩\} ∇⌉⊣↕⟩∫⇕↙ P⊣∇⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\∫ ⊔⟨⊣⊔ ⌈≀ \≀⊔ ⊣⌈⌉∐⊓⊣⊔⌉↕† ⇕≀⌈⌉↕ √⟨†∫⟩⌋∫⇔ ↕≀⌋≀⇕≀⊔⟩≀\⇔ √⌉∇⌋⌉√⊔⟩≀\⇔ ⊣\⌈ ⌊⌉⟨⊣⊑⟩≀∇⇔ ⊣\⌈ ⌈≀ \≀⊔ ⌋≀⇕⌊⟩\⌉ ⊔⟨⌉∫⌉ ⇕≀⌈⌉↕∫ ⟩\⊔⟩⇕⊣⊔⌉↕† ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊣}⌉\⊔ ⊒⟩↕↕ \≀⊔ √∇≀⌈⊓⌋⌉ ⌋≀\⊑⟩\⌋⟩\} ∇⌉∫⊓↕⊔∫↙ A\ ⌉⊣∇↕† ∇⌉∫⊓↕⊔ ≀{ ≀⊓∇ ∇⌉∫⌉⊣∇⌋⟨ ⟩∫ ⊔⟨⌉ ⌋≀⇕√⊓⊔⌉∇ ⊣\⟩⇕⊣⊔⟩≀\ ⊖G≀ F⟩∫⟨→⪰ ∪∞∀⊎↙ T⟨⌉ ⊘\⊣↕ ∫⌉∐⊓⌉\⌋⌉ ≀{ ⊔⟨⟩∫ ⊣\⟩⇕⊣⊔⟩≀\ ∫⟨≀⊒∫ ⊣ ⌋≀↕≀∇{⊓↕ ⊑⊣∇⟩⌉⊔† ≀{ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ {⌉⌉⌈⟩\} ⟩\ ⊔∇⊣\∫↕⊓⌋⌉\⊔ ⊒⊣⊔⌉∇ ⇐∫⌉⌉ P↕⊣⊔⌉ ∞⇒↙ D†\⊣⇕⟩⌋ ⊣∐⊓⊣⊔⟩⌋ √↕⊣\⊔∫ }∇≀⊒ {∇≀⇕ ⊔⟨⌉ ∫⌉⊣⌊⌉⌈↙ A ∫⟨⊣∇√ ⟨≀≀‖ ≀\ ⊣ ↕⟩\⌉ ⌈⌉∫⌋⌉\⌈∫ ⊔≀⊒⊣∇⌈∫ ⊔⟨⌉ ⟨⊓\}∇† ⊘∫⟨⌉∫ ⊣\⌈ ⊣⊔⊔∇⊣⌋⊔∫ ⊔⟨⌉⇕ ⇐P↕⊣⊔⌉ ∞⇐⊣⇒⇒↙ A ⟨⊣√↕⌉∫∫ ⊘∫⟨⇔ ⊔⟨⌉ ⊘∇∫⊔ ⊔≀ ⌊⟩⊔⌉ ⊔⟨⌉ ⌊⊣⟩⊔⇔ ⟩∫ ⌋⊣⊓}⟨⊔ ⊣\⌈ ⌈∇⊣}}⌉⌈ ⊔≀ ⊔⟨⌉ ∫⊓∇{⊣⌋⌉ ⇐P↕⊣⊔⌉ ∞⇐⌊⇒⇒↙ O\↕† ⊔⟨⌉ ⌋⊣⇕⌉∇⊣ ⊣\⌈ ⊔⟨⌉ ⊘∫⟨⟩\} ↕⟩\⌉ ⊒⌉∇⌉ ∫⌋∇⟩√⊔⌉⌈ ⟩\ ⊔⟨⌉ ⊣\⟩⇕⊣⊔⟩≀\↙ T⟨⌉ ⌊⌉⊣⊓⊔† ≀{ ⊔⟨⌉ ⊣\⟩⇕⊣⊔⟩≀\ ⟩∫ ⌉\⟨⊣\⌋⌉⌈ ⌊† ⊔⟨⌉ ⌈⌉⊔⊣⟩↕⌉⌈ ⇕≀⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⊒⟨⟩⌋⟨ ⌉⇕⊓↕⊣⊔⌉ ⊔⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ⊣\⌈ ⊓\√∇⌉⌈⟩⌋⊔⊣⌊⟩↕⟩⊔† ≀{ ⇕≀⊑⌉⇕⌉\⊔ ≀{ ⊔⟨⌉⟩∇ \⊣⊔⊓∇⊣↕ ⌋≀⊓\⊔⌉∇√⊣∇⊔∫↙

∞↙∞ B⊣⌋‖}∇≀⊓\⌈ A⊔ ⟩⊔∫ ↕≀⊒⌉∫⊔ ↕⌉⊑⌉↕ ≀{ ⊣⌊∫⊔∇⊣⌋⊔⟩≀\⇔ ≀⊓∇ ⊒≀∇‖ ⟩∫ ⊣\ ⟩\∫⊔⊣\⌋⌉ ≀{ √⟨†∫⟩⌋∫↖ ⌊⊣∫⌉⌈ }∇⊣√⟨⟩⌋∫ ⇕≀⌈⌉↕⟩\}↙ T⟨⌉ √⟨†∫⟩⌋∫↖⌊⊣∫⌉⌈ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⇕≀⌈⌉↕ ⊔⟨⊣⊔ ⊒⌉ ⌈⌉⊑⌉↕≀√ ⟩∫ ⟩\∫√⟩∇⌉⌈ ⌊† ⊔⟨⌉ ∫⊓∇√∇⟩∫⟩\}↕† ⌉{{⌉⌋⊔⟩⊑⌉ ⇕≀⌈⌉↕ ≀{ ∫\⊣‖⌉ ⊣\⌈ ⊒≀∇⇕ ⌈†\⊣⇕⟩⌋∫ √∇≀√≀∫⌉⌈ ⌊† M⟩↕↕⌉∇ ∪∃⊎ ⊣\⌈ ⊔⟨⌉ {⊣⌋⟩⊣↕ ⇕≀⌈⌉↕ √∇≀√≀∫⌉⌈ ⌊† T⌉∇‡≀√≀⊓↕≀∫ ⊣\⌈ W⊣⊔⌉∇∫ ∪∞△⊎↙ O⊓∇ ⊘∫⟨ ⇕≀⌈⌉↕ ⟩∫ ⊣↕∫≀ ⊣\ ⊣\⟩⇕⊣⊔⌉ ∫√∇⟩\}↖⇕⊣∫∫ ∫†∫⊔⌉⇕ ⊒⟩⊔⟨ ⟩\⊔⌉∇\⊣↕ ⌋≀\⊔∇⊣⌋⊔⟩↕⌉ ⇕⊓∫↖ ⌋↕⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ⊣⌋⊔⟩⊑⊣⊔⌉⌈ ⊔≀ √∇≀⌈⊓⌋⌉ ⊔⟨⌉ ⌈⌉∫⟩∇⌉⌈ ⇕≀⊔⟩≀\∫↙ U\↕⟩‖⌉ ⊔⟨⌉∫⌉ √∇⌉⊑⟩≀⊓∫ ⇕≀⌈⌉↕∫⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊒⌉ ∫⟩⇕⊓↕⊣⊔⌉ ⊔⟨⌉ ∫√∇⟩\}↖⇕⊣∫∫ ∫†∫⊔⌉⇕ ⊓∫↖ ⟩\} ⊣ ⇕≀∇⌉ ∫≀√⟨⟩∫⊔⟩⌋⊣⊔⌉⌈ ⟩⇕√↕⟩⌋⟩⊔ E⊓↕⌉∇ ⇕⌉⊔⟨≀⌈ ⊒⟨⟩⌋⟨ ⇕⊣⟩\⊔⊣⟩\∫ ⊔⟨⌉ ∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊔⟨⌉ ∫⟩⇕⊓↕⊣⊔⟩≀\ ≀⊑⌉∇ ⊔⟨⌉ ↕⊣∇}⌉ ⌈†\⊣⇕⟩⌋ ∇⊣\}⌉ ≀{ {≀∇⌋⌉∫ √∇≀⌈⊓⌋⌉⌈ ⟩\ ≀⊓∇ ∫⟩⇕⊓↕⊣⊔⌉⌈ ⊣∐⊓⊣⊔⟩⌋ ⊒≀∇↕⌈↙ U∫⟩\} ∫√∇⟩\}↖⇕⊣∫∫ ∫†∫↖ ⊔⌉⇕∫⇔ ⊒⌉ ⊣↕∫≀ ⇕≀⌈⌉↕ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋ √↕⊣\⊔∫ {≀⊓\⌈ ⟩\ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⟨⊣⌊⟩⊔⊣⊔↙ T⟨⌉ ⌋≀\⊔∇≀↕ ≀{ √⟨†∫⟩⌋∫↖⌊⊣∫⌉⌈ ⊣\⟩⇕⊣⊔⌉ ⇕≀⌈⌉↕∫ ⟨⊣∫ ⊣⊔⊔∇⊣⌋⊔⌉⌈ ∫⟩}↖ \⟩⊘⌋⊣\⊔ ⊣⊔⊔⌉\⊔⟩≀\⇔ ⌉∫√⌉⌋⟩⊣↕↕† ⊔⟨⌉ ⌋≀\⊔∇≀↕ ≀{ ⊣∇⊔⟩⌋⊓↕⊣⊔⌉⌈ ⇕≀⌈⌉↕∫ ⊔≀ ⊣\⟩⇕⊣⊔⌉ ↕⌉}}⌉⌈ ↕≀⌋≀⇕≀⊔⟩≀\ ∪∈⇔ ∞∞⊎↙ F⟩∫⟨ ⊣\⟩⇕⊣⊔⟩≀\ √≀∫⌉∫ ⌋≀\⊔∇≀↕ ⌋⟨⊣↕↕⌉\}⌉∫ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊔≀ ⟨⟩}⟨↕† ⌈⌉{≀∇⇕⊣⌊↕⌉⇔ ⇕⊓∫⌋⊓↕⊣∇ ⌊≀⌈⟩⌉∫ \≀⊔ ⊓\↖

↕⟩‖⌉ ⊔⟨≀∫⌉ ≀{ ∫\⊣‖⌉∫ ∪∃⊎↙ W⌉ ⟨⊣⊑⌉ ⌈⌉⊑⟩∫⌉⌈ ⊣ ⇕≀⊔≀∇ ⌋≀\⊔∇≀↕ ∫⊓⌊∫†∫⊔⌉⇕ ⊔⟨⊣⊔ ⊣⌋⟨⟩⌉⊑⌉∫ ⇕⊓∫⌋↕⌉↖⌊⊣∫⌉⌈⇔ ⟨†⌈∇≀⌈†\⊣⇕⟩⌋ ↕≀⌋≀⇕≀⊔⟩≀\ ⌊† ∫⟩⇕⊓↕⊣⊔↖ ⟩\} ⊔⟨⌉ {≀∇⌋⌉∫ ≀{ ⟩\⊔⌉∇⊣⌋⊔⟩≀\ ≀{ ⊣ ⌈⌉{≀∇⇕⊣⌊↕⌉ ⌊≀⌈† ⟩\ ⊣\ ⊣∐⊓⊣⊔⟩⌋ ⇕⌉⌈⟩⊓⇕↙ T⟨⌉ ⇕≀⊔≀∇ ⌋≀\⊔∇≀↕↕⌉∇ ⟨⊣∇\⌉∫∫⌉∫ ⊔⟨⌉ ⟨†⌈∇≀⌈†\⊣⇕⟩⌋ {≀∇⌋⌉∫ √∇≀⌈⊓⌋⌉⌈ ⌊† ⊘\∫ ⊔≀ ⊣⌋⟨⟩⌉⊑⌉ {≀∇⊒⊣∇⌈ ↕≀⌋≀⇕≀⊔⟩≀\ ≀⊑⌉∇ ⊣ ∇⊣\}⌉ ≀{ ∫√⌉⌉⌈∫⇔ ⌉§⌉⌋⊓⊔⌉ ⊔⊓∇\∫⇔ ⊣\⌈ ⊣↕⊔⌉∇ ⌊≀⌈† ∇≀↕↕⇔ √⟩⊔⌋⟨⇔ ⊣\⌈ †⊣⊒ ∫≀ ⊔⟨⊣⊔ ⊔⟨⌉ ⊘∫⟨ ⌋⊣\ ⇕≀⊑⌉ ⊣⊔ ⊒⟩↕↕ ⊒⟩⊔⟨⟩\ ⟩⊔∫ ∋D ⊑⟩∇⊔⊓⊣↕ ⊒≀∇↕⌈↙ A⊔ ⊣ ⟨⟩}⟨⌉∇ ↕⌉⊑⌉↕ ≀{ ⊣⌊∫⊔∇⊣⌋⊔⟩≀\⇔ ≀⊓∇ ∇⌉∫⌉⊣∇⌋⟨ ⇕⊣† ⌊⌉ ⌋⊣⊔⌉}≀↖ ∇⟩‡⌉⌈ ⊣∫ ⊣⌈⊑⊣\⌋⌉⌈ ⌊⌉⟨⊣⊑⟩≀∇⊣↕ ⊣\⟩⇕⊣⊔⟩≀\↙ S⌉⊑⌉∇⊣↕ ∇⌉∫⌉⊣∇⌋⟨⌉∇∫ ⟨⊣⊑⌉ ⌉\⌈⌉⊣⊑≀∇⌉⌈ ⊔≀ ⌈⌉⊑⌉↕≀√ ⌊⌉⟨⊣⊑⟩≀∇⊣↕ ⇕≀⌈⌉↕∫ {≀∇ ⌋≀⇕√⊓⊔⌉∇ ⊣\⟩⇕⊣⊔⟩≀\↙ S⟩⇕√↕⌉∇ ⌊⌉⟨⊣⊑⟩≀∇⊣↕ ⊣√√∇≀⊣⌋⟨⌉∫ ⊔⟨⊣\ ≀⊓∇∫ ⟨⊣⊑⌉ ⌊⌉⌉\ √∇≀√≀∫⌉⌈ ⊔≀ ⌋≀√⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ≀{ ⊣\⟩⇕⊣⊔⟩\} ⊣\⊔⟨∇≀√≀⇕≀∇√⟨⟩⌋ ⊘}⊓∇⌉∫ ∪∈∈⊎⇔ ⊣\⟩⇕⊣⊔⟩\} ⊔⟨⌉ ∫†\⌋⟨∇≀\⟩‡⌉⌈ ⇕≀⊔⟩≀\∫ ≀{ ⊙≀⌋‖∫⇔ ∫⌋⟨≀≀↕∫⇔ ≀∇ ⟨⌉∇⌈∫ ∪∞∋⊎⇔ ⊣\⌈ ⟩\⊔⌉∇⊣⌋⊔⟩⊑⌉ ⊣\⟩⇕⊣⊔⟩≀\ ⌋≀\⊔∇≀↕ ∪∈′⊎ ⇐∫⌉⌉⇔ ⊣↕∫≀⇔ ⊔⟨⌉ √⊣√⌉∇∫ ⌊† B⊣⌈↕⌉∇⇔ C⊣↕⊑⌉∇⊔⇔ G⟩∇⊣∇⌈⇔ G∇⌉⌉\⇔ M⟩↕↕⌉∇⇔ W⟩↕⟨⌉↕⇕∫⇔ ⊣\⌈ Z⌉↕⊔‡⌉∇ ⟩\ ∪∈⊎⇒↙ A∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⊣∇⌉ ⊖∫⌉↕{↖⊣\⟩⇕⊣⊔⟩\}⪰ ⟩\ ⊔⟨⌉ ∫⌉\∫⌉ ≀{ R⌉†\≀↕⌈∫≃ √⟩≀\⌉⌉∇⟩\} ⊒≀∇‖ ∪∞∋⊎⇔ ⌊⊓⊔ ⊓\↕⟩‖⌉ ⟨⟩∫ √∇≀⌋⌉⌈⊓∇⊣↕ ⊖⌊≀⟩⌈⪰ ⊣⌋⊔≀∇∫⇔ ⊔⟨⌉† ⊣∇⌉ {⊣⟩∇↕† ⌉↕⊣⌊≀∇⊣⊔⌉ √⟨†∫⟩⌋⊣↕ ⇕≀⌈⌉↕∫↙ T≀ ⊣⌋⟨⟩⌉⊑⌉ ⊣ ↕⌉⊑⌉↕ ≀{ ⌊⌉⟨⊣⊑⟩≀∇⊣↕ ∇⌉⊣↕⟩∫⇕ ⌋≀\∫⟩∫⊔⌉\⊔ ⊒⟩⊔⟨ ⊔⟨⌉ ↕≀↖ ⌋≀⇕≀⊔⟩⊑⌉ ⊣⌊⟩↕⟩⊔⟩⌉∫ ≀{ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫⇔ ⟩⊔ ⟩∫ √∇⊓⌈⌉\⊔ ⊔≀ ⌋≀\∫⊓↕⊔ ⊔⟨⌉ ⌉⊔⟨≀↕≀}† ↕⟩⊔⌉∇⊣⊔⊓∇⌉ ∪∞⇎ ▽⇔ ⇔ ∞⊎↙ T⟩\⌊⌉∇}⌉\≃∫ ↕⊣\⌈⇕⊣∇‖ ∫⊔⊓⌈⟩⌉∫ ≀{ ⊔⟨⌉ ⊔⟨∇⌉⌉↖∫√⟩\⌉⌈ ∫⊔⟩‖↕⌉⌊⊣⌋‖ ⟨⟩}⟨↕⟩}⟨⊔ ⊔⟨⌉ }∇⌉⊣⊔ ⌈⟩⊑⌉∇∫⟩⊔† ≀{ √⟩∫⌋⊣⊔≀∇⟩⊣↕ ⌊⌉⟨⊣⊑⟩≀∇⇔ ⌉⊑⌉\ ⊒⟩⊔⟨⟩\ ⊣ ∫⟩\}↕⌉ ∫√⌉⌋⟩⌉∫↙ W⌉ ⊣⌋⟨⟩⌉⊑⌉ ⊔⟨⌉ \≀\⊔∇⟩⊑↖ ⟩⊣↕ √⊣⊔⊔⌉∇\∫ ≀{ ⌊⌉⟨⊣⊑⟩≀∇ ≀⊓⊔↕⟩\⌉⌈ ⟩\ ⊔⟨⌉ ⟩\⊔∇≀⌈⊓⌋⊔≀∇† √⊣∇⊣}∇⊣√⟨ ≀{ ⊔⟨⟩∫ √⊣√⌉∇⇔ ⟩\⌋↕⊓⌈⟩\} ∫⌋⟨≀≀↕⟩\} ⌊⌉⟨⊣⊑⟩≀∇∫ ⊣∫ ⌋≀\⊑⟩\⌋⟩\} ⊣∫ ⊔⟨≀∫⌉ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⌊† R⌉†\≀↕⌈∫⇔ ⟩\ ∫⊔⊣}⌉∫↙ F⟩∇∫⊔⇔ ⊒⌉ ⟩⇕√↕⌉⇕⌉\⊔ √∇⟩⇕↖ ⟩⊔⟩⊑⌉ ∇⌉⊙⌉§⟩⊑⌉ ⌊⌉⟨⊣⊑⟩≀∇∫⇔ ∫⊓⌋⟨ ⊣∫ ≀⌊∫⊔⊣⌋↕⌉ ⊣⊑≀⟩⌈⊣\⌋⌉⇔ ⊔⟨⊣⊔ ⊔⟩}⟨⊔↕† ⌋≀⊓√↕⌉ √⌉∇⌋⌉√⊔⟩≀\ ⊔≀ ⊣⌋⊔⟩≀\ ∪∋⊎↙ T⟨⌉\ ⊒⌉ ⌋≀⇕⌊⟩\⌉ ⊔⟨⌉ √∇⟩⇕⟩⊔⟩⊑⌉ ⌊⌉↖ ⟨⊣⊑⟩≀∇∫ ⟩\⊔≀ ⇕≀⊔⟩⊑⊣⊔⟩≀\⊣↕ ⌊⌉⟨⊣⊑⟩≀∇∫ ⊒⟨≀∫⌉ ⊣⌋⊔⟩⊑⊣⊔⟩≀\ ⌈⌉√⌉\⌈∫ ⊣↕∫≀ ≀\ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨≃∫ ⇕⌉\⊔⊣↕ ∫⊔⊣⊔⌉⇔ ⟩\⌋↕⊓⌈⟩\} ⟨⊓\}⌉∇⇔ ↕⟩⌊⟩⌈≀⇔ ⌉⊔⌋↙ B⌉⟨⊣⊑⟩≀∇ ⟩∫ ∫⊓√√≀∇⊔⌉⌈ ⌊† √⌉∇⌋⌉√⊔⟩≀\ ⊣∫ ⇕⊓⌋⟨ ⊣∫ ⟩⊔ ⟩∫ ⌊† ⊣⌋⊔⟩≀\↙ E⊑≀↕⊓⊔⟩≀\ ⟨⊣∫ ⌈⌉⊑⌉↕≀√⌉⌈ ⟩\ ⇕≀∫⊔ ⊣\⟩⇕⊣↕∫⇔ ⟩\⌋↕⊓⌈⟩\} ⊘∫⟨⌉∫⇔ ⊣⌋⊓⊔⌉ √⌉∇⌋⌉√⊔⊓⊣↕ ⇕≀⌈⊣↕⟩⊔⟩⌉∫ ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ⊔⟨⌉⟩∇ ⌋⟨⊣\⌋⌉∫ ≀{ ∫⊓∇⊑⟩⊑⊣↕ ⟩\ ⊣\ ⊓\↖ √∇⌉⌈⟩⌋⊔⊣⌊↕⌉ ⊣\⌈ ≀{⊔⌉\ ⟨≀∫⊔⟩↕⌉ ⊒≀∇↕⌈↙ R⌉†\≀↕⌈∫≃ ⊖⌊≀⟩⌈∫⪰ ⇕⊣⟩\⊔⊣⟩\⌉⌈ ⊙≀⌋‖ {≀∇⇕⊣⊔⟩≀\∫ ⊔⟨∇≀⊓}⟨ ∫⟩⇕√↕⌉ √⌉∇⌋⌉√⊔⟩≀\ ≀{ ≀⊔⟨⌉∇ \⌉⊣∇⌊† ⊣⌋⊔≀∇∫ ∪∞∋⊎↙ T⟨⌉ ∇≀⊣⌋⟨ ⊣⌋⊔≀∇ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ∪∀⊎ ∇⌉⊔∇⌉⊣⊔⌉⌈ ⊒⟨⌉\ ⟩⊔ ∫⌉\∫⌉⌈ ⌈⊣\}⌉∇ {∇≀⇕ ⊣ ⊑⟩∇⊔⊓⊣↕ ⟨⊣\⌈↙ R⌉\⊣⊓↕⊔ ⌉⊔ ⊣↕↙ ∪∞∈⊎ ⊣⌈⊑≀⌋⊣⊔⌉ ⊣ ⇕≀∇⌉ ⌉§⊔⌉\∫⟩⊑⌉ {≀∇⇕ ≀{ ∫†\⊔⟨⌉⊔⟩⌋ ⊑⟩∫⟩≀\ {≀∇ ⌊⌉⟨⊣⊑⟩≀∇⊣↕ ⊣⌋⊔≀∇∫⇔ ⟩\⌋↕⊓⌈⟩\} ⊔⟨⌉ ⊣⊓⊔≀⇕⊣⊔⟩⌋ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ≀{ ⟩\⊔⌉∇\⊣↕ ∫√⊣⊔⟩⊣↕ ⇕⊣√∫ ≀{ ⊔⟨⌉ ⊒≀∇↕⌈↙ O⊓∇ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫ ⊣∇⌉ ⌋⊓∇∇⌉\⊔↕† ⊣⌊↕⌉ ⊔≀ ∫⌉\∫⌉ ⊔⟨⌉⟩∇ ⊒≀∇↕⌈ ⊔⟨∇≀⊓}⟨ ∫⟩⇕⊓↕⊣⊔⌉⌈ ⊑⟩∫⊓⊣↕ √⌉∇⌋⌉√⊔⟩≀\ ⊒⟩⊔⟨⟩\ ⊣ ⌈⌉↕⟩⌊⌉∇⊣⊔⌉↕† ↕⟩⇕⟩⊔⌉⌈ ⊘⌉↕⌈ ≀{ ⊑⟩⌉⊒↙ S⊓⌊|⌉⌋⊔ ⊔≀ ⊔⟨⌉ \⊣⊔⊓∇⊣↕ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ≀{ ≀⌋⌋↕⊓∫⟩≀\⇔ ⊔⟨⌉† ⌋⊣\ ∫⌉\∫⌉ ↕⟩}⟨⊔⟩\} √⊣⊔⊔⌉∇\∫⇔ ⌈⌉⊔⌉∇⇕⟩\⌉ ⌈⟩∫⊔⊣\⌋⌉∫ ⊔≀ ≀⌊|⌉⌋⊔∫⇔ ⊣\⌈ ⟩⌈⌉\⊔⟩{† ≀⌊↖ |⌉⌋⊔∫↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊔⟨⌉† ⊣∇⌉ ⌉∐⊓⟩√√⌉⌈ ⊒⟩⊔⟨ ∫⌉⌋≀\⌈⊣∇† \≀\⊑⟩∫⊓⊣↕ ⇕≀⌈⊣↕⟩⊔⟩⌉∫⇔ ∫⊓⌋⟨ ⊣∫ ⊔⟨⌉ ⊣⌊⟩↕⟩⊔† ⊔≀ ∫⌉\∫⌉ ⊔⟨⌉ ↕≀⌋⊣↕ ⊒⊣⊔⌉∇ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉↙ T⟨⌉ ⌋≀\⊙⊓⌉\⌋⌉ ≀{ ⌊⌉⟨⊣⊑⟩≀∇⇔ √⌉∇⌋⌉√⊔⟩≀\⇔ ⊣\⌈ ⇕≀⊔≀∇ ∫†∫⊔⌉⇕∫ ⇕⊣‖⌉∫ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⊣\ ⊣⊓⊔≀\≀⇕≀⊓∫ ⊣}⌉\⊔↙ I\ ⊔⟨⟩∫ ∇⌉}⊣∇⌈⇔ ≀⊓∇ ⌈⌉∫⟩}\ ≀{ ⊑⟩∇⊔⊓⊣↕ ⊣}⌉\⊔∫ ⟩∫ ⌋≀⇕√⊣⊔⟩⌊↕⌉ ⊒⟩⊔⟨ ∇⌉⌋⌉\⊔ ⊒≀∇‖ ⟩\ ∇≀⌊≀⊔⟩⌋∫ ⊣⟩⇕⌉⌈ ⊣⊔ ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ √⟨†∫⟩⌋⊣↕ ⊣}⌉\⊔∫ ⇐∫⌉⌉⇔ ⌉↙}↙⇔ ⊔⟨⌉ ⌋≀⇕↖ √⟩↕⊣⊔⟩≀\ ∪⊎̸⇒↙ I\⊔⌉∇⌉∫⊔⟩\}↕†⇔ ⊣∫ ≀⊓∇ ⟨≀↕⟩∫⊔⟩⌋ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕ ⌉§⌋⌉⌉⌈∫ ⊣ ⌋⌉∇⊔⊣⟩\ ↕⌉⊑⌉↕ ≀{ √⟨†∫⟩⌋⊣↕⇔ ⇕≀⊔≀∇⇔ √⌉∇⌋⌉√⊔⊓⊣↕⇔ ⊣\⌈ ⌊⌉⟨⊣⊑↖ ⟩≀∇⊣↕ ∫≀√⟨⟩∫⊔⟩⌋⊣⊔⟩≀\⇔ ⊔⟨⌉ ⊣}⌉\⊔≃∫ ∇⊣\}⌉ ≀{ {⊓\⌋⊔⟩≀\⊣↕⟩⊔† ⌊∇≀⊣⌈⌉\∫ ⌈⊓⌉ ⊔≀ ⌉⇕⌉∇}⌉\⊔ ⌊⌉⟨⊣⊑⟩≀∇∫⇔ \≀⊔ ⌉§√↕⟩⌋⟩⊔↕† √∇≀}∇⊣⇕⇕⌉⌈⇔ ⌊⊓⊔ \≀\⌉⊔⟨⌉↕⌉∫∫ ⇕⊣\⟩{⌉∫⊔ ⊣∫ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⟩\⊔⌉∇⊣⌋⊔∫ ⊒⟩⊔⟨ ⊣ ⌋≀⇕√↕⌉§ ⌈†\⊣⇕⟩⌋ ⊒≀∇↕⌈ √≀√⊓↕⊣⊔⌉⌈ ⌊† ≀⊔⟨⌉∇ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨⌉∫↙ W⌉ ⊣⟩⇕ ⊔≀ ⌉⇕⊓↕⊣⊔⌉ ⌋≀\⊑⟩\⌋⟩\}↕† ⊔⟨⌉ ⊣√√⌉⊣∇⊣\⌋⌉ ≀{ ⊔⟨⌉ ⊣\⟩⇕⊣↕ ⊣∫ ⊒⌉↕↕⇔ ∫≀ ⊔⟨⊣⊔ ≀⊓∇ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕ ⊒⟩↕↕ ⌊⌉ ⊓∫⌉{⊓↕ {≀∇ ⊔⟨⌉ √⊓∇√≀∫⌉∫ ≀{ ⊣\⟩⇕⊣⊔⟩≀\↙

∞↙∈ O⊑⌉∇⊑⟩⌉⊒ F⟩}↙ ∞ ∫⟨≀⊒∫ ⊣\ ≀⊑⌉∇⊑⟩⌉⊒ ≀{ ⊣\ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ∫⟩⊔⊓⊣⊔⌉⌈ ⟩\ ⟩⊔∫ ⊒≀∇↕⌈⇔ ⟩↕↕⊓∫⊔∇⊣⊔⟩\} ⊔⟨⌉ ⇕≀⊔≀∇⇔ √⌉∇⌋⌉√⊔⟩≀\⇔ ⊣\⌈ ⌊⌉⟨⊣⊑⟩≀∇ ∫⊓⌊∫†∫⊔⌉⇕∫↙ T⟨⌉ ⇕≀⊔≀∇ ∫†∫⊔⌉⇕ ⌋≀⇕√∇⟩∫⌉∫ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋ ⇕≀⌈⌉↕ ≀{ ⊔⟨⌉ ⊘∫⟨⇔ ⊔⟨⌉ ⊣⌋⊔⊓⊣⊔≀∇∫⇔ ⊣\⌈ ⊣ ∫⌉⊔ ≀{ ⇕≀⊔≀∇ ⌋≀\⊔∇≀↕↕⌉∇∫ ⇐MC∫⇒↙ S⟩\⌋⌉ ≀⊓∇ }≀⊣↕ ⟩∫ ⊔≀ ⊣\⟩⇕⊣⊔⌉ ⊣\ ⊣\⟩⇕⊣↕ ∇⌉⊣↕⟩∫⊔⟩⌋⊣↕↕† ⊣\⌈ ⊣⊔ ∇⌉⊣∫≀\⊣⌊↕⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⌋≀∫⊔⇔ ⊒⌉ ⟨⊣⊑⌉ ⌋∇⊣{⊔⌉⌈ ⊣ ⇕⌉⌋⟨⊣\⟩⌋⊣↕ ⇕≀⌈⌉↕ ⊔⟨⊣⊔ ∇⌉√∇⌉∫⌉\⊔∫ ⊣ }≀≀⌈ ⌋≀⇕√∇≀⇕⟩∫⌉ ⌊⌉⊔⊒⌉⌉\ ⊣\⊣⊔≀⇕⟩⌋⊣↕ ⌋≀\∫⟩∫⊔⌉\⌋†⇔ ⟨⌉\⌋⌉ ∇⌉⊣↕⟩∫⇕⇔ ⊣\⌈

F⟩}⊓∇⌉ ∞¬ C≀\⊔∇≀↕ ⊣\⌈ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊙≀⊒ ⟩\ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨↙

⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⌉{⊘⌋⟩⌉\⌋†↙ O⊓∇ ⇕≀⌈⌉↕ ⟩∫ ∇⟩⌋⟨ ⌉\≀⊓}⟨ ∫≀ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ⌊⊓⟩↕⌈ MC∫ ⌊† }↕⌉⊣\⟩\} ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ⊣\⟩⇕⊣↕ ⌊⟩≀⇕⌉⌋⟨⊣\↖ ⟩⌋∫ ↕⟩⊔⌉∇⊣⊔⊓∇⌉↙ T⟨⌉ MC∫ ⊣∇⌉ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ √∇≀⌋⌉⌈⊓∇⌉∫↙ E⊣⌋⟨ ⟩∫ ⌈⌉⌈⟩⌋⊣⊔⌉⌈ ⊔≀ ⌋⊣∇∇†⟩\} ≀⊓⊔ ⊣ ∫√⌉⌋⟩⊘⌋ ⇕≀⊔≀∇ {⊓\⌋⊔⟩≀\⇔ ∫⊓⌋⟨ ⊣∫ ⊖∫⊒⟩⇕ {≀∇⊒⊣∇⌈⪰ ≀∇ ⊖⊔⊓∇\ ↕⌉{⊔⪰↙ T⟨⌉† ⊔∇⊣\∫↕⊣⊔⌉ \⊣⊔⊓∇⊣↕ ⌋≀\⊔∇≀↕ √⊣∇⊣⇕⌉⊔⌉∇∫ ∫⊓⌋⟨ ⊣∫ ⊔⟨⌉ {≀∇⊒⊣∇⌈ ∫√⌉⌉⌈ ≀∇ ⊣\}↕⌉ ≀{ ⊔⟨⌉ ⊔⊓∇\ ⟩\⊔≀ ⌈⌉⊔⊣⟩↕⌉⌈ ⇕⊓∫⌋↕⌉ ⊣⌋⊔⟩≀\∫↙ T⟨⌉ √⌉∇⌋⌉√⊔⟩≀\ ∫†∫⊔⌉⇕ ⌉⇕√↕≀†∫ ⊣ ∫⌉⊔ ≀{ ⊑⟩∇⊔⊓⊣↕ ≀\↖⌊≀⊣∇⌈ ∫⌉\∫≀∇∫ ⊔≀ √∇≀⊑⟩⌈⌉ ⊣↕↕ ⊔⟨⌉ ∫⌉\∫≀∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋ ⌉\⊑⟩∇≀\↖ ⇕⌉\⊔↙ T⟨⌉ ∫†∫⊔⌉⇕ ⟩\⌋↕⊓⌈⌉∫ ⊣ √⌉∇⌋⌉√⊔⊓⊣↕ ⊣⊔⊔⌉\⊔⟩≀\ ⇕⌉⌋⟨⊣\⟩∫⇕ ⊒⟨⟩⌋⟨ ⊣↕↕≀⊒∫ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⊔≀ ⊔∇⊣⟩\ ⟩⊔∫ ∫⌉\∫≀∇∫ ⊣⊔ ⊔⟨⌉ ⊒≀∇↕⌈ ⟩\ ⊣ ⊔⊣∫‖↖ ∫√⌉⌋⟩⊘⌋ ⊒⊣†⇔ ⊘↕⊔⌉∇⟩\} ≀⊓⊔ ⊓\⌈⌉∫⟩∇⌉⌈ ∫⌉\∫≀∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ \⌉⌉⌈∫ ≀{ ⊔⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇ ∇≀⊓⊔⟩\⌉∫↙ T⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇ ∫†∫⊔⌉⇕ ≀{ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⇕⌉⌈⟩⊣⊔⌉∫ ⌊⌉⊔⊒⌉⌉\ ⟩⊔∫ √⌉∇⌋⌉√⊔⟩≀\ ∫†∫⊔⌉⇕ ⊣\⌈ ⟩⊔∫ ⇕≀⊔≀∇ ∫†∫⊔⌉⇕↙ A\ ⟩\⊔⌉\⊔⟩≀\ }⌉\⌉∇⊣⊔≀∇⇔ ⊔⟨⌉ ⊘∫⟨≃∫ ⊖⌋≀}\⟩⊔⟩⊑⌉⪰ ⌋⌉\⊔⌉∇⇔ ⟨⊣∇\⌉∫∫⌉∫ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ≀{ ⊔⟨⌉ √⌉∇⌋⌉√⊔⟩≀\↖ ⊣⌋⊔⟩≀\ ⌋†⌋↕⌉↙ T⟨⌉ ⊣\⟩⇕⊣⊔≀∇ ⌉∫⊔⊣⌊↕⟩∫⟨⌉∫ ⊔⟨⌉ ⟩\\⊣⊔⌉ ⌋⟨⊣∇⊣⌋⊔⌉∇ ≀{ ⊔⟨⌉ ⊘∫⟨ ⊔⟨∇≀⊓}⟨ ⊣ ∫⌉⊔ ≀{ ⟨⊣⌊⟩⊔ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔⟨⊣⊔ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊒⟨⌉⊔⟨⌉∇ ≀∇ \≀⊔ ⟩⊔ ↕⟩‖⌉∫ ⌈⊣∇‖\⌉∫∫ ≀∇ ⟩∫ ⊣ ⇕⊣↕⌉∝{⌉⇕⊣↕⌉⇔ ⌉⊔⌋↙ T⟨⌉ ⟩\⊔⌉\⊔⟩≀\ }⌉\⌉∇⊣⊔≀∇ ⌋≀⇕⌊⟩\⌉∫ ⊔⟨⌉ ⟨⊣⌊⟩⊔∫ ⊒⟩⊔⟨ ⊔⟨⌉ ⟩\⌋≀⇕⟩\} ∫⊔∇⌉⊣⇕ ≀{ ∫⌉\∫≀∇† ⟩\{≀∇⇕⊣↖ ⊔⟩≀\ ⊔≀ }⌉\⌉∇⊣⊔⌉ ⌈†\⊣⇕⟩⌋ }≀⊣↕∫ {≀∇ ⊔⟨⌉ ⊘∫⟨⇔ ∫⊓⌋⟨ ⊣∫ ⊔≀ ⟨⊓\⊔ ⊣\⌈ {⌉⌉⌈ ≀\ √∇⌉†↙ I⊔ ⌉\∫⊓∇⌉∫ ⊔⟨⊣⊔ }≀⊣↕∫ ⟨⊣⊑⌉ ∫≀⇕⌉ √⌉∇∫⟩∫⊔⌉\⌋⌉ ⌊† ⌉§√↕≀⟩⊔⟩\} ⊣ ∫⟩\}↕⌉↖⟩⊔⌉⇕ ⇕⌉⇕≀∇†↙ T⟨⌉ ⟩\⊔⌉\⊔⟩≀\ }⌉\⌉∇⊣⊔≀∇ ⊣↕∫≀ ⌋≀\⊔∇≀↕∫ ⊔⟨⌉ √⌉∇⌋⌉√⊔⊓⊣↕ ⊣⊔⊔⌉\⊔⟩≀\ ⇕⌉⌋⟨⊣\⟩∫⇕ ⊔≀ ⊘↕⊔⌉∇ ≀⊓⊔ ∫⌉\∫≀∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊓\\⌉⌋⌉∫∫⊣∇† ⊔≀ ⊣⌋⌋≀⇕√↕⟩∫⟨⟩\} ⊔⟨⌉ }≀⊣↕ ⊣⊔ ⟨⊣\⌈↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩{ ⊔⟨⌉ ⟩\⊔⌉\⊔⟩≀\ ⟩∫ ⊔≀ ⌉⊣⊔ {≀≀⌈⇔ ⊔⟨⌉\ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⊣⊔⊔⌉\⌈∫ ⊔≀ ∫⌉\∫≀∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ∇⌉↕⊣⊔⌉⌈ ⊔≀ \⌉⊣∇⌊† {≀≀⌈ ∫≀⊓∇⌋⌉∫↙ A⊔ ⌉⊑⌉∇† ∫⟩⇕⊓↕⊣⊔⟩≀\ ⊔⟩⇕⌉ ∫⊔⌉√⇔ ⊔⟨⌉ ⟩\⊔⌉\⊔⟩≀\ }⌉\⌉∇⊣⊔≀∇ ⊣⌋⊔⟩⊑⊣⊔⌉∫ ⌊⌉⟨⊣⊑⟩≀∇ ∇≀⊓⊔⟩\⌉∫ ⊔⟨⊣⊔ ⟩\√⊓⊔ ⊔⟨⌉ ⊘↕⊔⌉∇⌉⌈ ∫⌉\∫≀∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣\⌈ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ ⇕≀⊔≀∇ ⌋≀\⊔∇≀↕ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔≀ ⌋⊣∇∇† ⊔⟨⌉ ⊘∫⟨ ≀\⌉ ∫⊔⌉√ ⌋↕≀∫⌉∇ ⊔≀ {⊓↕↖ ⊘↕↕⟩\} ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⟩\⊔⌉\⊔⟩≀\↙ P∇⟩⇕⟩⊔⟩⊑⌉ ⌊⌉⟨⊣⊑⟩≀∇ ∇≀⊓⊔⟩\⌉∫⇔ ∫⊓⌋⟨ ⊣∫ ≀⌊∫⊔⊣⌋↕⌉ ⊣⊑≀⟩⌈⊣\⌋⌉⇔ ⊣\⌈ ⇕≀∇⌉ ∫≀√⟨⟩∫⊔⟩⌋⊣⊔⌉⌈ ⇕≀⊔⟩⊑⊣⊔⟩≀\⊣↕ ⌊⌉⟨⊣⊑⟩≀∇ ∇≀⊓⊔⟩\⌉∫⇔ ∫⊓⌋⟨ ⊣∫ ⇕⊣⊔⟩\}⇔ ⟩⇕√↕⌉⇕⌉\⊔ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨≃∫ ∇⌉√⌉∇⊔≀⟩∇⌉ ≀{ ⌊⌉⟨⊣⊑⟩≀∇∫↙

∈ P⟨†∫⟩⌋∫↖B⊣∫⌉⌈ F⟩∫⟨ M≀⌈⌉↕ ⊣\⌈ L≀⌋≀⇕≀⊔⟩≀\ S⊔⊓⌈⟩⌉∫ ⟩\⊔≀ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ≀{ ⊘∫⟨ ↕≀⌋≀⇕≀⊔⟩≀\ ∫⟨≀⊒ ⊔⟨⊣⊔ ⇕≀∫⊔ ⊘∫⟨⌉∫ ⊓∫⌉ ⊔⟨⌉⟩∇ ⌋⊣⊓⌈⊣↕ ⊘\ ⊣∫ ⊔⟨⌉ √∇⟩⇕⊣∇† ⇕≀⊔⟩⊑⊣⊔≀∇ ∪∞∃⊎↙ C⊣⊓⌈⊣↕ ∫⊒⟩⇕⇕⟩\} \≀∇⇕⊣↕↕† ⊓∫⌉∫ √≀∫⊔⌉∇⟩≀∇ ⇕⊓∫⌋↕⌉∫ ≀\ ⌉⟩⊔⟨⌉∇ ∫⟩⌈⌉ ≀{ ⊔⟨⌉ ⌊≀⌈†⇔ ⊒⟨⟩↕⌉ ⊔⊓∇\⟩\} \≀∇⇕⊣↕↕† ⊓∫⌉∫ ⊣\⊔⌉∇⟩≀∇ ⇕⊓∫⌋↕⌉∫↙ T≀ ∫†\⊔⟨⌉∫⟩‡⌉ ∇⌉⊣↕⟩∫⊔⟩⌋ ⊘∫⟨

↕≀⌋≀⇕≀⊔⟩≀\ ⊒⌉ ⟨⊣⊑⌉ ⌈⌉∫⟩}\⌉⌈ ⊣ ⌈†\⊣⇕⟩⌋ ⊘∫⟨ ⇕≀⌈⌉↕ ⌋≀\∫⟩∫⊔⟩\} ≀{ ∈∋ \≀⌈⊣↕ √≀⟩\⊔ ⇕⊣∫∫⌉∫ ⊣\⌈ ∃∞ ∫√∇⟩\}∫↙ T⟨⌉ ∫√∇⟩\} ⊣∇∇⊣\}⌉⇕⌉\⊔ ⇕⊣⟩\⊔⊣⟩\∫ ⊔⟨⌉ ∫⊔∇⊓⌋⊔⊓∇⊣↕ ∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊔⟨⌉ ⌊≀⌈† ⊒⟨⟩↕⌉ ⊣↕↕≀⊒⟩\} ⟩⊔ ⊔≀ ⊙⌉§↙ T⊒⌉↕⊑⌉ ≀{ ⊔⟨⌉ ∫√∇⟩\}∫ ∇⊓\\⟩\} ⊔⟨⌉ ↕⌉\}⊔⟨ ≀{ ⊔⟨⌉ ⌊≀⌈† ⊣↕∫≀ ∫⌉∇⊑⌉ ⊣∫ ∫⟩⇕√↕⌉ ⇕⊓∫⌋↕⌉∫ ⇐F⟩}↙ ∈⇒↙

F⟩}⊓∇⌉ ∈¬ T⟨⌉ ∫√∇⟩\}↖⇕⊣∫∫ ⌈†\⊣⇕⟩⌋ ⊘∫⟨ ⇕≀⌈⌉↕↙ S√∇⟩\}∫ ⊣∇⌉ ⊣⊔ ⊔⟨⌉⟩∇ ∇⌉∫⊔ ↕⌉\}⊔⟨∫↙

∈↙∞ M⌉⌋⟨⊣\⟩⌋∫ T⟨⌉ ⇕⌉⌋⟨⊣\⟩⌋∫ ≀{ ⊔⟨⌉ ∫√∇⟩\}↖⇕⊣∫∫ ⇕≀⌈⌉↕ ⊣∇⌉ ∫√⌉⌋⟩⊘⌉⌈ ⊣∫ {≀↕↕≀⊒∫¬ L⌉⊔ \≀⌈⌉ i have mass m i position x i(t) = [xi(t), yi(t), zi(t)], velocity vi(t) = dxi/dt and acceleration ai(t) = d2xi/dt2▷ Let spring Sij connect node i to node j▷ Denote its spring con stant as cij and natural rest length as l ij ▷ Its deformation is eij(t) = ||rij|| − lij where r ij = xj (t) − xi(t). The force Sij exerts on node i is f^s_{ij} = cijeij(t)rij /||rij|| ⇐⊣\⌈ ⟩⊔ ⌉§⌉∇⊔∫ ⊔⟨⌉ {≀∇⌋⌉ −f^s_{ij} on node j↽▷ The Lagrange equations of motion of the dynamic αsh are. mi d2xi dt2 + ϱi dxi dt − wi = f^w_i , i = 0, ..., 22, (1) where ϱi is the damping factor w i(t) = ∑ j2N i^{f sij(t) is the net} internal force on node i due to springs connectingit to nodesj ∈ Ni where N i is the index set of neighboring nodes▷ Finally f wi is the external ↼hydrodynamic↽ force on node i▷ To integrate the differential equations of motion we employ a numerically stable implicit Euler method ♭10♯▷ The method as sembles the sparse stiffness matrix for the springmass system in Ψskylineν storage format▷ The matrix is factorized once at the start of the simulation and then resolved at each time step▷1 2▷2 Swimming Using Muscles and Hydrodynamics The artiαcial αsh moves as a real αsh does by contracting its mus cles▷ If Sij is a muscle spring it is contracted by decreasing the rest length l ij ▷ For convenience we assign a minimum contraction length l min ij to the muscle spring and express the contraction factor as a number in the range [0, 1]. The characteristic swinging of the

ffsh’s tail can be achieved by periodically contracting the swimming segment springs on one side of the body while relaxing their counterparts on the other side.

When the ffsh’s tail swings, it sets in motion a volume of water. The inertia of the displaced water produces a reaction force normal to 1In our simulation:_{mi} = 1_{.1 for i} = 0 and 13_{≤ i ≤ ∞∃∅ mi} = 6_{.6 for} 1 ≤ i ≤ △ ⊣\⌈ ∃ ≤ i ≤ ∞∈∅ mi = 11.0 for 5 ≤ i ≤ ∀⇔ ⊣\⌈ mi = 0.165 for i = 21, 22▷ The cross springs ↼e▷g▷ c27↽ which resist shearing have spring constants cij = 38.0▷ The muscle springs ↼e▷g▷ c26↽ have spring constants cij = 28.0 and cij = 30 for the remaining springs. The damping factor ϱ i = 0.05 in ↼1↽ and the time step used in the Euler timeintegration procedure is 0.055▷ the αshφs body and proportional to the volume of water displaced per unit time which propels the αsh forward ↼Fig▷ 3↼a↽↽▷ Under certain assumptions the instantaneous force on the surface S of a body due to a viscous βuid is approximately proportional to − ∫ S(n·v)n dS where n is the unit outward normal function over the surface and v is the relative velocity function between the surface and the fiuid. For efffciency, we triangulate the surface of the ffsh model between the nodes and approximate the force on each planar triangle as f = min[0, −A(n · v)n], where A is the area of the triangle and v is its velocity relative to the water. The f^w_i variables at each of the three nodes deαning the triangle are incremented by f/3▷

↼a↽ ↼b↽ Figure 3. Hydrodynamic locomotion and vision sensor▷ ↼a↽ With tail swinging towards positive X axis reaction force F^w_i at point ni acts along the inward normal▷ Component F^w_{ix} resists the lateral movement while F wiy is forward thrust▷ Aggregate thrust propels αsh towards positive Y axis▷ ↼b↽ Visual perception limited to 300 degree solid angle▷

2▷3 Motor Controllers Currently the artiαcial αsh has three MCs▷ The swimMC produces straight swimming while the leftturnMC and rightturnMC exe cute turns▷ The MCs prescribe muscle contractions to the mechan ical model▷ The swimming MC controls the swimming segment muscles ↼see Fig▷ 2↽ while the turning MCs control the turning segment muscles▷ According to ♭19♯ the swimming speedof most αshes is roughly proportional to the amplitude and frequency of the periodic lateral oscillation of the tail below certain threshold values▷ Our exper iments with the mechanical model agree well with these observa tions▷ Both the swimming speed and the turn angle of the αsh model are approximately proportional to the contraction amplitudes and frequencies◁rates of the muscle springs▷ The swimMC ↼swimMC(speed) → {r1, s1, r2, s2}⇒ ⌋≀\⊑⌉∇⊔∫ ⊣ ∫⊒⟩⇕ ∫√⌉⌉⌈ √⊣∇⊣⇕⌉⊔⌉∇ ⟩\⊔≀ ⌋≀\⊔∇⊣⌋⊔⟩≀\ ⊣⇕√↕⟩⊔⊓⌈⌉ ⊣\⌈ {∇⌉∐⊓⌉\⌋† ⌋≀\⊔∇≀↕ √⊣∇⊣⇕⌉⊔⌉∇∫ {≀∇ ⊔⟨⌉ ⊣\⊔⌉∇⟩≀∇ ⇐r1 s1↽ and posterior ↼r2 s2↽ swim segments▷ One pair of parameters sufαce to control each of the two swim segments because of symmetry�the four muscle springs have identical rest lengths and minimum contraction lengths identical spring constants and the contractions of the muscle spring pairs on opposite sides are exactly out of phase▷ Moreover the swimMC produces periodic muscle contractions in the posterior swim segment which lag 180 degrees behind those of the anterior swim segment, hence the mechanical models displays a sinusoidal body shape as the αsh swims ↼see ♭19♯↽▷ By experimenting we have found a set of four maximal param eters ψr1 ψs1 ψr2 and ψs2 which produce the fastest swimming speed▷ The swimMC generates slower swim speeds by specifying param eters that have values between 0 and the maximal parameters▷ For example {′.8 ψr1, ψs1, 0.7 ψr2, ψs2)} ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ ∫↕≀⊒⌉∇↖∫⊒⟩⇕⇕⟩\} ⊘∫⟨↙

A∫ ⇕⌉\⊔⟩≀\⌉⌈ ⌉⊣∇↕⟩⌉∇⇔ ⇕≀∫⊔ ⊘∫⟨⌉∫ ⊓∫⌉ ⊔⟨⌉⟩∇ ⊣\⊔⌉∇⟩≀∇ ⇕⊓∫⌋↕⌉∫ {≀∇ ⊔⊓∇\⟩\}⇔ ⊣\⌈ ⊔⟨⌉ ⊔⊓∇\ ⊣\}↕⌉ ⟩∫ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† √∇≀√≀∇⊔⟩≀\⊣↕ ⊔≀ ⊔⟨⌉ ⌈⌉}∇⌉⌉ ⊣\⌈ ∫√⌉⌉⌈ ≀{ ⊔⟨⌉ ⊣\⊔⌉∇⟩≀∇ ⌊⌉\⌈⇔ ⊓√ ⊔≀ ⊔⟨⌉ ↕⟩⇕⟩⊔ ≀{ ⊔⟨⌉ ⊘∫⟨≃∫ √⟨†∫⟩⌋⊣↕ ∫⊔∇⌉\}⊔⟨ ∪∞∃⊎↙ T⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⊔⊓∇\∫ ⌊† ⌋≀\⊔∇⊣⌋⊔⟩\} ⊣\⌈ ⌉§√⊣\⌈⟩\} ⊔⟨⌉ ∫√∇⟩\}∫ ≀{ ⊔⟨⌉ ⊔⊓∇\⟩\} ∫⌉}⇕⌉\⊔∫ ⇐F⟩}↙ ∈⇒ ⟩\ ∫⟩⇕⟩↕⊣∇ {⊣∫⟨⟩≀\↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊣ ↕⌉{⊔ ⊔⊓∇\ ⟩∫ ⊣⌋⟨⟩⌉⊑⌉⌈ ⌊† ∐⊓⟩⌋‖↕† ⌋≀\⊔∇⊣⌋⊔⟩\} ⊔⟨⌉ ↕⌉{⊔ ∫⟩⌈⌉ ∫√∇⟩\}∫ ≀{ ⊔⟨⌉ ∫⌉}⇕⌉\⊔∫ ⊣\⌈ ∇⌉↕⊣§⟩\} ⊔⟨≀∫⌉ ≀\ ⊔⟨⌉ ∇⟩}⟨⊔ ∫⟩⌈⌉↙ T⟨⟩∫ ⌉{{⌉⌋⊔⟩⊑⌉↕† ⌈⌉⊙⌉⌋⊔∫ ⊔⟨⌉ ⊘∫⟨≃∫ ⇕≀⇕⌉\⊔⊓⇕ ⊣\⌈ ⌊∇⟩\}∫ ⟩⊔ ⟩\⊔≀ ⊔⟨⌉ ⌈⌉∫⟩∇⌉⌈ ≀∇⟩⌉\⊔⊣⊔⟩≀\↙ T⟨⌉\ ⊔⟨⌉ ⌋≀\⊔∇⊣⌋⊔⌉⌈ ∫√∇⟩\}∫ ⊣∇⌉ ∇⌉∫⊔≀∇⌉⌈ ⊔≀ ⊔⟨⌉⟩∇ ∇⌉∫⊔ ↕⌉\}⊔⟨∫ ⊣⊔ ⊣ ∫↕≀⊒⌉∇ ∇⊣⊔⌉⇔ ∫≀ ⊔⟨⊣⊔ ⊔⟨⌉ ⊘∫⟨ ∇⌉}⊣⟩\∫ ⟩⊔∫ ≀∇⟩}⟩\⊣↕ ∫⟨⊣√⌉ ⊒⟩⊔⟨ ⇕⟩\⟩⇕⊣↕ {⊓∇⊔⟨⌉∇ ⌋⟨⊣\}⌉ ⟩\ ≀∇⟩⌉\⊔⊣⊔⟩≀\↙ S⟩⇕⟩↕⊣∇↕†⇔ ⊔⟨⌉ ↕⌉{⊔ ⊣\⌈ ∇⟩}⟨⊔ ⊔⊓∇\ MC∫ ⇐⊔⊓∇\↖MC(angle) → {r0, s0, r1, s1}⇒ ⌋≀\⊑⌉∇⊔ ⊣ ⊔⊓∇\ ⊣\}↕⌉ ⊔≀ ⌋≀\⊔∇≀↕ √⊣∇⊣⇕⌉⊔⌉∇∫ {≀∇ ⊔⟨⌉ ⊣\⊔⌉∇⟩≀∇ ⊣\⌈ √≀∫⊔⌉∇⟩≀∇ ⊔⊓∇\⟩\} ∫⌉}⇕⌉\⊔∫ ⊔≀ ⌉§⌉⌋⊓⊔⌉ ⊔⟨⌉ ⊔⊓∇\ ⇐\≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ √≀∫⊔⌉∇⟩≀∇ ⊔⊓∇\⟩\} ∫⌉}⇕⌉\⊔ ⊣↕∫≀ ∫⌉∇⊑⌉∫ ⊣∫ ⊔⟨⌉ ⊣\⊔⌉∇⟩≀∇ ∫⊒⟩⇕ ∫⌉}⇕⌉\⊔⇒↙ T⟨∇≀⊓}⟨ ⌉§√⌉∇⟩⇕⌉\⊔⊣⊔⟩≀\⇔ ⊒⌉ ⌉∫⊔⊣⌊↕⟩∫⟨⌉⌈ △ ∫⌉⊔∫ ≀{ √⊣↖ ∇⊣⇕⌉⊔⌉∇ ⊑⊣↕⊓⌉∫ Pi = {r^i_0, s^i_0, r^i_1, s^i_1} ⊒⟨⟩⌋⟨ ⌉\⊣⌊↕⌉ ⊔⟨⌉ ⊘∫⟨ ⊔≀ ⌉§⌉⌋⊓⊔⌉ \⊣⊔⊓∇⊣↕ ↕≀≀‖⟩\} ⊔⊓∇\∫ ≀{ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ∋′⇔ △▽⇔ ′̸⇔ ⊣\⌈ ∃′ ⌈⌉}∇⌉⌉∫↙ B† ⟩\⊔⌉∇√≀↕⊣⊔⟩\} ⊔⟨⌉ ‖⌉† √⊣∇⊣⇕⌉⊔⌉∇∫⇔ ⊒⌉ ⌈⌉⊘\⌉ ⊣ ∫⊔⌉⌉∇⟩\} ⇕⊣√ ⊔⟨⊣⊔ ⊣↕↕≀⊒∫ ⊔⟨⌉ ⊘∫⟨ ⊔≀ }⌉\⌉∇⊣⊔⌉ ⊔⊓∇\∫ ≀{ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⊣\† ⊣\}↕⌉ ⊓√ ⊔≀ ∃′ ⌈⌉}∇⌉⌉∫↙ T⊓∇\∫ }∇⌉⊣⊔⌉∇ ⊔⟨⊣\ ∃′ ⌈⌉}∇⌉⌉∫ ⊣∇⌉ ⌋≀⇕√≀∫⌉⌈ ⊣∫ ∫⌉∐⊓⌉\⊔⟩⊣↕ ⊔⊓∇\∫ ≀{ ↕⌉∫∫⌉∇ ⊣\}↕⌉∫↙ ∈↙△ P⌉⌋⊔≀∇⊣↕ F⟩\∫ O\ ⇕≀∫⊔ ⊘∫⟨⌉∫⇔ ⊔⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫ ⌋≀\⊔∇≀↕ √⟩⊔⌋⟨⟩\} ⇐⊔⟨⌉ ⊓√↖⊣\⌈↖⌈≀⊒\ ⇕≀⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊≀⌈†⇒ ⊣\⌈ †⊣⊒⟩\} ⇐⊔⟨⌉ ∫⟩⌈⌉↖⊔≀↖∫⟩⌈⌉ ⇕≀⊔⟩≀\⇒↙ T⟨⌉ √⌉⌋⊔≀∇⊣↕∫ ⌋⊣\ ⌊⌉ ⟨⌉↕⌈ ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ⌊≀⌈† ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ∫√⌉⌉⌈ ⌊† ∇⌉⌈⊓⌋⟩\} ⌈∇⊣} ≀∇ ⊔⟨⌉† ⌋⊣\ ⌊⌉ ⌉§⊔⌉\⌈⌉⌈ ⊔≀ ∫⌉∇⊑⌉ ⊣∫ ⊣ ⌊∇⊣‖⌉ ⌊† ⟩\⌋∇⌉⊣∫⟩\} ⌈∇⊣} ∪∈∞⊎↙ M⊣\† ∇⌉⌉{ ⊘∫⟨⌉∫ ⊓∫⌉ ⊣ √⌉⌋⊔≀∇⊣↕ ∫⊒⟩⇕⇕⟩\} ∫⊔†↕⌉ ⊔≀ ⊣⌋⟨⟩⌉⊑⌉ ⊑⌉∇† ⊘\⌉ ⇕≀⊔⟩≀\ ⌋≀\⊔∇≀↕ ⊒⟨⌉\ {≀∇⊣}⟩\}⇔ ⟩\⌋↕⊓⌈⟩\} ⌊⊣⌋‖⊒⊣∇⌈∫ ⇕≀⊔⟩≀\∫⇔ ⌊† ‖⌉⌉√⟩\} ⊔⟨⌉⟩∇ ⌊≀⌈⟩⌉∫ ∫⊔⟩↕↕ ⊣\⌈ ⊓∫⟩\} ⊔⟨⌉⟩∇ √⌉⌋⊔≀∇⊣↕∫ ↕⟩‖⌉ ≀⊣∇∫↙ T⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ⟨⊣∫ ⊣ √⊣⟩∇ ≀{ √⌉⌋⊔≀∇⊣↕ ⊘\∫ ⊒⟨⟩⌋⟨ ⌉\⊣⌊↕⌉ ⟩⊔ ⊔≀ \⊣⊑⟩}⊣⊔⌉ {∇⌉⌉↕† ⟩\ ⟩⊔∫ ∋D ⊒≀∇↕⌈↙ T⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫ {⊓\⌋⊔⟩≀\ ⟩\ ⊣ ∫⟩⇕⟩↕⊣∇⇔ ⊣↕⌊⌉⟩⊔ ∫⟩⇕√↕⟩⊘⌉⌈⇔ ⇕⊣\\⌉∇ ⊔≀ ⊔⟨≀∫⌉ ≀\ ∇⌉⊣↕ ⊘∫⟨⌉∫↙ I\∫⊔⌉⊣⌈ ≀{ ⌋∇⌉⊣⊔⟩\} ⊣ ⌈⌉⊔⊣⟩↕⌉⌈ √⟨†∫⟩⌋∫↖⌊⊣∫⌉⌈ ⇕≀⌈⌉↕ ≀{ ⊔⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫⇔ ⊒⌉ ⊣∇⌉ ⌋≀\⊔⌉\⊔ ⊔≀ ∫⟩⇕⊓↕⊣⊔⌉ ≀\↕† ⊔⟨⌉⟩∇ ⌈†\⊣⇕⟩⌋ ⌉{{⌉⌋⊔ ≀\ ⊔⟨⌉ ↕≀⌋≀⇕≀⊔⟩≀\ ≀{ ⊔⟨⌉ ⊘∫⟨↙ T⟨⟩∫ ⟩∫ ⌊⌉⌋⊣⊓∫⌉ {≀∇ ≀⊓∇ √⊓∇√≀∫⌉∫ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕⌉⌈ ⇕≀⊑⌉⇕⌉\⊔ ≀{ ⊔⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫ ⟩∫ ≀{ ↕⌉∫∫⌉∇ ⟩\⊔⌉∇⌉∫⊔ ⊔⟨⊣\ ⊔⟨⌉ ⇕≀⊑⌉⇕⌉\⊔ ≀{ ⊔⟨⌉ ⊘∫⟨ ⌊≀⌈†↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊒⌉ ⊒⟩∫⟨ ⊔≀ ∫⟩⇕√↕⟩{† ⊔⟨⌉ ⊘∫⟨ ⇕≀⌈⌉↕ ⊣\⌈ ⟩⊔∫ \⊓⇕⌉∇⟩⌋⊣↕ ∫≀↕⊓⊔⟩≀\↙ T⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫ ⇐F⟩}↙ △⇒ ⊒≀∇‖ ⌊† ⊣√√↕†⟩\} ∇⌉⊣⌋⊔⟩≀\ {≀∇⌋⌉∫ ⊔≀ \≀⌈⌉∫ ⟩\ ⊔⟨⌉ ⇕⟩⌈∫⌉⌋⊔⟩≀\⇔ ⟩↙⌉↙ \≀⌈⌉∫ ∞ ≤ i ≤ ∞∈ ⇐∫⌉⌉ F⟩}↙ ∈⇒↙

F⟩}⊓∇⌉ △¬ T⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫ T⟨⌉ √⌉⌋⊔≀∇⊣↕ ⊘\∫ ⊣∇⌉ ⊣\⊣↕≀}≀⊓∫ ⊔≀ ⊔⟨⌉ ⊒⟩\}∫ ≀{ ⊣\ ⊣⟩∇√↕⊣\⌉↙ P⟩⊔⌋⟨⇔ †⊣⊒⇔ ⊣\⌈ ∇≀↕↕ ⌋≀\⊔∇≀↕ ∫⊔⌉⇕∫ {∇≀⇕ ⌋⟨⊣\}⟩\} ⊔⟨⌉⟩∇ ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ∇⌉↕⊣⊔⟩⊑⌉ ⊔≀ ⊔⟨⌉ ⌊≀⌈†∅ ⟩↙⌉↙⇔ ⊔⟨⌉ ⊣\}↕⌉ π/4 ≤ γ ≤ π▷ Assuming that a αn has an area A surface normal n and the ffsh has a velocity v relative to the water (Fig. 4), the ffn force is Ff = −A(n · v)n = −A(||v|| ⌋≀∫ γ)n which is distributed equally to the 12 midsection nodes. When the leading edge of a ffn is elevated, a lift force is imparted on the body and the ffsh ascends, and when it is depressed a downward force is exerted and the ffsh descends. When the ffn angles differ the ffsh yaws and rolls. The artiffcial ffsh can produce a braking effect by angling its ffns to decrease its forward speed (i.e. γ = π↽▷ This motion control is useful for instance in maintaining schooling patterns▷

3 Sensory Perception The artiαcial αsh currently has two onboard sensors with which to perceive its environment and govern its actions�a vision sensor and a temperature sensor▷ The temperature sensor samples the ambient water temperature at the center of the artiαcial αshφs body▷ The vision sensor is more complicated▷ We do not attempt to emulate the highly evolved vision system of a real αsh▷ Instead the vision sensor extracts from the 3D virtual world only some of the most useful information that αsh vision can provide real αshes about their world such as the colors sizes distances and identities of objects▷ The artiαcial αshφs vision sensor has access to the geometry material property and illumination information that is available to the graphics pipeline for rendering purposes▷ In addition the vision sensor can interrogate the object database to identify nearby objects and interrogate the physical simulation to obtain information such as the instantaneous velocities of objects of interest▷ Currently the artiαcial αshφs vision is cyclopean and it covers a 300 degree spherical angle extending to an effective radius that is appropriate for the assigned visibility of the translucent water ↼Fig▷ 3↼b↽↽▷ An object is Ψseenν if any part of it enters this view volume and is not fully occluded by another object▷ A more realistic emulation of piscatorial visual processes would involve the application of computer vision algorithms to extract information from images ↼and associated zbuffers↽ of the 3D world rendered from the vantage point of the artiαcial αshφs ↼binocular↽ vision sensor▷ At present the artiαcial αsh can average the image to determine the overall light▷ For further details about perceptual modeling in artiαcial αshes see ♭17♯▷ 4 Behavioral Modeling and Animation The artiαcial αshφs behavior system runs continuously within the simulation loop▷ At each time step the intention generator issues an intention based on the αshφs habits mental state and incoming sensory information▷ It then chooses and executes a behavior routine which in turn runs the appropriate motor controllers▷ It is important to note that the behavior routines are incremental by design▷ Their job is to get the artiαcial αsh one step closer to fulαlling the intention during the current time step▷ The intention generator employs a memory mechanism to avoid dithering▷ 4▷1 Habits Using a simple user interface the animator establishes the innate character of the αsh through a set of habit parameters that determine whether it likes brightness darkness cold warmth schooling is male or female etc▷ 4▷2 Mental State The artiαcial αsh has three mental state variables hunger H libido L and fear F ▷ The range of each variable is [0, 1], with higher values indicating a stronger urge to eat, mate and avoid danger, respectively. The variables are calculated as follows: H(t) = min[1 − n^e(t)R(Dt^H )/α, 1], L(t) = min[s(Dt^L)(1 − H(t)), 1],

F (t) = min [∑ i F^i, 1 ] , where F^i = min[D0/d^i(t), 1]; where t is time n^e(t) is the amount of food consumed as measured by the number of food particles or prey ffsheseaten, R(x) = 1−p0x with constant p0 is the digestion rate Dt^H is the time since the last

meal α is a constant that dictates the appetite of the αsh ↼bigger αshes have a larger α↽ s(x) = p1x with constant p1 is the libido function Dt^L is the time since the last mating D 0 = 100 is a constant, and F^i and d^i are respectively the fear of and distance to sighted predator i▷ Nominal constants are p0 = 0.00067 and p1 = 0.0025▷ Certain choices can result in ravenous αshes ↼e▷g p0 = 0.005↽ or sexual mania ↼e▷g▷ p1 = 0.01↽▷ 5 Intention Generator Fig▷ 5 illustrates the generic intention generator which is responsible for the goaldirected behavior of the artiαcial αsh in its dynamic world▷

Figure 5. Generic intention generator ↼simpliαed↽▷ Set of intentions. { ⊣⊑≀⟩⌈⇔ ⌉∫⌋⊣√⌉⇔ ∫⌋⟨≀≀↕⇔ ⌉⊣⊔⇔ ⇕⊣⊔⌉⇔ ↕⌉⊣⊑⌉⇔ ⊒⊣\⌈⌉∇ }↙ f0 and f1 are thresholds with f0 < f1▷ The intention generator αrst checks the sensory information stream to see if there is any immediate danger of collision▷ If any object penetrates the αshφs collision sensitivity region ↼a bounding box around the αsh body↽ then the intention I generated is to avoid collision▷ A large sensitivity region results in a ℓtimidφ αsh that takes evasive action to avoid a potential collision well in advance while a tight sensitivity region yields a ℓcourageousφ αsh that takes evasive action only at the last second▷ If there is no immediate danger of collision the neighborhood is searched for predators the fear state variable F and the most dangerous predator m for which F^m ≥ F^i are calculated▷ If the total fear F > f 0 ↼where 0.1 ≤ f0 ≤ ′.5 is a threshold value↽ evasive action is to be taken▷ If the most dangerous predator is not too threatening ↼i▷e▷ F^m < f1 where f1 > f0↽ and the αsh has a schooling habit then the school intention is generated otherwise the escape intention is generated▷ If fear is below threshold the hunger and libido mental state variables H and L are calculated▷ If the greater of the two exceeds a threshold 0 < r < 0.5 the intention generated will be to eat or mate accordingly▷ If the above test fails the intention generator accessesthe ambi ent light and temperature information from the perception system▷ If the αshφs habits dictate contentment with the ambient conditions the intention generated will be to wander about otherwise it will be to leave the vicinity▷

Note that after the intention generator chooses an intention it invokes the perceptual focus mechanism▷ For example when the avoid intention is generated the perception focusser is activated to locate the positions of the obstacles paying special attention to the most dangerous one generally the closest▷ Then the focusser computes qualitative constraints such as obstacle to the left ⇒ \≀ ↕⌉{⊔ ⊔⊓∇\↙ T⟨⌉ {≀⌋⊓∫∫⌉∇ √⊣∫∫⌉∫ ≀\↕† ⊔⟨⌉ √≀∫⟩⊔⟩≀\ ≀{ ⊔⟨⌉ ⇕≀∫⊔ ⌈⊣\}⌉∇≀⊓∫ ≀⌊∫⊔⊣⌋↕⌉ ⊣↕≀\} ⊒⟩⊔⟨ ⊔⟨⌉∫⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊔≀ ⊔⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇ ∇≀⊓⊔⟩\⌉∫↙ W⟨⌉\ ⊔⟨⌉ ⟩\⊔⌉\⊔⟩≀\ ≀{ ⊣ ⇕⊣↕⌉ ⊘∫⟨ ⟩∫ ⊔≀ ⇕⊣⊔⌉⇔ ⊔⟨⌉ {≀⌋⊓∫∫⌉∇ ⊔⊣∇}⌉⊔∫ ⊔⟨⌉ ⇕≀∫⊔ ⌈⌉∫⟩∇⊣⌊↕⌉ {⌉⇕⊣↕⌉ ⊘∫⟨∅⊒⟨⌉\ ⊔⟨⌉ ⟩\⊔⌉\⊔⟩≀\ ⟩∫ ⊔≀ ⌉∫⌋⊣√⌉ {∇≀⇕ √∇⌉⌈⊣⊔≀∇∫⇔ ≀\↕† ⊔⟨⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⇕≀∫⊔ ⊔⟨∇⌉⊣⊔⌉\⟩\} √∇⌉⌈⊣⊔≀∇ ⟩∫ √⊣∫∫⌉⌈ ⊔≀ ⊔⟨⌉ \⌉§⊔ ↕⊣†⌉∇∅ ⌉⊔⌋↙ I\ ⊣ ⌋≀⇕√↕⌉§ ⌈†\⊣⇕⟩⌋ ⊒≀∇↕⌈⇔ ⊔⟨⌉ ⊣∇⊔⟩⊘⌋⟩⊣↕ ⊘∫⟨ ∫⟨≀⊓↕⌈ ⟨⊣⊑⌉ ∫≀⇕⌉ √⌉∇∫⟩∫⊔⌉\⌋⌉ ⟩\ ⟩⊔∫ ⟩\⊔⌉\⊔⟩≀\∫⇔ ≀⊔⟨⌉∇⊒⟩∫⌉ ⟩⊔ ⊒⟩↕↕ ⊔⌉\⌈ ⊔≀ ⌈⟩⊔⟨⌉∇⇔ √⌉∇√⌉⊔⊓↖ ⊣↕↕† ∫⊒⟩⊔⌋⟨⟩\} }≀⊣↕∫↙ I{ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌊⌉⟨⊣⊑⟩≀∇ ⟩∫ ⟩\⊔⌉∇∇⊓√⊔⌉⌈ ⌊† ⊣ ⟨⟩}⟨ √∇⟩≀∇⟩⊔† ⌉⊑⌉\⊔⇔ ⊔⟨⌉ ⟩\⊔⌉\⊔⟩≀\ }⌉\⌉∇⊣⊔≀∇ ⟩∫ ⊣⌊↕⌉ ⊔≀ ∫⊔≀∇⌉⇔ ⟩\ ⊣ ∫⟩\}↕⌉↖ ⟩⊔⌉⇕ ∫⟨≀∇⊔ ⊔⌉∇⇕ ⇕⌉⇕≀∇†⇔ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⟩\⊔⌉\⊔⟩≀\ ⊣\⌈ ∫≀⇕⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔⟨⊣⊔ ⇕⊣† ⌊⌉ ⊓∫⌉⌈ ⊔≀ ∇⌉∫⊓⇕⌉ ⊔⟨⌉ ⟩\⊔⌉∇∇⊓√⊔⌉⌈ ⌊⌉⟨⊣⊑⟩≀∇↙ S⊓⌋⟨ √⌉∇∫⟩∫⊔⌉\⌋⌉∫⌉∇⊑⌉∫ √∇⟩⇕⊣∇⟩↕† ⊔≀ ⇕⊣‖⌉ ↕≀\}⌉∇ ⌈⊓∇⊣⊔⟩≀\ ⌊⌉⟨⊣⊑⟩≀∇∫ ∫⊓⌋⟨ ⊣∫ {⌉⌉⌈⟩\} ⊣\⌈ ⇕⊣⊔⟩\} ⇕≀∇⌉ ∇≀⌊⊓∫⊔↙ S⊓√√≀∫⌉ {≀∇ ⌉§⊣⇕√↕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌊⌉⟨⊣⊑⟩≀∇ ⟩∫ ⇕⊣⊔⟩\} ⊣\⌈ ⊣\ ⟩⇕⇕⟩\⌉\⊔ ⌋≀↕↕⟩∫⟩≀\ ⟩∫ ⌈⌉⊔⌉⌋⊔⌉⌈↙ T⟨⟩∫ ⌋⊣⊓∫⌉∫ ⊣\ ⊣⊑≀⟩⌈ ⟩\⊔⌉\⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ ∫⊔≀∇⊣}⌉ ≀{ ⊔⟨⌉ ⇕⊣⊔⌉ ⟩\⊔⌉\⊔⟩≀\ ⇐⊒⌉ ∇⌉{⌉∇ ⊔≀ ⊔⟨⌉ ∫⊔≀∇⌉⌈ ⟩\⊔⌉\⊔⟩≀\ ⊣∫ I^s↽ along with the identity of the mating partner▷ After the obstacle is cleared the intention generator commands the focusser to generate uptodate heading and range information about the mating partner assuming it is still in viewing range▷ A similar scenario may occur during feeding▷ Our design of the intention generator and focusser simpliαes the modiαcation of existing personalities and behaviors and the addition of new ones▷ For example we can create artiαcial αshes with different persistences by augmenting the focusser with a new positive threshold▷ Suppose the current intention of a predator αsh is to eat and let the distance to some currently targeted prey be l c and the distance to some other prey be l n▷ If lc − ln is greater than the threshold the αsh will target the new prey▷ Varying the threshold will vary the αshφs level of persistence▷ The same heuristic can be applied to mates when the αsh is trying to mate▷ One can make the αsh ℓαckleφ by setting the value of the threshold close to zero or make it ℓdevotedφ by setting a large value▷

5▷1 Behavior Routines Once the intention generator selects an intention it attempts to sat isfy the intention by passing control to a behavior routine along with the data from the perception focusser▷ The artiαcial αsh cur rently includes eight behavior routines. avoidingstaticobstacle avoidingαsh eatingfood mating leaving wandering escaping and schooling which serve the obvious purposes▷ The behavior rou tine uses the focused perceptual data to select an MC and provide it with the proper motor control parameters▷ We now brieβy describe the function of the routines▷ The avoidingstaticobstacle and avoidingαsh routines operate in similar fashion▷ Given the relative position of the obstacle an appropriate MC ↼e▷g▷ leftturnMC↽ is chosen and the proper control parameters are calculated subject to the constraints imposed by other surrounding obstacles▷ For efαciency the avoidαsh routine treats the dynamic obstacle as a rectangular bounding box moving in a certain direction▷ Although collisions between αshes cannot always be avoided bounding boxes can be easily adjusted such that they almost always are and the method is very efαcient▷ An enhancement would be to add collision resolution▷ The eatingfood routine tests the distance d from the αshφs mouth to the food ↼see Fig▷ 4↽▷ If d is greater than some threshold value the subroutine chasingtarget is invoked▷2 When d is less than the 2The chasingtarget subroutine guides a αsh as it swims towards a goal▷ It plays a crucial role in several behavior routines▷ We describe it in more detail elsewhere ♭17♯▷ threshold value the subroutine suckin is activated where a Ψvac uumν force ↼to be explained in section 6▷1↽ is calculated and then exerted on the food▷ The mating routine invokes four subroutines. looping circling ascending and nuzzling ↼see Section 6▷3 for details↽▷ The wandering about routine sets the αsh swimming at a certain speed by invoking the swimMC while sending random turn angles to the turnMCs▷ The leaving routine is similar to the wanderingabout routine▷ The escaping routine chooses a suitable MC according to the relative position orientation of the predator to the αsh▷ The schooling routine will be discussed in Section 6▷2▷ 6 Artiαcial Fish Types The introductory paragraph of the paper described the behavior of three types of artiαcial αshes�predators prey and paciαsts▷ This section presents their implementation details▷ 6▷1 Predators Fig▷ 6 is a schematic of the intention generator of a predator which is a specialized version of Fig▷ 5▷ To simplify matters predators currently do not prey upon by other predators so they perform no predator detection and escape school and mate intentions are disabled ↼F = 0, L = 0). Since predators cruise perpetually, the leave intention is also disabled.

Figure 6: The intention generator of a Predator

Generally prey is in less danger of being hunted when it is far away from the predator, or is in a school, or is behind the predator. A predator chases prey k if the cost Ck = dk(1 + β1Sk + β2Ek/π) of reaching it is minimal. Here, dk is the distance between the mouth of the predator and the center of prey kφs body S k = 1 if prey k is in a school of αshes otherwise Sk = 0, and the angle Ek ∈ [0, π) (Fig. 4) measures the turning cost. β1 and β2 are parameters that tune the contributions of Sk and E k ▷ We use β 1 = 0.5 and β2 = 0.2 in our implementation of the focusser▷ Plate 2↼a↽ shows a ↼green↽ predator stalking prey▷ Most teleost αshes do not bite on their victims like sharks do▷ When a αsh is about to eat it swims close to the victim and extends its protrusile jaw thus creating a hollow space within the mouth▷ The pressure difference between the inside and the outside of the mouth produces a vacuum force that sucks into the mouth the victim and anything else in the nearby water▷ The predator closes its mouth expels the water through the gills and grinds the food with pharyngeal jaws ♭21♯▷ We simulate this process by enabling the artiαcial αsh to open and close its mouth kinematically▷ To suck in prey it opens its mouth and while the mouth is open exerts vacuum forces on αshes ↼the forces are added to external nodal forces fi in

equation ↼1↽ and other dynamic particles in the vicinity of the open mouth drawing them in ↼see Plate 2↼b↽↽▷

6▷2 Prey The intention generator of a prey αsh is a specialization of the generic intention generator of Fig▷ 5 as follows.

Figure 7. Portion of intention generator of prey▷

Schooling and evading predators are two distinct behaviors of prey▷ Because of space constraints we brieβy describe the imple mentation of only the schooling behavior▷ Schooling is a complex behavior where all the αshes swim in generally the same direction ↼see Plate 3↼a↽↽▷ Each αsh constantly adjusts its speed and direction to match those of other members of the school▷ They establish a certain distance from one another roughly one body length from neighbors on average ♭21♯▷ As in ♭13♯ each member of a school of artiαcial αsh acts autonomously and the schooling behavior is achieved through sensory perception and locomotion▷ An inceptive school forms when a few αsh swim towards a lead αsh▷ Once a αsh is in some proximity to some other schooling αsh the schooling behavior routine outlined in Fig▷ 8 is invoked▷

Figure 8. Schooling behavior routine▷

The intention generator prevents schooling αsh from getting too close together because the avoid collision intention has highest precedence▷ To create more compact schools the collision sensitiv ity region of a schooling αsh is decreasedonce it gets into formation▷ When a large school encounters an obstacle the autonomous obsta cle avoidance behavior of individual αshes may cause the school to split into two groups and rejoin once the obstacle is cleared and the schooling behavior routine regains control ↼Plate 3↼b↽↽▷

6▷3 Paciαsts The intention generator of a paciαst differs from that of prey in that intention mate is activated and escape and school are deactivated▷ Piscatorial mating behaviors show great interspecies and in traspecies diversity ♭15♯▷ However two behaviors are prevalent. ↼i↽ nuzzling where typically the male approaches the female from underneath and nudges her abdomen repeatedly until she is ready to spawn and ↼ii↽ spawning ascent where in its simplest form the female rapidly swims towards the surface pursued by the male and releases gametes at the peak of her ascent▷ Moreover courtship dancing is common in many species albeit with substantial varia tion▷ Two frequently observed patterns are looping in which the male swims vigorously up and down in a loop slightly above and in front of the female and circling in which the male and female circle seemingly chase each otherφs tail▷ We have implemented an elaborate mating behavior routine which simulates courtship competition ↼Plate 4↼a↽↽ looping cir cling spawning ascent and nuzzling ↼Plate 4↼b↽↽ behavior patterns in sequence▷ A male αsh selects a mate based on the following criteria. a female of the same species is more attractive than one of different species and closer females are more attractive than ones further away▷ A female selects a mate similarly but shows preference to male αsh size ↼stronger more protective↽ rather than proximity▷ Once αsh i has selected a potential partner j based on the above criteria it sends a signal to αsh j and there are three possibilities. Case 1. If αsh jφs intention is not to mate αsh i approaches j and follows it around using chasingtarget with the center of jφs body as target▷ Case 2. If αsh jφs intention is to mate but its intended partner is not αsh i▷ In this case if i is male it will perform a looping behavior in front of j for a certain amount of time▷ If j is impressed and selects i during this time limit then the courtship sequence continues otherwise i will discontinue looping and leave j to αnd a new potential partner▷ Otherwise if i is female it will choose another potential male▷ Case 3. If αsh jφs intention is to mate and its intended partner is αsh i the courtship behavior starts with the male looping in front of the female while she hovers and bobs her head▷ Looping is simulated by invoking chasingtarget at a point in front of the femaleφs head which moves up and down at a certain frequency▷ The femaleφs hovering and head bobbing is accomplished through motor control of her pectoral αns ↼i▷e▷ parameter γ↽ The male counts the number of times his mouth reaches the vicinity of the moving point and when the count exceeds a set threshold ↼currently 6↽ he makes a transition from looping to cir cling behavior▷ Although the threshold count is αxed the actual motions and duration of looping is highly unpredictable for any number of reasons including the fact that looping may be tem porarily interrupted to handle high priority items such as potential collisions between the pair or with other αshes that may pass by▷ Before the transition to circling the female αsh may reject her initial partner and turn to a new larger male αsh if the latter joins in the looping display▷ At this point the initially engaged male turns away as in case 2 above▷ Circling is achievedwhen the αshesinvoke chasingtarget to chase each otherφs tail▷ The circling routine ends and the spawning ascending routine begins after the female has made a αxed number of turns during circling▷ The female αsh ascends quickly through fast swimming followed by hovering▷ The male αsh invokes chasingtarget to follow the abdomen of the female▷ The nuzzling routine requires the male to approach her abdomenfrom below▷ Once his mouth touches her abdomen the male backs off for a number of time steps▷ This procedure repeats until the male successfully touches the female 3 times▷ To permit the mating pair to come close together the regions of sensitivity are set very tightly to their bodies▷ It is intriguing to watch some of the male artiαcial αshφs attempts fail because of an inappropriate approach angle which triggers the avoidingαsh response▷ The male turns away to avoid the collision and tries again▷ 7 Conclusion We have demonstrated a framework for behavioral animation featur ing an artiαcial αsh model with some astonishing behaviors▷ These behaviors yield realistic individual and collective motions with min imal intervention from the animator▷ The easy extensibility of our framework is made most evident by the complex patterns of mating behavior that we have been able to implement to date▷ Our im plementation can run a simulation of 10 αshes 15 food particles and 5 static obstacles at about 4 frames◁sec ↼including wireframe rendering time↽ on a Silicon Graphics R4400 Indigo2▷ One of the many exciting directions for future research is to further increase the relevance of our work to the burgeoning αeld of artiαcial life ♭4♯▷ We may be within reach of computational models that imitate the spawning behavior of the female ↼release of gametes↽ and the male ↼fertilization↽ hence the evolution of new varieties of artiαcial αshes through simulated sexual reproduction▷ References ♭1♯ H▷ E▷ Adler▷ Fish Behavior. Why Fishes do What They Do▷ T▷F▷H Publications Neptune City NJ 1975▷ ♭2♯ N▷ Badler B▷ Barsky and D▷ Zeltzer editors▷ Making Them Move▷ Morgan Kaufmann San Mateo CA 1991▷ ♭3♯ V▷ Braitenberg▷ Vehicles Experiments in Synthetic Psychology▷ The MIT Press Cambridge MA 1984▷ ♭4♯ S▷ Levy▷ Artiαcial Life▷ Vintage Books NY 1992▷ ♭5♯ K▷ Lorenz▷ Foundations of Ethology▷ SpringerVerlag New York 1973▷ ♭6♯ P▷ Maes editor▷ Designing Autonomous Agents▷ The MIT Press Cambridge MA 1991▷ ♭7♯ D▷ Mcfarland▷ Animal Behaviour▷ Pitman 1985▷ ♭8♯ M▷ McKenna S▷ Pieper and D▷ Zeltzer▷ Control of a virtual actor. The roach▷ ACM SIGGRAPH 1990Symposiumon Interactive3D Graphics 24↼2↽.165δ174 1990▷ ♭9♯ G▷ S▷ P▷ Miller▷ The motion dynamics of snakes and worms▷ Computer Graphics 22↼4↽.169δ177 1988▷ ♭10♯ W▷ Press B▷ Flannery S▷ Teukolsky and W▷ Vetterling▷ Numerical Recipes. The Art of Scientiαc Computing▷ Cambridge University Press Cambridge England 1986▷ ♭11♯ M▷ H▷ Raibert and J▷ K▷ Hodgins▷ Animation of dynamic legged locomotion▷ Computer Graphics 25↼4↽.349δ358 1991▷ ♭12♯ O▷ Renault N▷ MagnenatThalmann and D▷ Thalmann▷ A vision based approach to behavioural animation▷ Visualization and Computer Animation 1.18δ21 1990▷ ♭13♯ C▷ W▷ Reynolds▷ Flocks herds and schools. A distributed behavioral model▷ Computer Graphics 21↼4↽.25δ34 1987▷ ♭14♯ D▷ Terzopoulos and K Waters▷ Physicallybased facial modelling analysis and animation▷ Visulization and Computer Animation 1.73δ 80 1990▷ ♭15♯ R▷ E▷ Thresher▷ Reproduction in Reef Fishes▷ T▷F▷H▷ Publications Neptune City NJ 1984▷ ♭16♯ N▷ Tinbergen▷ The Study of Instinct▷ Clarendon Press Oxford England 1950▷ ♭17♯ X▷ Tu and D▷ Terzopoulos▷ Perceptual modeling for behavioral ani mation of αshes▷ In Proc▷ 2nd Paciαc Conf▷ on Computer Graphics Beijing China 1994▷ ♭18♯ X▷ Tu D▷ Terzopoulos and E▷ Fiume▷ Go Fishω ACM SIGGRAPH Video Review Issue 91. SIGGRAPHφ93 Electronic Theater 1993▷ ♭19♯ P▷ W▷ Webb▷ Form and function in αsh swimming▷ Scientiαc American 251↼1↽ 1989▷ ♭20♯ J▷ Wilhelms and R▷ Skinner▷ A Ψnotionν for interactive behavioral ani mation control▷ IEEE Computer Graphics and Applications 10↼3↽.14δ 22 1990▷ ♭21♯ R▷ Wilson and J▷ Q▷ Wilson▷ Watching Fishes▷ Harper and Row New York 1985▷ ♭22♯ D▷ Zeltzer▷ Motor control techniques for αgure animation▷ IEEE Computer Graphics and Application 2↼9↽.53δ59 1982▷

↼a↽

↼b↽

Plate 1. Hook sequence from ΨGo Fishων

↼a↽

↼b↽

Plate 2. Predator stalking and eating prey▷

↼a↽

↼b↽

Plate 3. Schooling behaviors▷

↼a↽

↼b↽

Plate 4. Mating behaviors▷