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This article develops a dynamic generalization of the nonuniform rational B-spline (NURBS)
model. NURBS have become a de facto standard in commercial modeling systems because of
their power to represent free-form shapes as well as common analytic shapes. To date, however,
they have been viewed as purely geometric primitives that require the user to manually adjust
multiple control points and associakd weights in order to design shapes. Dynamic NURBS, or
D-NURBS, are physics-based models that incorporate mass distributions, internal deformation
energies, and other physical quantities into the popular NURBS geometric substrate. Using
D-NURBS, a modeler can interactively sculpt curves and surfaces and design complex shapes to
required specifications not only in the traditional indirect fashion, by adjusting control points
and weights, but also through direct physical manipulation, by applying simulated forces and
local and global shape constraints. D-NURBS move and deform in a physically intuitive manner
in response to the user’s direct manipulations. Their dynamic behavior results from the numeri-
cal integration of a set of nonlinear differential equations that automatically evolve the control
points and weights in response to the applied forces and constraints. To derive these equations,
we employ Lagrangian mechanics and a finite-element-like discretization. Our approach sup-
ports the trimming of D-NURBS surfaces using D-NURBS curves. We demonstrate D-NURBS
models and constraints in applications including the rounding of solids, optimal surface fitting to
unstructured data, surface design from cross sections, and free-form deformation. We also
introduce a new technique for 2D shape metamorphosis using constrained D-NURBS surfaces.

Categories and Subject Descriptors: 1.3.5 [Computer Graphics]: Computational Geometry and
(.lbject Mode] ing—curue, surface, solid, and object representations; physically based modeling;

,sp/ines; 1.3,6 [Computer Graphics]: Methodology and Techniques- interaction techniques

General Terms: Algorithms, Design, Theory

Additional Key Words and Phrases: CAGD, constraints, cross-sectional shape design, deformable
models, dynamics, finiti elements, free-form deformation, NURBS, optimal curve and surface
tittin~, shape metamorphosis, solid rounding, trimming

1. INTRODUCTION

In 1975, Versprille [ 1975] proposed the Non-Uniform Rational B-Splines, or
NURBS. This shape representation for geometric design generalized Risen-
feld’s B-splines. NURBS quickly gained popularity and were incorporated
into several commercial modeling systems [Piegl 1991]. The NURBS repre-

Funding for this research was provided in part by the National Sciences and Engineering
Research Council of Canada and the Information Technology Research Center of Ontario.
Authors’ address: Department of Computer Science, University of Toronto, Toronto, ON, M5S
1A4, Canada.
Permission to copy without fee all or part of this material is granted provided that the copies are
not made or distributed for direct commercial advantage, the ACM copyright notice and the title
of the publication and its date appear, and notice is given that copying is by permission of the
Association for Computing Machinery. To copy otherwise, or to republish, requires a fee and/or
specific permission.
‘e 1994 A(’M 0730-0301 /94/0400-0103 $03.50

ACM Transactions on Graphics, Vol 13, No. !2,April 1994, Pages 103 136.
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sentation has several attractive properties. It offers a unified mathematical
formulation for representing not only free-form curves and surfaces, but also
standard analytic shapes such as conies, quadrics, and surfaces of revolution.
By adjusting the positions of control points and manipulating associated
weights, one can design a large variety of shapes using NURBS [Farin 1989;
1992; Piegl 1989a; 1989b; 1991; Piegl and Tiller 1987; Tiller 1983].

Because NURBS are a purely geometric representation, however, their
extraordinary flexibility has some drawbacks:

—The designer is faced with the tedium of indirect shape manipulation
through a bewildering variety of geometric parameters i.e., by reposition-
ing control points, adjusting weights, and modi&ing knot vectors. Despite
the recent prevalence of sophisticated 3D interaction devices, the indirect
geometric design process remains clumsy and time consuming in general.

—Shape design to required specifications by manual adjustment of available
geometric degrees of freedom is often elusive, because relevant design
tolerances are typically shape oriented and not control point/weight ori-
ented. The geometric “redundancy” of NURBS tends to make geometric
shape refinement ad hoc and ambiguous; for instance, to adjust a shape
should the designer move a control point, or change a weight, or move two
control points, etc.?

—Typical design requirements may be stated in both quantitative and quali-
tative terms, such as “a fair and pleasing surface which approximates
scattered data and interpolates a cross-section curve.” Such requirements
impose both local and global constraints on shape. The incremental manip-
ulation of local shape parameters to satisfy complex local and global shape
constraints is at best cumbersome and often unproductive.

Physics-based modeling provides a means to overcome these drawbacks.
Free-form deformable models, which were introduced to computer graphics in
Terzopoulos et al. [1987] and further developed in Metaxas and Terzopoulos
[1992], Pentland and Williams [1989], Platt and Barr [1988], Szeliski and
Terzopoulos [1989], Szeliski and Tonnesen [ 1992], and Terzopoulos and Fleis-
cher [ 1988] are particularly relevant in the context of modeling with NURBS.
Important advantages accrue from the deformable model approach [Terzo-
poulos and Fleischer 1988]:

—The behavior of the deformable model is governed by physical laws. Through
a computational physics simulation, the model responds dynamically to
applied simulated forces in a natural and predictable way. Shapes can be
sculpted interactively using a variety of force-based “tools.”

—The equilibrium state of the dynamic model is characterized by a minimum
of the potential energy of the model subject to imposed constraints [Terzo-
POU1OS1986]. It is possible to formulate potential energy functional that
satisfy local and global design criteria, such as curve or surface (piecewise)
smoothness, and to impose geometric constraints relevant to shape design.
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—The physical model may be built upon a standard geometric foundation,
such as free-form parametric curve and surface representations. This
means that while shape design may proceed interactively or automatically
at the physical level, existing geometric toolkits are concurrently applica-
ble at the geometric level.

In this article, we propose Dynamic NURBS, or D-NURBS. D-NURBS are
physics-based models that incorporate mass distributions, internal deforma-
tion energies, and other physical quantities into the NURBS geometric
substrate. Time is fundamental to the dynamic formulation. The models are
governed by dynamic differential equations which, when integrated numeri-
cally through time, continuously evolve the control points and weights in
response to applied forces. The D-NURBS formulation supports interactive
direct manipulation of NURBS curves and surfaces, which results in physi-
cally meaningful hence intuitively predictable motion and shape variation.

Using D-NURBS, a modeler can interactively sculpt complex shapes not
merely by kinematic adjustment of control points and weights, but, dynami-
cally as well —by applying forces. Addition control over dynamic sculpting
stems from the modification of physical parameters such as mass, damping,
and elastic properties. Elastic functional allow the imposition of qualitative
“fairness” criteria through quantitative means. Linear or nonlinear con-
straints may be imposed either as hard constraints that must not be violated,
or as soft constraints to be satisfied approximately. The latter may be
interpreted intuitively as simple forces. Optimal shape design results when
D-NURBS are allowed to achieve static equilibrium subject to shape con-
straints. All of these capabilities are subsumed under an elegant formulation
grounded in physics.

Section 2 discusses the similarities and distinctive features of D-NURBS
relative to prior models. Section 3 briefly reviews NURBS geometry and its
properties. In Section 4, we formulate D-NURBS and derive their equations
of motion. Section 5 discusses the application of forces and constraints for
physics-based design. We discuss the numerical simulation of D-NURBS in
Section 6. Section 7 describes our prototype D-NURBS modeling system and
presents applications and results. Section 8 concludes the article.

2. BACKGROUND

Dynamic NURBS are motivated by prior research aimed at applying the
deformable modeling approach to shape design. Terzopoulos and Fleischer
[ 1988] demonstrated simple interactive sculpting using viscoelastic and plas-
tic models. Celniker and Gossard [1991] developed an interesting prototype
system for interactive free-form design based on the finite-element optimiza-
tion of energy functional proposed in Terzopoulos and Fleischer [ 1988]. Bloor
and Wilson [ 1990b] developed related models using similar energies and
numerical optimization, and they proposed the use of B-splines for this
purpose in Bloor and Wilson [1990a]. Subsequently, Celniker and Welch
[19921 investigated deformable B-splines with linear constraints. Welch and
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Witkin [1992] extended the approach to trimmed hierarchical B-splines (see
also Forsey and Bartels [1988]). Thingvold and Cohen [1990] proposed a
deformable B-spline whose control points are mass points connected by
elastic springs and hinges.

In Bloor and Wilson [1990], Celniker and Welch [1992], and Welch and
Witkin [1992] deformable B-spline curves and surfaces are designed by
imposing shape criteria via the minimization of energy functional subject to
hard or soft geometric constraints. These constraints are imposed through
Lagrange multipliers or penalty methods, respectively. The same techniques
are applicable to D-NURBS. Compared to deformable B-splines, however,
D-NURBS are capable of representing a wider variety of free-form shapes, as
well as standard analytic shapes. Previous models solve static equilibrium
problems, or in the case of Celniker and Welch [1992] involve simple linear
dynamics with diagonal (arbitrarily lumped) mass and damping matrices
(apparently for efficiency).

D-NURBS are a more sophisticated dynamic model. We adopt the approach
proposed in Metaxas and Terzopoulos [1992] for converting arbitrary geomet-
ric models into dynamic models using Lagrangian mechanics and finite-ele-
ment analysis. Our approach is systematic. We formulate deformable curves
and surfaces and reduce them to algorithms in a principled way, without
resorting to any of the ad hoc assumptions of prior schemes (see Thingvold
and Cohen [1990]). Because our dynamic models allow fully continuous mass
and damping distributions, we obtain banded mass and damping matrices.
These are known as consistent matrices in the finite-element literature
[Zienkiewicz 1977].

The D-NURBS control points and associated weights become generalized
coordinates in the Lagrangian equations of motion. From a physics-based
modeling point of view, the existence of weights makes the NURBS geometry
substantially more challenging than B-spline geometry. Since the NURBS
rational basis functions are functionally dependent on the weights, D-NURBS
dynamics are generally nonlinear, and the mass, damping, and stiffness
matrices must be recomputed at each simulation time step. 1 Fortunately, this
does not preclude interactive performance on current graphics workstations,
at least for the size of surface models that appear in our demonstrations. We
prove several mathematical results that enable us to simplify the motion
equations and apply numerical quadrature to the underlying NURBS basis
functions to compute efficiently the integral expressions for the matrix
entries.

3. NURBS GEOMETRY

In this section, we review the formulation of NURBS curves and surfaces. We
then describe their analytic and geometric properties. More detailed material

1Note, however, that, for static weights, the matrices become time invariant and the computa-
tional cost is reduced significantly.
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can be found in Bohm et al. [1984], Piegl [1989a; 1989b; 1991], Piegl and
Tiller [1987], and Tiller [1983].

3.1 Curves

A NURBS curve generalizes the B-spline. It is the combination of a set of
piecewise rational functions with n + 1 control points pL and associated
weights w,:

Z:. op, w,l?,, k(u)
c(u) =

Zf=(Jw~B1,~(U) ‘
(1)

where u is the parametric variable, and B, ~(u) are B-spline basis functions.
Assuming basis functions of degree k – 1: a NURBS curve has n + k + 1
knots t,in nondecreasing sequence: t” < t,< ... < t”,~.The basic functions
are defined recursively as

l?,,,(u) = (1 for ti<u<t, +l,

O otherwise

with

u–t, t
B,, k(u) = ,, A.,(U)+ “k-uB. B,. l,~ ~(u)

‘,+k l–t, tL. k–ti. ]

The parametric domain is tk , < u < t~. ,. In many applications, the end
knots are repeated with multiplicity k in order to interpolate the initial and
final control points P(, and p,,.

3.2 Surfaces

A NURBS surface is the generalization of the tensor-product B-spline surface.
It is defined over the parametric variables u and u as

(2)

A NURBS surface has (m + l)(n + 1) control points p,, j and weights W,,J.
Assuming basis functions along the two parametric axes of degree k – 1 and
1 – 1, respectively, the number of knots is (m + k + 1)( n + 1 + 1).The non-
decreasing knot sequence is to s t~ s ..”< tm,~ along the u-axis and so <
s, < “”” < S“ +~ along the u-axis. The parametric domain is tk ~ s u s tm+,
ands, ~SU<S.+l. If the end knots have multiplicity k and 1 in the u and
L] axis respectively, the surface patch will interpolate the four corners of the
boundary control points.

3.3 Properties

NURBS generalize the nonrational parametric form. Like nonrational B-
splines, the rational basis functions of NURBS sum to unity; they are

ACM Transactions on Graphics, Vol. 13, No. 2, April 1994.



108 . D. Terzopoulos and H. Qin

infinitely smooth in the interior of a knot span provided the denominator is
not zero; and at a knot they are at least Ck -1 -r continuous with knot
multiplicity r, which enables them to satisfy different smoothness require-
ments. They inherit many of the properties of nonrational B-splines, such as
the strong convex hull property, variation-diminishing property, local sup-
port, and invariance under standard geometric transformations (see Farin
[1990] for more details). Moreover, they have some additional properties:

—NURBS offer a common mathematical framework for implicit and para-
metric polynomial forms. In principle, they can represent analytic func-
tions such as conies and quadrics precisely, as well as free-form shapes.

—NURBS include weights as extra degrees of freedom which influence local
shape. If a particular weight is zero, then the corresponding rational basis
function is also zero, and its control point does not effect the NURBS
shape. The spline is attracted toward a control point more if the corre-
sponding weight is increased and less if the weight is decreased.

For a more detailed discussion of NUR13S properties, see Farin [1992], Piegl
[1989a; 1989b; 1991], and Piegl and Tiller [1987], and Tiller [ 1983].

The most frequently used NURBS design techniques are the specification
of a control polygon, or interpolation or approximation of data points to
generate the initial shape. For surfaces or solids, cross-sectional design
including skinning, sweeping, and swinging operations is also popular. The
initial shape is then refined into the final desired shape through interactive
adjustment of control points and weights and possibly the addition or deletion
of knots. The refinement process is ad hoc and often tedious. To ameliorate it,
we propose dynamic NURBS.

4. FORMULATION OF D-NURBS

This section formulates our physics-based D-NURBS model. The shape pa-
rameters of geometric NURBS, which were described in Section 3, play the
role of generalized (physical) coordinates in dynamic NURBS. We introduce
time, mass, and deformation energy into the standard NURBS formulation
and employ Lagrangian dynamics to arrive at the system of nonlinear
ordinary differential equations that govern the shape and motion of D-
NURBS.

4.1 Curves

For simplicity, consider first a D-NURBS space curve. The D-NURBS curve
is defined as in (l), but it is also a function of the spatial parameter u and
time t:

‘t= Onp,(t)wi(t)B,,k(u)
C(u, t) =

Zf=oW~(t)Bi,~(U’)“
(3)

The control points pi(t) and weights Wi(t ), which are now fimctions of time,
comprise the generalized coordinates of D-NURBS. To simplify notation, we
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into the following vectors:

. .. P.]’ ,

.. . Wn] ,

p(t) = [p; wo ““”p:zun]’ ,

where denotes transposition. Note that we can express the curve C(u, t) as

C( u, p) in order to emphasize its dependence on the vector of generalized
coordinates p whose components are functions of time. The velocity of the
kinematic spline is

c(u, p)=Jp, (4)

where an overstruck dot denotes a time derivative, and J( u, p) is the Jaco-
bian matrix. Because c is a 3-component vector-valued function, and p is a
4( n + I )-dimensional vector, J is a 3 x 4( n + 1) matrix which is the concate-
nation of the vectors dc/dp, and de/d Wi, i = O, . . . . n. Let us investigate the
contents of J. For i = O, . . . . n, let B,(u, p) be a 3 X 3 diagonal matrix whose
diagonal entries are the rational basis functions

f?c wlBL, h
N,(u, p)=—=

~P, E~OWjBj,k ‘

and let the 3-vector

f?c ~~.O(Pi – PJ)wjB,, hBJ,~
W,(u, p)= — =

Jw,
(z 1

2“

;= ~wjB,, ~

We collect the B, into B and the Wi into W as follows

B(u, P) = [BO ““.B.],

W(u, p) = [W. ““’wn].

The Jacobian matrix may then be written as

J(u, p) = [BOWO “.”B.w.].

Using the foregoing notation, we can express

c = Bp~.

Appendix A shows that

Wpu, = o, (5)
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so that we can express the D-NURBS as the product of the Jacobian matrix
and the generalized coordinate vector:

c(u, p) = Jp. (6)

Another interesting relationship is Jp = O, and it will enable us to simplify
the discretized version of the D-NURBS differential equations and arrive at
an efficient numerical implementation.

4.2 Surfaces

A D-NURBS surface has a similar structure to the curve. Proceeding analo-
gously from (2), we define

E~=~Z~=~p[,j(t) W~,j(t)B~,~(u)Bj,/(u)
S(u, u,t) = (7)

‘T= Oz~=Owi,j(t)B~, ~(u)~j, ~(V) “

Again, the control points and weights comprise the generalized coordinates
and are assembled into vectors p b, p ~, and p. Two subscripts are now
associated with the generalized coordinates, reflecting the surface parame-
ters u and v. For concreteness, we order the components in these vectors
such that the second subscript varies faster than the first, although this
convention does not affect the derived results.

As before, we can write S(U, u, p) instead of S(U, U, t). By analogy to c in (4)
and (6), we obtain for the D-NURBS surface

s(u, u,p)=Jp, (8)

s(u, u,p)=Jp. (9)

However, the contents of the Jacobian J differ from those in the curve case.
To arrive at an explicit expression for J, let Bi, j(u, u, p), for i = O,..., m, and
j= O,..., n, be a 3 X 3 diagonal matrix whose entries are

6’s
N,,,(u, u,p) = — =

~i, jBi, k(u)Bj,l(u)

‘Pi, j Z:. oX; .owC, dBC,k(u) Bd,l(u) ‘

and let the 3-vector

ds
W1, j(U, U,p) = —

dWi,j
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As before, the Bi,, and w,, ~ are assembled into B and W, respectively. Hence,

J(u, u,p) = [BO, OVVO,O ““.13 m,nwm, n].

Note that J is now a 3 x 4(WZ + l)(n + 1) matrix.

4.3 D-NURBS Equations of Motion

The previous two sections presented D-NURBS curve and surface geometry
in a unified way. D-NURBS physics are based on the work-energy version of
Lagrangian dynamics [Gossick 1967]. In an abstract physical system, let
P,(t) be a set of generalized coordinates. These N functions of time are
assembled into the vector p. Let f,(t) be the generalized applied force that
acts on p,. We assemble the /’, into the vector f ~. We also assume that J is
the concatenation of N vectors j,.

To proceed with the Lagrangian formulation, we will define kinetic energy
T, potential energy U, and Raleigh dissipation energy F which are functions
of the generalized coordinates and their derivatives. The Lagrangian equa-
tions of motion are then expressed as

d aT aT dF (?U
—+—

z dp, – dp,
-t— ‘L. (10)

dp, dp,

Variants of this equation have served as the basis for deformable model
formulations [Terzopoulos and Fleischer 1988]. Using (10), we can take an
arbitrary geometric model, such as a NURBS, introduce appropriate kinetic,
potential, and dissipation energies, and systematically formulate a physics-
based dynamic generalization of the model [Metaxas and Terzopoulos 1992].

In the sequel, we will discuss only D-NURBS surfaces (we can consider
D-NURBS curves as a special case with a simpler expression in fewer
variables). To define energies and derive the D-NURBS equations of motion,
let P( u, u) be the mass density function defined over the parametric domain
of the surface. The kinetic energy of the surface is

T = ;j_jps” sdudv = ;p’ Mp, (11)

where (using (9)),

M(p) = ~jpJT Jdudu (12)

is an N X N mass matrix. Similarly, let Y( u, u) be the damping density
function. The dissipation energy is

F = ;/jysT &dudv = ;pT Dp, (13)
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where

D(p) = /~yJ T J du du (14)

is the damping matrix.
For the elastic potential energy of D-NURBS, we can adopt the thin-plate-

under-tensicm energy model [Terzopoulos 1986], which was also used in
Celniker and Gossard [1991] and Welch and Witkin [1992] (other energies
are possible, including the nonquadratic, curvature-based energies of More-
ton and Sequin [1992] and Terzopoulos and Fleischer [ 19881):

1 dsT as ds’ 3s
u=-//(

d2sT C?2S
~1,1 —— + ff2,2 ——+/31, L——

2 au du 6’V dv 8U2 C?U2

C?zsT dzs C32STdzs
+P1,2 ——+P2,27—

)

dudv = ;p’ Kp. (15)
dudv dual) 13V2

The a,, ~(u, v ) and Pi, j( u, v ) are elasticity functions which control local ten-
sion and rigidity, respectively, in the two parametric coordinate directions.z
In view of (8), the N X N stiffness matrix is

K(p) = ~/(al,lJUT JU + a2,2JUTJU + ~l,lJUTUJUU

+D1,2JUTOJUU+ F2,2JuTuJuu )dudv, (16)

where the subscripts on J denote parametric partial derivatives.
In Appendix B, we show that by applying (10), the D-NURBS equations of

motion are given by

Mp+Dp+Kp=fP– Ip, (17)

where the generalized force vector, obtained through the principle of virtual
work [Gossick 1967] done by the applied force distribution f(u, v, t), is

fP(p)=//JT f(u, v,t)dudv, (18)

and where

I(p) = /~~J T J du dv .

5. FORCES AND CONSTRAINTS

We have derived the Lagrangian equations of motion for D-NURBS. When
working with D-NURBS, a modeler may impose design requirements in

2In the case of the D-NURBS curve, there are only two terms and two weighting functions in the
potential-energyform becauseof the singlespatialparametersU:U = ~Id u)( dc T/du)( ac/du )
+~(u)(d2c T/au2)(d2c/du2)du.
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terms
apply

of energies, forces, and constraints. For instance, the modeler may
time-varying forces to sculpt shapes interactively or to optimally

approximate data. Certain aesthetic constraints such as “fairness” are ex-
pressible in terms of elastic energies that give rise to specific stiffness
matrices K. By building the physics-based D-NURBS generalization upon the
standard NURBS geometry, we allow the modeler to continue to use the
whole spectrum of advanced geometric design tools that have become preva-
lent, among them, the imposition of geometric constraints that the final
shape must satisfy. For example, if the shapes of certain cross-sectional
curves in a NURBS surface must be circular arcs, the control points associ-
ated with these curves must be constrained geometrically to admit only
circular arcs. Other constraints include the specification of positions of sur-
face points, the specification of surface normals at surface points, and conti-
nuity requirements between adjacent surface patches or curve arcs.

5.1 Applied Forces

In the D-NURBS design scenario, sculpting tools may be implemented as
applied forces. The force ff u, u, t) in the D-NURBS equation of motion repre-
sents the net effect of all applied forces. Typical force functions are spring
forces, repulsion forces, gravitational forces, inflation forces, etc. [Celniker
and Welch 1992; Szeliski and Tonnesen 1992; Terzopoulos and Fleischer
1988].

For example, consider connecting a material point ( u,, VO) of a D-NURBS
surface to a point dO in space with an ideal Hookean spring of stiffness k.
The net applied spring force is

f(u, v,t) =//k(dO–s(u, @)tXu –Uo, u – Uo)chzdu, ( 19)

where 6 is the unit delta function. Equation (19) implies that ff UO,UO,t ) =
k(do – S(uo, Uo, t)) and vanishes elsewhere on the surface, but we can gener-
alize it by replacing the 8 function with a smooth kernel (e.g., a unit
Gaussian) to spread the applied force over a greater portion of the surface.
Furthermore, the points ( UO,VO) and dO need not be constant, in general. We
can control either or both using a mouse to obtain an interactive spring force.

5.2 Linear Constraints

Linear geometric constraints such as point, curve, and surface normal con-
straints are often useful [Celniker and Welch 1992]. To incorporate linear
geometric constraints into D-NURBS, we reduce the matrices and vectors in
(17) to a minimal unconstrained set of generalized coordinates. Linear con-
straints are generally expressible as follows:

C(p) =Ap+b=O, (20)

where A is a matrix of coefficients. If (20) is an underdetermined linear
system, we can eliminate variables to express the generalized coordinate
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vector p as

P= Gq+qO, (21)

where q is a new generalized coordinate vector with M < N components qj.
Here, G is an N X M matrix, which may be computed through Gaussian
elimination or other means, and q. is a constant vector.

The lower-dimensional generalized coordinate vector q replaces p in the
linearly constrained D-NURBS model. To derive the equations of motion with
constraints, we combine (8) and (9) with (21) as follows:

s(u, u,q) =J(Gq+ qO) =Lq+Jqo

Nu, u,q) = J(Gq + pO) = JGq = Lq,

where

L=JG

is the new Jacobian matrix ofs with respect to q. Note that L consists of M
vectors lj = ds/dqj, for j = 1, ..., M. Hence, the energy expressions become

F = :qT G’ DGq

U = :(q’ G’ +qO)K(Gq + qO).

We also define the M x M mass, damping, and stiffness matrices of the
constrained D-NURBS:

M~ = G’ MG

D, = GTDG

K~ = G’KG.

In Appendix C we prove several identities that yield the following equations
of motion for D-NURBS with linear constraints:

M~q + D~q + K~q = f~ + g~ – Igq, (22)

where the generalized forces are

and where

gq = –GTKqO,

1, = G’ IG.

(23)
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Although (22) looks more complicated than (17), its implementation is
surprisingly straightforward in view of the sparseness of G and the reduced
size of q.

5.3 Nonlinear Constraints

It is possible to impose nonlinear geometric (equality) constraints

c(p) = o, (24)

on D-NURBS through Lagrange multiplier techniques [Strang 1986]. This
approach increases the number of degrees of freedom, hence the computa-
tional cost, by adding unknowns Ai—also known as Lagrange multipliers—
which determine the magnitudes of the constraint forces. The method is
applied to the B-spline model in Celniker and Welch [ 1992] and Welch and
Witkin [1992]. The augmented Lagrangian method [Minoux 1986] combines
the Lagrange multipliers with the simpler penalty method [Platt and Barr
1988].

One of the best-known techniques for applying constraints to dynamic
models is the Baumgarte stabilization method [Baumgarte 1972] which
solves constrained equations of motion through linear feedback control (see
also Metaxas and Terzopoulos [ 1992] and Platt [ 1992]). We augment (17) as
follows:

Mp+Dp+Kp =fP– Ip– C;k, (25)

where – C; k are generalized forces stemming from the holonomic constraint
equations. The term C ~ is the transpose of the constraint Jacobian matrix,
and A= (Al,..., A.) - is a vector of Lagrange multipliers that must be
determined. We can obtain the same number of equations as unknowns, by
differentiating (24) twice with respect to time: C(p) = O. Baumgarte’s method
replaces these additional equations with equations that have similar solu-
tions, but which are asymptotically stable, e.g., the damped second-order
differential equations C + 2 aC + b 2C = O, where a and b are stabilization
factors. For a given value of a, we can choose b = a to obtain the critically
damped solution C(p, O)e “” t which has the quickest asymptotic decay toward
constraint satisfaction (24). Taking the second time derivative of (24) and
rearranging terms yields

Cpp = –c – (Cpp)pp – 2cpp = u. (26)

We arrive at the following system of equations for the unknown constrained
generalized accelerations and Lagrange multipliers:

(27)
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Thie system can be solved for p an 1 h using standard direct or iterative
techniques (or in the least-squares sense when it is overdetermined by
conflicting constraints).

5.4 Constraining the Weights

The components of p~ may take arbitrary finite values in !R, but this is not
the case for the weights pW. Negative components of p. may cause the
denominator to vanish at some evaluation points, causing the matrices to
diverge. Although not forbidden, negative weights are not useful. We include
constraints in our D-NURBS which enforce positivity of weight values. Such a
constraint is easily implemented by establishing a positive lower bound on
the weight values and enforcing it in the numerical solution using a projec-
tion method.

Another potential difficulty is that smaller values of pW tend to flatten the
surface in the vicinity of the control points, which lowers the deformation
energy. Consequently, the pW will tend to move toward zero. To counteract
this tendency, we can associate with the potential energy the penalty term

C(pw –pj)T(Pw – P:)

in which p~ are desired weights and c is a scaling factor.
We have implemented both techniques. Experiments indicate that the

projection scheme works very well. Thus, we do not make use of the penalty
scheme in our current modeling system. It may be useful, however, if the
modeler wants to constrain the weights to assume values near certain target
values p:.

6. NUMERICAL IMPLEMENTATION

The evolution of the D-NURBS generalized coordinates is determined by the
second-order nonlinear differential equations (17) or (22), with time-varying
mass, damping, and stiffness matrices. We cannot obtain an analytical solu-
tion in general. An efficient numerical implementation of D-NURBS is possi-
ble, however, through the use of techniques from finite-element analysis
[Kardestuncer 1987].

Standard finite-element codes assemble individual element matrices into
the global matrices that appear in the discrete equations of motion [Kardes-
tuncer 1987; Zienkiewicz 1977]. Despite the fact that the global matrices are
stored using efficient sparse matrix storage schemes (which maintain only
the entries needed for matrix factorization), matrix assembly and matrix-vec-
tor multiplications quickly become too costly, particularly for D-NURBS
surfaces with high-dimensional p.

In our implementation, we use an iterative matrix solver that enables us to
avoid the costs of assembling the global M, D, and K matrices associated with
the whole D-NURBS curve or surface. Rather, we work with the individual
D-NURBS element matrices. We construct finite-element data structures
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that contain the information needed to compute all of the element
independently and in parallel.

6.1 Data Structures for D-NURBS Finite Elements

. 117

matrices

We consider a D-NURBS cuwe arc or surface patch defined by consecutive
knots in the parametric domain to be a type of finite element. We define an
element data structure which contains the geometric specification of the
D-NURBS element along with its physical properties. A complete D-NURBS
curve or surface is then implemented as a data structure which consists of an
ordered array of D-NURBS cuwe or surface elements with additional infor-
mation.

The element structure includes pointers to the associated generalized
coordinates (control points and weights). For instance, 9 control points and
associated weights are needed to describe a patch of a quadratic D-NURBS
surface (the total number of degrees of freedom is 36). The generalized
coordinates associated with the entire D-NURBS cuwe or surface are stored
in the global vector p. Note that neighboring elements will share some
generalized coordinates. The shared variables will have multiple pointers
impinging on them.

We also allocate in each D-NURBS element an elemental mass, damping,
and stiffness matrix, and include in the element data structure the quantities
needed to compute these matrices. These quantities include the mass W(u, u),
damping y( u, u), and elasticity ai,( u, u), fii, j(u, u) density functions, which
may be represented as analytic functions or as parametric arrays of sample
values.

6.2 Calculation of Element Matrices

We evaluate the integral expressions for the matrices (12), (14), and (16)
numerically using Gaussian quadrature [Press et al. 1986]. We shall explain
the computation of the element stiffness matrix; the computation of the mass
and damping matrices foIlow suit. Assuming the element’s parametric do-
main is [ U., u 11 x [ U., u~], the expression for entry k,, of the stiffness matrix
of a D-NURBS surface element takes the integral form

k,j = /“’~”’fij( u,u)dudu,
u() u ~

where, according to (16),

f?j,~ f)jj dj,T djj
f;,,(u, v) = al,,(u, u)---~ + a2,2(u, u)—

du x
~ 2j ,T

d 2j, ~2j,T
d 2 jj

+ @l,l(u, u)— —
du2 du2

+ /31,2(W)mG

J2j,T ~ 2jj

+ B2,2W)777J.

(28)
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Here, the j, are the columns of the Jacobian matrix for the D-NURBS surface
element.

We apply Gaussian quadrature to compute the above integral approxi-
mately. The integral is obtained by applying Gaussian quadrature on the ID
interval twice. Given integer Ng and N~, we can find Gauss weights a~, b~
and abscissas Ug, u* in two directions of the parametric domain such that k, j
can be approximated by ([Press et al. 19861)

kij = ~ ~ agb~fij(ug,u,).
g=l~=l

We apply the de Boor [ 1972] algorithm to evaluate fij(ug, v~).3
Generally speaking, for integrands that are polynomial of degree 2 N – 1 or

less, Gaussian quadrature evaluates the integral exactly with N weights and
abscissas. For D-NURBS, fi j is not polynomial unless the model is reduced to
a B-spline. In our system, we choose N~ and N~ to be integers between 4 and
7. Our experiments reveal that matrices computed in this way lead to stable,
convergent solutions.

6.3 Discrete Dynamics Equations

In order to integrate the D-NURBS ordinary differential equations of motion
(17) in an interactive modeling environment, it is important to provide the
modeler or designer with visual feedback about the evolving state of the
dynamic model. Rather than using costly time integration methods that take
the largest possible time steps, it is more crucial to provide a smooth
animation by maintaining the continuity of the dynamics from one step to the
next. Hence, less costly yet stable time integration methods that take modest
time steps are desirable.

The matricee M, D, and K (and M~, D~, and K~ ) are symmetric, sparse,
and banded. Several algorithms are available for the numerical integration of
the D-NURBS ordinary differential equations of motion. The suitability of
implicit or explicit integration algorithms is dependent on the bandwidth of
the matrices, as determined by the dimensionality of the parametric space
and the order of the NURBS basis functions. The matrices for a D-NURBS
curve have a single band which has a half-bandwidth of 4k, where k is the
order of the NURBS basis. For D-NURBS surfacee, the matrices become block
banded, with each block containing n bands similar to those of dynamic
curves, where n depends on the order of the NURBS basis in the opposite
parametric direction.

3The entries of the D-NURBS curve element stiffness matrix are k,j = JJ;fi j( u) &, where

fij(u) = ff(u~~j~/au)(d,/du) + B(u~d2j~/du2~32jj/$u2). Given integer Ng, we can find
GaussquadratureabscissasUg and weights ag such that k,, can be approximatedas follows:
k 11 = X% ~ag fi,(ug ).
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We integrate the differential equations (17) through time by discretizing
the derivative of p over time steps At. The state of the D-NURBS at time
t + At is integrated using prior states at time t and t – At.Depending on the
choice of physical parameters, (17) may be a stiff system, We use an implicit
time integration method in order to maintain the stability of the integration
scheme, The implicit method employs discrete derivatives of p using back-
ward differences

P
(t+.it)_

P
(t-At)

.(t+Af)_
P–

2At “

Making use of the fact that Jp = O, we obtain the time integration formula

(4M + 2At D + 4At2K)p(’+ J’) = 4At2fP + 8Mp(~) – (3M – 2 At D)p{’-~t)

+ J)pJTsdudu, (29)

where the superscripts denote evaluation of the quantities at the indicated
times, and where the remaining quantities are evaluated at time t + At.For
example, we can extrapolate the mass matrix using the formula

and likewise for the other matrices and vectors in (29). The simpler, constant
extrapolations M( ~+‘t ) = M(t), etc. ([Kardestuncer 1987, Section 8.6]) also
work satisfactorily.

In the interest of efficiency, we do not factorize the matrix expression on
the left-hand side of (29) in order to solve for p( t+‘c’. Instead, we employ the
conjugate gradient method to obtain an iterative solution [Press et al. 1986;
Strang 1986]. To achieve interactive simulation rates, we limit the number of
conjugate gradient iterations per time step to 10. We have observed that 2
iterations typically sufice to converge to a residual of less than 10-3. More
than 2 iterations tend to be necessary when the physical parameters (mass,
damping, tension, stiffness, applied forces) are changed dramatically during
interactive sculpting.

Note that when physical parameter values are chosen such that the
equations (17) are not stiff, it is much cheaper to employ an explicit time
integration method using forward differences. Appendix D discusses the
forward-difference approach. Note that the explicit method requires values
for the matrices only at time t;hence (30) is not needed.

For the D-NURBS curve, we simply replace c with sin (29), and everything
proceeds as in the case of surfaces.
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In the case of D-NURBS with linear constraints, we discretize the deriva-
tives of q (rather than p). Analogous to (29), the discrete version of (22) is

(4Mq + 2 MD, + 4&’K,)q(’+~’~

= 4At2(f~ + g~) + 8M~q(r) – (3M~ – 2 AtD~)q(~-i~)

– G’ MqO +
//

/.LLTsdu dv. (31)

Since there are fewer degrees of freedom in q than in p, faster numerical
implementation of constrained D-NURBS is possible, provided the constraint
matrix G is sparse. Note that since the conjugate gradient algorithm requires
only gradient vectors, we need not compute M~, D~ and K ~ explicitly. The
only extra cost is the computation of Gq and the multiplication of G with
several vectors in (31).

For nonlinear constraints, at each time step we can apply the conjugate
gradient algorithm to solve (27) for the Lagrange multipliers L and the
constrained generalized accelerations p (given known p and p). We then
integrate p and p from t to t + At to obtain the constrained generalized
velocities p and coordinates p (e.g., using the simple Euler method P( t+~~)=
. (~) + Atp(~); ~(~+~~) = p(~) + Atp(t+~~)).P

6.4 Simplifications

The above implementation strategy permits real-time simulation of the gen-
eral D-NURBS model on midrange graphics workstations. Lengthy curves
can be simulated at interactive rates, as can quadratic and cubic surfaces on
the order of 10 x 10 control points. It is possible to make simplifications that
further reduce the computational expense of (29) and (31), making it practical
to work with large D-NURBS surfaces.

First, it is seldom necessary to simulate the fully general D-NURBS model
throughout an entire sculpting session. Once we freeze the values of the
weights pW, all of the matrices in (17) and (22) are constant, and their entries
need no longer be recomputed at each time step. With this restricted rational
generalization of the B-splines, interactive rates are readily obtained for
much larger surfaces with up to an order of magnitude more degrees of
freedom. Note that D-NURBS reduce to dynamic B-splines if all components
of the frozen vector p. are also equal to 1.

Second, a full implementation of (17) is appropriate if the models must
respond with realistic dynamics. However, in certain CAGD and surface-
fitting applications where the modeler is interested only in the final equilib-
rium configuration of the model, it makes sense to simplify (17) by setting the
mass density function P( u, u) to zero, so that the inertial terms vanish. This
economizes on storage and makes the algorithm more efficient. With zero
mass density, (17) reduces to

Dp+Kp=fP, (32)
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while (22) reduces to

D~q+Kqq=f~+ h,. (33)

Discretizing the derivatives of p and q in (32) and (33) with backward
differences, we obtain the integration formulas

(D + At K)p(’+3’

and

(D~ + AtIi*)q(f+AfJ=

respectively.

7, MODELING ENVIRONMENT AND APPLICATIONS

This section describes our D-NURBS modeling environment and presents
several applications of D-NURBS relating to trimming, solid rounding, opti-
mal curve and surface fitting, cross-sectional design of shapes, free-form
deformation, and shape metamorphosis.

7.1 Interactive Modeling Environment

We have developed a prototype modeling environment based on the D-NURBS
model. The system is written in C and it currently runs under Iris Explorer
on Silicon Graphics workstations. Our parallelized iterative numerical algo-
rithm takes advantage of a 4D/340VGX multiprocessor. To date, our D-
NURBS modules implement 3D curve and surface objects with basis function
orders of 2, 3, or 4 (i.e., from linear to cubic D-NURBS) with linear geometric
constraints. They may be combined with existing Explorer modules for data
input and object rendering.

Using our system, designers can sculpt shapes in conventional geometric
ways, such as by sketching control polygons, repositioning control points, and
adjusting associated weights. They can also satisfy design requirements by
adjusting the D-NURBS internal physical parameters, various applied-force
terms, and constraints. Physical parameters such as the mass, damping, and
stiffness densities, and force gain factors are interactively adjustable through
Explorer control panels.4

Our D-NURBS system also implements, as special cases, rational B-splines
(fixed-weights values) and ordinary B-splines (unit weights); hence it encom-

“At present, our software assumes uniform mass, damping, and elasticity densities over the
parametric domain, except across trimming boundaries (see Section 7.2), This is straightfor-
wardly generalizable to accommodate the nonuniform density functions in our formulation,
although our user interface would have h be extended to afford the user ful I control in specifying
these functions.
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passes three related free-form modeling schemes into one unified physics-
based implementation. The following sections describe several applications.

7.2 Trimming Curves and Surfaces

The physical basis of the D-NURBS mode} and our numerical quadrature
approach to computing the mass, damping, and stiffness matrices (Section
6.2) suggests a straightforward technique for trimming D-NURBS curves and
surfaces. Surfaces may be trimmed with arbitrary curves defined in the
parametric domain, including D-NURBS curves. The trimming of D-NURBS
is directly analogous to the trimming of excess material from real-world
deformable wires and sheets.

Consider a D-NURBS patch that is intersected by a trimming curve. The
values of material properties-mass, damping, elasticity densities—over the
portion of the patch that extends outside the trimming curve should not affect
the dynamics of the trimmed model and are set to zero. The Gauss quadra-
ture proceeds normally, but abscissas that sample zero physical parameters
make no contribution to the summation. Of course, a patch may be disre-
garded if it falls completely outside the trimming boundary. Note that the
integrands are discontinuous at the boundary due to the sudden transition of
the physical parameter values. While this does not destroy the correctness of
Gauss quadrature, we can expect reduced accuracy since the integrand is not
smooth. There is no easy way around this potential problem for arbitrary
boundary curves, other than to use Monte Carlo integration and pay the
penalty of slow asymptotic convergence [Press et al. 1986]. Fortunately, in
practice, the D-NURBS model appears tolerant of the reduced integration
accuracy in boundary elements.

Figure 1 illustrates the trimming of D-NURBS surfaces using D-NURBS
trimming curves in the parametric domain. Figure l(a) shows the creation of
a triangular surface with three linear curves each with 4 control points.
Figure l(b) shows a trimmed annular surface defined by two circular trim-
ming curves each with 25 control points. Snapshots are shown of the trimmed
surfaces undergoing dynamic deformations in response to applied forces.

7.3 Solid Rounding

The rounding of solids is a common operation for the design of mechanical
parts. A goal of this operation is to construct a fillet surface that smooths by
interpolating between two or more surfaces. In geometric modeling, this is
usually done by enforcing parametric or geometric continuity requirements
on the fillet.

D-NURBS provide a natural solution to the solid-rounding problem. In
contrast to the geometric approach, the D-NURBS can produce a smooth fillet
with the proper continuity requirements by minimizing its internal deforma-
tion energy. Additional position and normal constraints may be imposed
across the boundary of the surface. The dynamic simulation automatically
produces the desired final shape.

Figure 2 demonstrates edge rounding using D-NURBS surfaces. In Figure
2(al), we round an edge at the intersection of two planar faces. The faces are
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Fig. 1. Trimming D-NURBS surfaces: (a) triangular D-NURBS surface; (b) annular D-NURBS
surface. (al) Patch outlines and control points (white) with linear trimming curves. (a2) Interac-
tive dynamic deformation of trimmed triangular surface. (bl) Patch outlines and control points
with concentric trimming curves. (b2) Interactive dynamic deformation of annular surface.

formed using quadratic D-NURBS patches with 8 x 5 control points. Multiple
control points are used to produce the sharp corner. We free the control points
near the corner and fix the remaining control points at the far boundaries to
impose position and surface normal constraints. After initiating the physical
simulation, the D-NURBS round the corner as it achieves the minimal energy
equilibrium state shown in Figure 2(a2).

Figure 2Cbll  illustrates the rounding of a trihedral corner of a cube. The
corner is represented using a quadratic D-NURBS surface with 6 x 5 control
points. The corner is rounded with position and normal constraints along the
far boundaries of the faces (Figure 2(b2)).

The above rounding technique is easily extensible to any number of sur-
faces meeting at arbitrary angles. To round a complete solid, we can apply
the technique to all of its edges, corners, etc.

7.4 Optimal Surface Fitting

D-NURBS are applicable to the optimal fitting of regular or scattered data
[Schumaker 19761. The most general and often most useful case occurs with
scattered data, when there are fewer or more data points than unknowns-i.e.,
when the solution is underdetermined or overdetermined by the data. In this
case, D-NURBS can yield “optimal” solutions by minimizing the thin-plate-
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(bl) .b2)

Fig. 2. Solid  rounding:  (a) rounding an edge  between polyhedral  faces; (b) rounding a trihedral
vertex.  (al) Initial configuration of control  points and patches.  (a2) Rounded D-NURBS  surface  in
static  equilibrium, (bl) Initial configuration of control  points  and patches.  (b2)  Rounded  D-NURBS
surface.  In both examples, the control  points along edges  have  multiplicity 2.

under-tension deformation energy [ Szeliski  and Terzopoulos 1989; Terzopou-
10s 19861.  The surfaces are optimal in the sense  that they provide  the
smoothest  curve or surface (as measured by the deformation energy) which
interpolates or approximates the data.

The data point  interpolation problem amounts to a linear constraint prob-
lem when the weights p, are fixed,  and it is amenable to the constraint
techniques presented in Section  5.2. The optimal approximation problem can
be approached in physical terms, by coupling the D-NURBS to the data
through Hookean spring forces  (19). We interpret d, in (19)  as the data  point
(generally in YI 3, and (u,, , u,) as the D-NURBS parametric coordinates
associated  with the data  point  (which may be the nearest material point  to
the data point).  The spring constant c determines the closeness of fit to the
data point.5

We present  three  examples of surface fitting using D-NURBS coupled  to
data  points  through spring forces.  Figure 3(a)  shows  19 data points  sampled

%oss-validation  [Wahba 1990] provides  a principled approach to choosing the relevant physical
parameters-typically  the ratio of data force  spring constants to surface  stiffnesses-for  given
data  sets. For  the special case of zero  mean Gaussian data  errors,  optimal approximation in the
least-squares residual sense  results when c is proportional to the inverse  variance of data errors
[Terzopoulos  19861.
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(cl)

(aa (b2) (c2)
Fig.  3. Optimal surface  fitting:  D-NURBS  surfaces  fit to sampled data  from  (a) a hemisphere,
(b) a convex/concave  surface,  Cc)  a sinusoidal surface.  (a-cl)  D-NURBS  patch  outline with
control  points  (white)  and data points  (red)  shown.  (a-c2)  D-NURBS  surface  at equilibrium fitted
to scattered  data points.  Red line segments  in (~2)  represent  springs with  fixed  attachment
points  on surface.

from a hemisphere  and their interpolation with a quadratic D-NURBS sur-
face with 49 control  points.  Figure 3(b) shows  19 data points  and the
reconstruction of the implied  convex/concave surface  by a quadratic D-
NURBS with 49 control  points.  The spring forces  associated  with the data
points  are applied  to the nearest points  on the surface.  In Figure 3(c) we
reconstruct a wave  shape  from 25 sample  points  using springs with fixed
attachments to a quadratic D-NURBS surface  with 25 control  points.

7.5 Cross-Sectional  Design

Cross-sectional design  is a common approach  to shaping surfaces  and solids
using cross-sectional curves.  Our modeling system  provides  the modeler with
D-NURBS  generator curves along with the most useful  surface  generator
operators-sweeping  and swinging [Piegl  1991]-for  generating common
surfaces  such as extruded surfaces, natural  quadrics, general  quadrics, ruled
surfaces,  and surfaces  of revolution.  In our current implementation, the
modeler  can indirectly sculpt the composite  surfaces by direct  dynamic
manipulation of the D-NURBS generator curves subject  to constraints.  Geo-
metric constraints  such as positions  and normals may be associated  with
D-NURBS curves,

We present  three  examples  in the cross-sectional design  of surfaces.  First,
Figure  4 shows  a generalized cylinder with 30 control  points  created  by
sweeping a green  closed  curve  with 6 control  points  along  the red curve  with
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Fig. 4. Interactive  deformation  of generalized cylinder.  (a) Patch  outline of generalized cylinder
created  from  two D-NURBS  generating curves  (control  points  shown)  using sweep  operation.
(b-d)  Interactive  dynamic deformation  of either generating curve  causes global deformation  of
generalized cylinder.

5 control  points  (Figure 4(a)).  The generalized cylinder is interactively sculpted
into various shapes by applying spring forces on the green  and red cubic
D-NURBS  curves (Figure 4(b-d)),  Second,  F’igure 5 shows  a torus  with 49
control  points  generated by swinging the green curve  over the red curve
(Figure 5(a)).  Both  generators are closed  cubic D-NURBS curves with 7
control  points.  In Figure 5(b-d),  the torus  is deformed  interactively by
applying a spring force. Third, Figure 6 shows  a 35 control point  “wine glass”
shape  obtained by sweeping the green  generator curve on the red generator
curve  in Figure 6(a). The red closed D-NURBS curve has 7 control  points,  and
the green  open D-NURBS curve  has 5 control points.  The glass is interac-
tively  sculpted  into  different  swept  shapes  using spring forces  (Figure 6(b-d)).

7.6 Shape  Metamorphosis
Metamorphosis is the blending of one shape  into another.  Work on 3D shape
blending includes Chen and Parent [1989]  and Kaul and Rossignac [1991].
The blending of 2D shapes  has widespread application in illustration, anima-
tion,  etc., and simple (e.g.,  linear) interpolation techniques usually produce
unsatisfactory results  [Sederberg et al. 19931.  Shinagawa and Kunii [1991]
propose  a method which interpolates differential properties  of the 2D shape
using the elastic  surfaces of Terzopoulos and Fleischer [ 19881 and Terzopou-
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Fig. 5. Interactive  deformation of torus. (a) Two D-NURBS  generating  curves with control
points shown and patch outline of torus generated  by swing operation. (b d) Interactive  dynamic
deformation of either generating  curve  causes global deformation of torus.

10s et al. [19871. Motivated  by their  approach,  we propose  a new technique
which  exploits  the properties  of D-NURBS surfaces.  D-NURBS provide  mini-
mal-energy  blends  which  are more general  than  linear interpolants  and
which  may be controlled  through  various additional  constraints specific  to the
NURBS geometry.  For example,  since  NURBS can represent  tonics, we can
exploit  their  ability  to generate  helical  surfaces  in order to represent rota-
tional  components  of shape  metamorphoses.

Our technique  interpolates  a D-NURBS generalized cylinder between  two
or more planar  shapes  with known  correspondence. The interpolant  is a
constrained  skinned  surface  between  the two end curves.  We interpret  the
parametric  coordinate  along  the length of the surface,  say u, as the (tem-
poral)  shape-blending parameter.  The u coordinates  of the control  points  are
fixed, while  the u coordinates  are subject to the D-NURBS  deformation
energy  and additional  constraints.  We obtain  intermediate shapes  by evaluat-
ing cylinder cross  sections  at arbitrary values  of u.

Some examples  will help  to explain  our technique in more detail.  Figure  7
shows minimal-energy D-NURBS surfaces  with 3 x 6 control  points  (3 con-
trol points  along  u) interpolating between  two closed  elliptical  curves.  Figure
7(b)  shows  a linear generalized  cylinder obtained  with high surface  tension  in

. .
the L( direction:  crl., = 1000  and ~yz.z = /3,,i = 0. Note  that  the morphing
ellipse  shrinks as it rotates,  a typical  artifact of linear  interpolation  [Seder-
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Fig. 6. Creation  and deformation of “wine glass.” (a) Two  D-NURBS  generating curves  with
control  points and patch  outlines of glass formed  by swing  operation.  (b-d) Deformation of glass
caused  by interactive  dynamic deformation  of D-NURBS  generators.

berg et al. 19931.  The rotational  component can be preserved,  however,  by
imposing a geometric constraint on the D-NURBS which creates  a helical
surface  in the u direction of the cylinder, as shown in Figure 7(c).  Here  the
only nonzero deformation energy parameter is the rigidity pi. 1 = 1000.  Note
that the interpolating surface  now bulges  outside  the convex hull  between the
two ellipses.  As a consequence the interpolated ellipses  rotate  instead of
shrinking (Figure 7(d)). In general, we can obtain  a family of blending
surfaces  between  these  two extremes by using intermediate values  of tension
q 1 and rkWty 4, 1 Parameters.  Figure 8 illustrates the morphing between
two planar polygonal shapes.  The D-NURBS interpolant is a 3 x 7 surface.
The parts of this figure  are similar to those  of the previous one.

7.7 Free-Form  Deformation

Bezier  introduced the idea  of globally deforming a shape  through an !H n ---f !li n
mapping implemented as a free-form (tensor product) spline.  The shape  is
embedded  in the spline  and deformed by manipulating the spline’s  control
points.  Sederberg and Parry [1986]  popularized  this concept of free-form
deformation  (FFD) in the graphics literature.

We can arrive  at a physics-based version of the FFD in which the object  to
be deformed  is embedded  in the D-NURBS “material”  and deforms  along with
the deforming D-NURBS.  The physics-based deformation is similar in moti-
ACM  Transactions  on Graphics,  Vol. 13, No.  2, April  1994.



Fig. 7. Metamorphosis between two planar elliptical curves using D-NURBS  interpolating
surface.  (a) Control  points and patch outline of cylindrical surface terminated  by the two planar
curves.  (b) Linear interpolating  surface.  (c) Constrained nonlinear interpolating  surface combines
rigid  rotation with nonrigid deformation. (d) An intermediate  morphed curve  obtained as cross
section of surface in cc).

vation  to the one devised  in Chadwick et al. [1989],  but it offers  fully
continuous  dynamics by virtue  of the continuous nature  of D-NURBS.  In
particular,  we can apply  forces  at arbitrary points  in the D-NURBS  space  to
control  the deformation  directly (rather than  through indirect  manipulation
via control  points).

8. CONCLUSION

We have developed  dynamic NURBS,  a physics-based generalization of the
well-known  geometric NURBS curves and surfaces.  D-NURBS were derived
systematically through  the application  of Lagrangian mechanics and imple-
mented  using  concepts  from finite-element analysis  and efficient  numerical
methods.  We generalized  our D-NURBS formulation to incorporate  geometric
constraints.  The formulation  extends  naturally to solids,  albeit  at proportion-
ately  greater computational cost.

We described  a prototype  interactive  modeling system  based  on D-NURBS
and demonstrated the flexibility  of our models  in a variety  of applications.
When  working with D-NURBS,  a designer need not manipulate  the individ-
ual degrees  of freedom  of an object.  Instead,  the designer  can work with
sculpting tools that  are implemented in terms  of forces  and geometric con-
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Fig. 8. Metamorphosis between  two planar polygonal curves  using D-NURBS  interpolating
surface.  (a) Control  points  and patch  outlines of cylindrical surface terminated by the two planar
curves.  (b)  Linear interpolating surface.  (c) Constrained nonlinear interpolating surface  combines
rigid  rotation  with  nonrigid  deformation.  (d) An intermediate  morphed  curve  obtained as cross
section  of surface  in (c).

straints.  Sculpting forces  may be applied  interactively to move  the object or
refine  its shape.  The interactive response of the D-NURBS may be modified
by varying its mass  and damping distributions.  Global  design  requirements
may also be achieved by varying physical  parameters such as elastic energies.

Because  NURBS have been assimilated into  such industry standards  such
as IGES,  PHIGS+  , and OpenGL,  our dynamic NURBS model  promises  to
forge  stronger links between  established  CAGD  methodologies  and new
techniques in physics-based modeling.

APPENDIX

A. Position  Equation

Clearly,

Jp = BP, + WP.,

and

dp, u) = Bp,.
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To prove (6), we must show that (5) holds true. By definition,

(x: ,, 1,; ,,(P, - P/)~, ~,, k(u) B,, k(u)] u’,
Wp,, =

(x
2

,;’ #,B,,, ~( u))

~: ()~; ()~P., – p!)w/w.}Bi, k (u) B,, k(u)

(x .; “w,B,,k(u)]2

Exchanging the summation order and indexes, we have

which proves (5), hence (6).
Moreover, taking the time derivative of (6) yields

c(u, p)= Jp+Jp.

Given (4), it follows that Jp = O.

B, Simplification of Motion Equations

Applying ( 10), the D-NURBS motion equations are

[ m““l-Mp-[”””-p’””l~Mp+Dp+Kp= f,,+ -.:p”gp

(36)

The two vectors involving M on the right side of (36) may be be combined into
a single vector:

[
Mp– ....p”~p...

1
=Ip. (37)

Using the product rule of differentiation, we have M = I + I . For (37) to
hold, -we must have

It is obvious from 11

(38)

that the two sides of (38) are integrals of the two
vectors, respectively. The two vectors in (38) are equal when, for i = 1, . . . . N,

1 d(J ‘ J)
j,’ Jp = ~p’ P. (39)

dp,
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We now prove (39). The right side is represented as R. Based on the
product rule of differentiation and the property of the Jacobian matrix, we
obtain the simpler expression

R=

Furthermore, according
observation that we can
have

to the property of the Jacobian matrix and the
interchange the order of the cross derivatives we

~J
—P= j,.
(lpi

Combining the above two expressions we obtain

R=:j:Jp+:(j,” Jp)T.

Since R is a scalar, (39) is proved.
Next, we derive another mathematical identity:

[

1 i?K

I

T

~PT— P”””. ..— = o.
~P 1

(40)

The left side of (40) is the integral of the summation of the five terms of ( 16).
Each of these five vectors is the zero vector. To see this, note that for
i=l ,..., N, we have

According to the definition of the Jacobian matrix, the left-hand side is j,,
i=l ,. ... N. Thus, we have

dJ
---p = o.

The
u is

order of the second cross derivative with respect to the variables pi and
irrelevant, so we further have

(? ()dJ ‘ dJ
PT —dpi

----- p=o. (41)

Now, (41) is the ith component of the first vector on the left side of (40).
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Similarly, the other four vectors inside the integral operator on the
side of (40) are zero.

C. Simplification of Motion Equations with Linear Constraints

133

left-hand

Applying (10), the D-NURBS motion equations with linear constraints are

[ 1dM ‘
‘~~ + D~Q+Kqq – .. . ;P” —P”’”

Jq,

[

1 r?K 1
T

+
““” jPT -P””” =fq - G’ (Mp + KqO). (42)

W,

To simplify (42) we first show that it reduces to the following

[

1 dM

I

T

GIMp _ . . .
~PT— PW =GTIP.

~q,

Asin Appendix B, M= I+ IT. Hence, (43) is also expressed as

[

1 JM

1

T

GTI’p= . . jPT— P””” ~
~9,

(43)

(44)

Similar to (38), the two sides of (44) are integrals of two vectors, respectively.
Hence, (44) holds if corresponding components of the two vectors are equal,
i.e., for]” = 1, . . . . M,

d(JT J)
l,:JP = :P’

M,
P. (45)

We now prove (45). Denoting the right side as R, we further expand it
using the product rule of differentiation

dJ T
R = :pT

~J
—Jp + ;pTJT—p.
Jql f?qj

Furthermore, according to the property of the Jacobian matrix and the
irrelevance of the order of differentiation, we have

d

[1

(7s‘J . _ . .. — .. .

~(IJ
—P = ~q,

~Pt
p=lJ.

Combining the above two equations, we have

Since R is a scalar, (45) follows.
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The proof of

[

1 dK

1

T

~PT—P ”””. ..— =0
dqj

(46)

parallels that in Appendix B, with qj replacing p, and lj replacing ji.

D. Explicit Time Integration

We discretize the motion equations using the following finite differences in p
(q in the case of geometric constraints):

P
(t+Af) _ Zp(t) + p(~-~~)

..(t) =
P

At=
>

(t)_
.(t)= P P(t-At)
P A+

IAL

We obtain the discrete form of (17) as

( ,- Kp(’))Mp(C+~f] = At’2 f

+ AtDp(~-~t) _

+ 2Mp(f) – At Dp(t)

//
/.LJT s(t-At)dudv. (47)

In this and the following explicit time integration schemes, all the matrices
are evaluated at time t (instead of time t + At as in the implicit schemes).

For D-NURBS surfaces with linear geometric constraints, (22) is dis-
cretized as

M~q(’+3t) = At2(f~ + g~ – ~ )K q(t) + 2M~q(~) – AtD~q(t)

+ AtD~q(6-~t) + GTMq~-~t) –
//

pLT S(t - ‘~)du du. (48)

For the D-NURBS curve, we substitute c with s in (47) and (48). The
discretized forms of the simplified first-order equations of motion (32) and
(33) are

( ,- Kp(t)) + D#’)Dp(t+~O = At f (49)

D~q(t+~t) = At(f~ + h~ – K~q@)) + D~q(O. (50)
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