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The Alphabet Soup of probabilistic models
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Intractable and tractable models
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tractability is a spectrum
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Expressive models without compromises
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a unifying framework for tractable models
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Why tractable inference?

or expressiveness vs tractability
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Why tractable inference?

or expressiveness vs tractability

Probabilistic circuits

a unified framework for tractable probabilistic modeling

Learning circuits

learning their structure and parameters from data

Advanced representations

tracing the boundaries of tractability and connections to other formalisms
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Why tractable inference?

or the inherent trade-off of tractability vs. expressiveness



Why probabilistic inference?

Q1: What is the probability that today is a Monday and
there is a traffic jam on Westwood Blvd.?
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Why probabilistic inference?

Q1: What is the probability that today is a Monday and
there is a traffic jam on Westwood Blvd.?

(2: Which day is most likely to have a traffic jam on my
route to campus?

How to answer several of these probabilistic queries?
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“What is the most likely street to have a traffic jam at 12.00?"
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answering queries...
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“What is the most likely to have a traffic jom at 2"

...hy fitting predictive models!
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“What is the most likely to have a traffic jom at 2"

wibp-fittingpredictivesnadels!
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“What is the most likely to see a traffic jam at 7"

Xt X2 X3 Xx* X5

- gr(my)? e e oo - > e
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Pm, (7] )

aebyfittingpredictive-models!
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“What is the probability of a traffic jam on on ?”

X1 X2 X3 X4 X5

- ql(ml)o ______ > Xg
RS S ()P
\ X4

- O2(m2)?------ > *e

neljfittingnrodictive-medelst
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gk (m)? pm(x)

...hy fitting generative models!
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X1 X2 X3 X* X°

g1(m)? %
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e qz(m)’) Xg
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...e.g. exploratory data analysis
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Why probabilistic inference?

Q1: What is the probability that today is a Monday and
there is a traffic jam on Westwood Blvd.?
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Why probabilistic inference?

Q1: What is the probability that today is a Monday and
there is a traffic jam on Westwood Blvd.?

0:(m) = pm(Day = Mon; Jamwwood = 1)
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Why probabilistic inference?

Q1: What is the probability that today is a Monday and
there is a traffic jam on Westwood Blvd.?

0:(m) = pm(Day = Mon; Jamwwood = 1)

. © 000000000000000000
) marginals
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Why probabilistic inference?

Q2: Which day is most likely to have a traffic jam on my
route to campus?

W
qZ(m) = argmaxy Pm (Day =dn i2route ‘]amStri)
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Why probabilistic inference?

Q2: Which day is most likely to have a traffic jam on my
route to campus?

W
qZ(m) = argmaxy Pm (Day =dn i2route ‘]amStri)

© 000000000000000000

) marginals + MAP + logical events

11559


fineartamerica.com

Tractable Probabilistic Unference

A class of queries Q is tractable on a family of probabilistic models M
iff for any query ¢ 2 Q and model m 2 M
exactly computing 0j(mM) runs in time O (poly(jmj)).
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Tractable Probabilistic Unference

A class of queries Q is tractable on a family of probabilistic models M
iff for any query ¢ 2 Q and model m 2 M
exactly computing /(M) runs in time O(poly(jmyj)).

) often poly will in fact be linear!
) Note: if Ml is compact in the number of random variables X, that is,
jmj 2 O(poly(jX))), then query time is O(poly(jX))).

) Why exactness? Highest guarantee possible!

121159



1. What are classes of queries?
2. Are my favorite models tractable?

3. Are tractable models expressive?

We introduce probabilistic circuits as a unified
framework for tractable probabilistic modeling

13159



tractable bands
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Complete evidence (EVI)

O3: What is the probability that today is a Monday at
12.00 and there is a traffic jam only on Westwood
Blvd.?
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Complete evidence (EVI)

O3: What is the probability that today is a Monday at
12.00 and there is a traffic jam only on Westwood
Blvd.?
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Complete evidence (EVI)

O3: What is the probability that today is a Monday at
12.00 and there is a traffic jam only on Westwood
Blvd.?

..fundamental in maximum likelihood learning ©000000000000000000

Q
MLE = argmax ~,op Pm(X; )
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Generative Adversarial Networks

min max Ex p..c0 109D (X) +E; p log(l1 D (G (2)))

Goodfellow et al., “Generative adversarial nets”, 2014 161159
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min max Ex p..c0 109D (X) +E; p log(l1 D (G (2)))

adversarial training instead of MLE
no tractable EVI

no esﬂicit likelihood!

good sample quality
but lots of samples needed for MC

B unstable training ) mode collapse

Goodfellow et al., “Generative adversarial nets”, 2014 17ns9



tractable bands
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Variational Autoencoders

R
p(X)= p (Xj2)p(2)dz

an explicit likelihood model!

Rezende et al., “Stochastic backprop. and approximate inference in deep generative models”, 2014
Kingma and Welling, “Auto-Encoding Variational Bayes”, 2014 19715
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logp (X)  Ez q @ixy logp (xj2) KL (2] X)jip(2))

an explicit likelihood model!
B ... but computing logp (X) is intractable

) an infinite and uncountable mixture
no tractable EVI
we need to optimize the ELBO...

which is “tricky” [Alemi et al. 2017; Dai
etal. 2019; Ghosh et al. 2019]

20159
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qi(m) = pm(Day= Mon; Jamuwood = 1)

R
*HQHR(®) = pm(eH)dH
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ODUJLQDO TXHU

01 :KDWLVWKHSUREDELOLW\ WBBW WRGD\LV DORQGD\
m——— DQG WKHUH LV BRODROQMBRWZRRG
%OYG "

qi(m) = pm(Day= Mon; Jamuwood = 1)

WUDFWDE)OHW$JEDFWBQ@H:IWLRQDO TXHULHV

&21 Kk 7BM2 i K2 B+ X+QK

. _ bn(q;e)
Pm(dje) = on(8)



7UDFWDEQ VFHOH XQGHU

)DVWDQG HIDFW PDUJLQDOL]DWLRQ RYHU XQVHHQ RU GR QRW |

6WHO]QHUYMHWH® $WWHQG "QIHU 5HSHDW ZLWK 7UDFWDEOH B3UREDEL
.RVVHQ HWVMMXFWXUHG 2EMHFW $ZDUH 3K\VLFV 3UHGLFWLRQ IRU 9LGH
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px () = pz(f 1(x)) det 1=

DQH[SOLFLWOLNHOLKRRG

B SOXVVWUXFWXUHG -DFRELDQV
WUDFWDEOH (9" TXHULHV

0$5LVJIJHQHUDOO\LQWUDFWDEOH
ZHFDQQRW HDVLO\ LQWHJUDWH RYHU
XQOMHYV VLPSOH H J ELMHFWLRQ



WUDFWDEOHEDQGYV



SUREDELOLVWLF *UDSKLFLC

'"HFODUDWLYH DHROHOWIMVYVSDUDWLRQ RIPRGHOLQJDVVXPSWLR

l1RGHVUDQGRP YDULDEOHYV
(GJHVGHSHQGHQFLHV

+

"QIHUHQRY FRQGLWLERQUIQBKHEDQI HW D@
HOLPLQBWDRQHW DEFKWH @

_] PHVVDJH SDMVVIGQ & LD HWHRKWHU
HWDO &KRLHWDGRQWDJ HWaD O



&RPSOH[LW\RI 0$5 R

([DFW FRPSOHREP®XWLQJ 0$5 DQ G &OUW
) >&RRSHUS5RWK @

$SSUR[LPDWLRQ FRRPCGHWMQJI 0$5DQG &21 DSSURJ[LP

ZLWKLQ D UHOD®'L Y HRHUD@®\WRHE3 KD UG
) >'DIJXPHWDOGBRWK @



K\N" 7TUHHZL

TUHHZLGWK

-QIRUPDOO\ KRZWUHH OLNHLWMWKHJUDSKLFDO PRC
JRUPDOO\ WKHPLQLPXP ZLGWK RIDQ\WWUHH GHFRPS

J)L[HG SDUDPHWHUMRIDE@R RQH JUD SKLFDOZAR\GEH O
WUHHZL @WK H @URH 2Y) ZKLFKLV OLQHDU IRW 4[HG ZlI

>'HFKWHU.ROOHU HV@D O ) ZKDW DERXW ERXQGLQJWKH WUHF



IRZ WUHHZLG

7TUHHV SRO\WUHHV TKLQ -XQFWLRQ WUF
>O0HLOA HW@ O >'DVIXSWD >%DFK HW @0

~IWUHHZLGWK LV BIR2QGHOBFMW 0$5 DQG &21 LQIHUHQFH LV SRVV



/UHH GLVWU

SWUHH VWUXFPWXUMHGHEZKHUH HQRKX KDBW PRQM SD BaQw
Y , _
p(X) = - p(XijPax;)

(IDFW TXHUOQ0%$5 &21 WDLVQNHDIU 2 Z204j X))
([DFW OHDIW@®®IDPSOHV@(PNHW) ZLWK WKH FODVVLFDO &KRZ /1

&KRZ HW$BSUR[LPDWLQJ GLVFUHWH SUREDELOLW\GLVWULEXWLRQ\
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KDW GR ZH (

([SUHVVLYHS$@HYVYW\WR UHSUHVHQW ULFKDQG FRPSOH[ FODVVH

%RXQGHG WUHHZLGWK 3*0V ORVH WEEB ® ERY VWE @/HR GIHNSW Bl IVEDQN
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OLIWXDMNWD FRQYH] FRPEIkQDMH_SRGDHRJI SUREDELOLVWLFPRGHOV
(X) = wy pi(X)+ws po(X)

(9- 0$5 &21 TXHULHV VFOKOH OLQHDUO\ LQ



OL[WXDNW FRQYH[ FRPEKQBWARMHRJI SUREDELOLVWLFPRGHOV

p(X)=pz = B p(Xjz = B
+pz=H) rXiz=H

OL[WXUHV DUH PDU FDQ\HIIR|UQBMO ODW H QWK DOXBEOH
) LQFUHDVHG H[SUHVVLYHQHYV
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EXWKRZPDQ\FRPSRQHQWY GRHV D *DXVYV
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gs(m) = argmax; pm(j1;j2;:::j Day= M; Time= 9)
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DND ORVW B3UREDEOH ([SODQDWLRQ 03(

s :KLFKFRPELQDWLRQ RIURDGV LV PRVWOLNHO\WR EH
MDPPHG RQORQGD\DW DP"

LQWUDFWDEDWHQW YDULDEOH PRGHOV

X
maxpm(qje)=max  pm(q;Z]e)
q Xq .
6 mqaxpm(q;zje) K7BM2 i K2 B+ X+QK
z



0$3 LQIHUM LPDJH LQSD

3UHGLMWIEQWUDU\ SDWFKHV
JLYH®@IDQ PRGHO
ZLWKRXW WKH QHHG RI UHWUDLQLQJ

BRRQDQG 'RPIBAPRIWRGXFW IHWZRUNV D 1HZ 'HHS $SUFKLWHFWXUH

6JXHUUDDQG &RDPRRBEIFODVVL4FDWLRQ XVLQJ VXP SURGXFW QHWZRUN
PLFURDHULDO YHKLFOHYV
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DND %D\HVLDQ 1HWZRUN 0$3

s :KLFK FRPELQDWLRQRIURDGV LVPRVWOLNHO\WR EH
MD P P H@p=lR=d=c D\ DW DP"

ds(m) = argmax; pm(j1;jz;:::j Time=9)

*H Q H Lapgmax, pmé,qj e)
= argmax, hpm(q;hje) kK 7BM2 i K2 B+ X+QK

ZKHUWI[ H] E=X
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DND %D\HVLDQ 1HWZRUN 0$3

s :KLFK FRPELQDWLRQRIURDGV LVPRVWOLNHO\WR EH
MD P P H@p=lR=d=c D\ DW DP"

ds(m) = argmax; pm(j1;jz;:::j Time=9)
) 13°* FRPSOHWH HW @0
) 13 KDUG IR YOMWEHIY R @ K7BM2 i K2'B+ X+QK

) 13 KDUGHYHQ IRU #FlatH % D\HV
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