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About the Tutorial 

Slides available online. 

Bibliography is at the end. 

Your speakers: 

I work in AI I work in DB 

http://www.guyvdb.eu/ 

https://homes.cs.washington.edu/~suciu/  
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About the Tutorial 

ÅThe tutorial is about  

ïdeep connections between AI and DBs 

ïa unified view on probabilistic reasoning 

ïa logical approach to Lifted Inference 

 

ÅThe tutorial is NOT an exhaustive 

overview of lifted algorithms for graphical 

models (see references at the end) 



Outline 

ÅPart 1: Motivation 

ÅPart 2: Probabilistic Databases 

ÅPart 3: Weighted Model Counting 

ÅPart 4: Lifted Inference for WFOMC 

ÅPart 5: The Power of Lifted Inference 

ÅPart 6: Conclusion/Open Problems 

Tutorial UAI 2014 4 



Part 1: Motivation 

 

ÅWhy do we need relational representations 

of uncertainty? 

 

ÅWhy do we need lifted inference 

algorithms? 
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Why Relational Data? 

ÅOur data is already relational!  

ïCompanies run relational databases 

ïScientific data is relational: 

ÅLarge Hadron Collider generated 25PB in 2012 

ÅLSST Telescope will produce 30TB per night 

 

ÅBig data is big business: 

ïOracle: $7.1BN in sales 

ïIBM: $3.2BN in sales 

ïMicrosoft: $2.6BN in sales 

å GDP of    

   Iceland! 
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[Gartnerô06] 



Why Probabilistic Relational Data? 

ÅRelational data is increasingly probabilistic 

ïNELL machine reading (>50M tuples) 

ïGoogle Knowledge Vault (>2BN tuples) 

ïDeepDive (>7M tuples) 

 

ÅData is inferred from unstructured 
information using statistical models 

ïLearned from the web, large text corpora, 
ontologies, etc. 

ïThe learned/extracted data is relational 
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Representation:  

Probabilistic Databases 

ÅTuple-independent probabilistic databases 

 

 

 

 

ÅQuery: SQL or First Order Logic 

      Actor: 

Name Prob 

Brando 0.9 

Cruise 0.8 

Coppola 0.1 

     WorkedFor: 

Actor Director Prob 

Brando Coppola 0.9 

Coppola Brando 0.2 

Cruise Coppola 0.1 
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Q(x) = yɱ Actor(x)ӜWorkedFor(x,y) SELECT Actor.name 

FROM Actor, WorkedFor 

WHERE Actor.name = WorkedFor.actor 
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Logical 

Propositional Relational 

Summary 

Uncertainty in AI 

Databases 

Statistical Prob. 

DBs 
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Statistical 

Logical 

Propositional Relational 

Representations in AI and ML 

Cloudy Rain P(Rain|Cloudy) 

T T 0.80 

T F 0.20 

F T 0.01 

F F 0.99 

Rain ᵼ Cloudy 



Relational Representations 

¸ Example: First-Order Logic 

 

 

 

 

 

 

¸ Logical variables have domain of constants 

x,y range over domain People = {Alice,Bob} 

¸ Ground formula has no logical variables 

Smokes(Alice) ᷈  Friends(Alice,Bob) ᵼ Smokes(Bob)  
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xᶅ,y, Smokes(x)  ᷈Friends(x,y) ᵼ Smokes(y) 

Formula 

Logical Variable Atom 
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Statistical 

Logical 

Propositional Relational 

Representations in AI and ML 

Cloudy Rain P(Rain|Cloudy) 

T T 0.80 

T F 0.20 

F T 0.01 

F F 0.99 

xᶅ, yᶅ, Smokes(x) ᷈  Friends(x,y)  

ᵼ Smokes(y) 
Rain ᵼ Cloudy 



Why Statistical Relational Models? 

¸ Probabilistic graphical models 

Quantify uncertainty and noise 

Not very expressive 
Rules of chess in ~100,000 pages 

¸ First-order logic 
Very expressive 
 Rules of chess in 1 page 

Good match for abundant relational data 

Hard to express uncertainty and noise 
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Example: Markov Logic 

¸ Weighted First-Order Logic 

 

 

 

 

¸ Ground atom/tuple = random variable in {true,false} 

  e.g., Smokes(Alice), Friends(Alice,Bob), etc. 

¸ Ground formula = factor in propositional factor graph 

 

Friends(Alice,Bob)     

Smokes(Alice)    Smokes(Bob)    

Friends(Bob,Alice)    

f1 f2 
Friends(Alice,Alice)    Friends(Bob,Bob)    

f3 f4 

3.14    Smokes(x)  ᷈Friends(x,y) ᵼ Smokes(y) 

FOL Formula 
Weight or Probability 

[Richardsonô06] 
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Logical 

Propositional Relational 

Summary 

Uncertainty in AI 

Databases 

Statistical StarAI 
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Logical 
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Summary 
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Logical 

Propositional Relational 

Summary 

Uncertainty in AI 

Databases 

Statistical 



Lifted Inference 

ÅMain idea: exploit high level relational 

representation to speed up reasoning 

 

ÅLetôs see an exampleé 
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A Simple Reasoning Problem 

¸ 52 playing cards 

¸ Let us ask some simple questions 

... 
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... 

A Simple Reasoning Problem 

? 

Probability that Card1 is Q? 
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... 

A Simple Reasoning Problem 

? 

Probability that Card1 is Q? 1/13 
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... 

A Simple Reasoning Problem 

? 

Probability that Card1 is Hearts? 
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... 

A Simple Reasoning Problem 

? 

Probability that Card1 is Hearts? 1/4 
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... 

A Simple Reasoning Problem 

? 

Probability that Card1 is Hearts  

given that Card1 is red? 
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... 

A Simple Reasoning Problem 

? 

Probability that Card1 is Hearts  

given that Card1 is red? 1/2 
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A Simple Reasoning Problem 

... 

? 

Probability that Card52 is Spades 

given that Card1 is QH? 
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A Simple Reasoning Problem 

... 

? 

Probability that Card52 is Spades 

given that Card1 is QH? 13/51 
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Automated Reasoning 

Let us automate this: 

1. Probabilistic graphical model (e.g., factor graph) 

 

 

 

 

 

 

2. Probabilistic inference algorithm 

 (e.g., variable elimination or junction tree)  
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Reasoning in Propositional Models 

A key result: Treewidth     Why? 

A 

B C 

D E 

F 

A 

B C 

D E 

F 

A 

B C 

D E 

F 

Tree Sparse Graph Dense Graph 
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Reasoning in Propositional Models 

A key result: Treewidth     Why? 

A 

B C 

D E 

F 

A 

B C 

D E 

F 

A 

B C 

D E 
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Reasoning in Propositional Models 

A key result: Treewidth     Why? 

A 

B C 

D E 

F 

A 

B C 

D E 

F 

A 

B C 

D E 

F 

P(A|C,E) = P(A|C)  P(A|B,E,F) = P(A|B,E)  P(A|B,E,F) Í P(A|B,E)  

Conditional Independence! 

Tree Sparse Graph Dense Graph 
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Is There Conditional Independence? 

... 

P(Card52 | Card1) Ḳ P(Card52 | Card1, Card2)  
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Is There Conditional Independence? 

... 

? 

P(Card52 | Card1) Ḳ P(Card52 | Card1, Card2)  
                       

 ? Ḳ ? 
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Is There Conditional Independence? 
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? 
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 13/51 Ḳ ? 
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Is There Conditional Independence? 

... 

? 

P(Card52 | Card1) Ḳ P(Card52 | Card1, Card2)  
                       

 13/51 Í 12/50 
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Is There Conditional Independence? 

... 

? 

P(Card52 | Card1) Ḳ P(Card52 | Card1, Card2)  
                       

 13/51 Í 12/50 

P(Card52 | Card1) Í P(Card52 | Card1, Card2) 
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Is There Conditional Independence? 

... 

? 

P(Card52 | Card1) Ḳ P(Card52 | Card1, Card2)  
                       

 13/51 Í 12/50 

P(Card52 | Card1, Card2) Ḳ P(Card52 | Card1, Card2, Card3) 

P(Card52 | Card1) Í P(Card52 | Card1, Card2) 
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Is There Conditional Independence? 

... 

? 

P(Card52 | Card1) Ḳ P(Card52 | Card1, Card2)  
                       

 13/51 Í 12/50 

P(Card52 | Card1, Card2) Ḳ P(Card52 | Card1, Card2, Card3) 

P(Card52 | Card1) Í P(Card52 | Card1, Card2) 

12/50 Í 12/49 

P(Card52 | Card1, Card2) Í P(Card52 | Card1, Card2, Card3) 

26 



Automated Reasoning 

(artist's impression) 

Let us automate this: 

1. Probabilistic graphical model (e.g., factor graph) 
  is fully connected! 
 
 
 
 
 
 
 

2. Probabilistic inference algorithm 
 (e.g., variable elimination or junction tree) 
 builds a table with 1352 rows 
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... 

What's Going On Here? 

? 

Probability that Card52 is Spades 

given that Card1 is QH? 
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... 

What's Going On Here? 

? 

Probability that Card52 is Spades 

given that Card1 is QH? 13/51 
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What's Going On Here? 

? 

... 

Probability that Card52 is Spades 

given that Card2 is QH? 
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What's Going On Here? 

? 

... 

Probability that Card52 is Spades 

given that Card2 is QH? 13/51 
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What's Going On Here? 

? 

... 

Probability that Card52 is Spades 

given that Card3 is QH? 
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What's Going On Here? 

? 

... 

Probability that Card52 is Spades 

given that Card3 is QH? 13/51 
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... 

Tractable Probabilistic Inference 

Which property makes inference tractable? 

-Traditional belief: Independence (conditional/contextual) 

-What's going on here? 

 

31 [Niepertô14] 



... 

Tractable Probabilistic Inference 

Which property makes inference tractable? 

-Traditional belief: Independence (conditional/contextual) 

-What's going on here? 

 
ᵼ Lifted Inference 

¸ High-level reasoning 

¸ Symmetry 

¸ Exchangeability 
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... 

Tractable Probabilistic Inference 

Which property makes inference tractable? 

-Traditional belief: Independence (conditional/contextual) 

-What's going on here? 

 
ᵼ Lifted Inference 

¸ High-level reasoning 

¸ Symmetry 

¸ Exchangeability See AAAI talk on Tuesday! 
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Automated Reasoning 

Let us automate this: 

-Relational model 

 

 

 

 

-Lifted probabilistic inference algorithm 
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pᶅ, cɱ, Card(p,c) 

cᶅ, pɱ, Card(p,c)  

pᶅ, cᶅ, cᶅô, Card(p,c)  ᷈Card(p,cô) ᵼ c = cô 



Other Examples of Lifted Inference 

implies 

¸ First-order resolution 
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xᶅ, Human(x) ᵼ Mortal(x) 

xᶅ, Greek(x) ᵼ Human(x) 

xᶅ, Greek(x) ᵼ Mortal(x) 



Other Examples of Lifted Inference 

¸ First-order resolution 

¸ Reasoning about populations 
 We are investigating a rare disease. The disease is more rare in 

women, presenting only in one in every two billion women 

and one in every billion men. Then, assuming there are 3.4 

billion men and 3.6 billion women in the world, the probability 

that more than five people have the disease is 
 

 

 



Lifted Inference in SRL 

¸ Statistical relational model (e.g., MLN) 

 

 

 

¸ As a probabilistic graphical model: 

- 26 pages; 728 variables; 676 factors 

- 1000 pages; 1,002,000 variables;  

1,000,000 factors 

 

¸ Highly intractable? 

ï Lifted inference in milliseconds! 
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3.14  FacultyPage(x)  ᷈Linked(x,y) ᵼ CoursePage(y) 



Summary of Motivation 

ÅRelational data is everywhere: 

ïDatabases in industry 

ïDatabases in sciences 

ïKnowledge bases 

ÅLifted inference: 

ïUse relational structure during reasoning 

ïVery efficient where traditional methods break 

This tutorial: Lifted Inference in Relational Models 
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Outline 

ÅPart 1: Motivation 

ÅPart 2: Probabilistic Databases 

ÅPart 3: Weighted Model Counting 

ÅPart 4: Lifted Inference for WFOMC 

ÅPart 5: The Power of Lifted Inference 

ÅPart 6: Conclusion/Open Problems 
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What Everyone Should Know about 

Databases 

 

 

ÅDatabase = several relations (a.k.a. tables) 

 

ÅSQL Query = FO Formula 

 

ÅBoolean Query = FO Sentence 
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What Everyone Should Know about 

Databases 

X Y  

Alice 2009 

Alice 2010 

Bob 2009 

Carol 2010 

Smoker 
X Z  

Alice Bob 

Alice Carol 

Bob Carol 

Carol Bob 

Friend 

D = 

Database: relations (= tables) 
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What Everyone Should Know about 

Databases 

X Y  

Alice 2009 

Alice 2010 

Bob 2009 

Carol 2010 

Smoker 
X Z  

Alice Bob 

Alice Carol 

Bob Carol 

Carol Bob 

Friend 

Boolean Query:  FO Sentence Q = xɱ (Smoker(x,ô2009ô)ӜFriend(x,ôBobô)) 

Query answer: Q(D)  = TRUE 

D = 

Z  

Bob 

Carol 

Database: relations (= tables) 

Query answer: Q(D) = 

Q(z) = xɱ (Smoker(x,ô2009ô)ӜFriend(x,z)) Query: First Order Formula 

Find friends of smokers in 2009 

Conjunctive Queries CQ  = FO( ,ɱ ᷈ ) 
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What Everyone Should Know about 

Databases 

Declarative Query  Ą  Query Plan 

ñwhatò      Ą  ñhowò 

Q(z) = xɱ (Smoker(x,ô2009ô)  ᷈Friend(x,z)) 

Ʉz 

ẚx 

ůy=ó2009ô 

Smoker(x,y) Friend(x,z) 

Logical Query Plan 

Index-scan 

Merge-join 

Hash-based 

deduplication 

Physical Query Plan 

Ʉz 

ẚx 

ůy=ó2009ô 

Smoker(x,y) Friend(x,z) 

Logical Query Plan 

Optimize 



What Every Researcher Should 

Know about Databases 

Problem: compute Q(D) 

                   

                         

                                           

                         

                       

                    

Moshe Vardi  [Vardiô82] 

2008 ACM SIGMOD Contribution Award 
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What Every Researcher Should 

Know about Databases 

Problem: compute Q(D) 

ÅData complexity:  

fix Q, complexity = f(D) 
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What Every Researcher Should 

Know about Databases 

Problem: compute Q(D) 

ÅData complexity:  

fix Q, complexity = f(D) 

 Query complexity: (expression complexity) 

fix D, complexity = f(Q) 

ÅCombined complexity:  

complexity = f(D,Q) 

 

Moshe Vardi  [Vardiô82] 

2008 ACM SIGMOD Contribution Award 
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Probabilistic Databases 

ÅA probabilistic database = relational 

database where each tuple has an 

associated probability 

 

ÅSemantics = probability distribution over 

possible worlds (deterministic databases) 

 

ÅIn this talk: tuples are independent events 
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Example 

x y P 

A B p1 

A C p2 

B C p3 

Probabilistic database D: Friend 
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x y 

A B 

A C 

B C 

Example 

x y P 

A B p1 

A C p2 

B C p3 

Possible worlds semantics: 

p1p2p3 

Probabilistic database D: Friend 
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x y 

A B 

A C 

B C 

Example 

x y P 

A B p1 

A C p2 

B C p3 

Possible worlds semantics: 

p1p2p3 

(1-p1)p2p3 

Probabilistic database D: Friend 

x y 

A C 

B C 

Tutorial UAI 2014 43 



x y 

A B 

A C 

B C 

Example 

x y P 

A B p1 

A C p2 

B C p3 

Possible worlds semantics: 

p1p2p3 

(1-p1)p2p3 

(1-p1)(1-p2)(1-p3) 

Probabilistic database D: Friend 

x y 

A C 

B C 

x y 

A B 

A C 

x y 

A B 

B C 

x y 

A B 
x y 

A C 
x y 

B C 
x y 
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Query Semantics 

Fix a Boolean query Q 

Fix a probabilistic database D: 

 

P (Q | D) =  marginal probability of Q 

    on possible words of D 
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x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 

B H q5 Y5 

Friend 

x P 

A p1 X1 

B p2 X2 

C p3 X3 

Smoker 

P(Q | D) =  

An Example 

Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 
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Friend 

x P 

A p1 X1 
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C p3 X3 

Smoker 

P(Q | D) =  1-(1-q1)*(1-q2) 

An Example 

Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 
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An Example 

Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 
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A E q2 Y2 
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B G q4 Y4 
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x P 
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B p2 X2 

C p3 X3 

Smoker 

P(Q | D) =  1-(1-q1)*(1-q2) p1*[                           ] 

1-(1-q3)*(1-q4)*(1-q5) 

An Example 

Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 
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x y P 

A D q1 Y1 

A E q2 Y2 

B F q3 Y3 

B G q4 Y4 
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Smoker 
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An Example 

Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 

One can compute P(Q | D) in PTIME 

 in the size of the database D 



An Example 
Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 

x y P 

A D q1 

A E q2 

B F q3 

B G q4 

B H q5 

x P 

A p1 

B p2 

C p3 

ẚ 

Ʉū 

Friend(x,y) 

Ʉx 

Smoker(x) 

Use the SQL engine 

to compute the query! 

Aggregate on probabilities. 



An Example 
Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 

x y P 

A D q1 

A E q2 

B F q3 

B G q4 

B H q5 

x P 

A p1 

B p2 

C p3 

ẚ 

Ʉū 

Friend(x,y) 

Ʉx 

x P 

A 
1-(1-q1)(1-q2) 

B 
1-(1-q4)(1-q5) (1-q6) 

Smoker(x) 

Use the SQL engine 

to compute the query! 

Aggregate on probabilities. 



An Example 
Q = xɱ yɱ Smoker(x)ӜFriend(x,y) 

x y P 

A D q1 

A E q2 

B F q3 

B G q4 

B H q5 

x P 

A p1 

B p2 

C p3 

ẚ 

Ʉū 

Friend(x,y) 

Ʉx 

x P 

A 
1-(1-q1)(1-q2) 

B 
1-(1-q4)(1-q5) (1-q6) 

1-{1-p1[1-(1-q1)(1-q2)]}* 

     {1-p2[1-(1-q4)(1-q5) (1-q6)]} 

Smoker(x) 

Use the SQL engine 

to compute the query! 

Aggregate on probabilities. 



Problem Statement 

 

Given: probabilistic database D, query Q 

 

Compute: P(Q | D) 

 

 

Data complexity: fix Q, complexity = f(|D|) 
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Approaches to Compute P(Q | D) 

ÅPropositional inference: 

ïGround the query Q Ą FQ,D, compute P(FQ,D) 

ïThis is Weighted Model Counting (lateré) 

ïWorks for every query Q 

ïBut: may be exponential in |D| (data complexity) 

 

ÅLifted inference: 

ïCompute a query plan for Q, execute plan on D 

ïAlways polynomial time in |D| (data complexity) 

ïBut: does not work for all queries Q 
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The Lifted Inference Rules 

Å If Q1, Q2 are independent: 

AND-rule:  P(Q1  ᷈Q2) = P(Q1)P(Q2) 

OR-rule:  P(Q1  ᷉Q2) =1 ï (1 ï  P(Q1))(1 ï P(Q2)) 

 

                                        

                                         

                                                 

 

                              

                                        

                                        

 

                            



The Lifted Inference Rules 
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AND-rule:  P(Q1  ᷈Q2) = P(Q1)P(Q2) 

OR-rule:  P(Q1  ᷉Q2) =1 ï (1 ï  P(Q1))(1 ï P(Q2)) 

 

Å If Q[C1/x], Q[C2/x], é are independent 

-ᶅRule:  P( zᶅ Q) =  ɄC Dɴomain P(Q[C/z]) 

-ɱRule:  P( zɱ Q) = 1 ï ɄC Dɴomain (1ï  P(Q[C/z]) 

 

                              

                                        

                                        

 

                            



The Lifted Inference Rules 

Å If Q1, Q2 are independent: 

AND-rule:  P(Q1  ᷈Q2) = P(Q1)P(Q2) 

OR-rule:  P(Q1  ᷉Q2) =1 ï (1 ï  P(Q1))(1 ï P(Q2)) 

 

Å If Q[C1/x], Q[C2/x], é are independent 

-ᶅRule:  P( zᶅ Q) =  ɄC Dɴomain P(Q[C/z]) 

-ɱRule:  P( zɱ Q) = 1 ï ɄC Dɴomain (1ï  P(Q[C/z]) 

 

Å Inclusion/Exclusion formula: 

 P(Q1  ᷉Q2) = P(Q1) + P(Q2)- P(Q1  ᷈Q2) 

 P(Q1  ᷈Q2) = P(Q1) + P(Q2)- P(Q1  ᷉Q2) 

 

                            



The Lifted Inference Rules 

Å If Q1, Q2 are independent: 

AND-rule:  P(Q1  ᷈Q2) = P(Q1)P(Q2) 

OR-rule:  P(Q1  ᷉Q2) =1 ï (1 ï  P(Q1))(1 ï P(Q2)) 

 

Å If Q[C1/x], Q[C2/x], é are independent 

-ᶅRule:  P( zᶅ Q) =  ɄC Dɴomain P(Q[C/z]) 

-ɱRule:  P( zɱ Q) = 1 ï ɄC Dɴomain (1ï  P(Q[C/z]) 

 

Å Inclusion/Exclusion formula: 

 P(Q1  ᷉Q2) = P(Q1) + P(Q2)- P(Q1  ᷈Q2) 

 P(Q1  ᷈Q2) = P(Q1) + P(Q2)- P(Q1  ᷉Q2) 

 

ÅNegation: P(¬Q) = 1 ï P(Q) 

 



Example 

Q = ᶅ x yᶅ (Smoker(x)  ᷉Friend(x,y)) = xᶅ (Smoker(x) ᷉ᶅ y Friend(x,y)) 

P(Q) =  ɄA  ɴDomain P(Smoker(A) ᷉  yᶅ Friend(A,y)) 

-ᶅRule 

Check independence: 

 Smoker(Alice) ӝ ᶅy Friend(Alice,y) 

 Smoker(Bob) ӝ ᶅy Friend(Bob,y) 
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Q = ᶅ x yᶅ (Smoker(x)  ᷉Friend(x,y)) = xᶅ (Smoker(x) ᷉ᶅ y Friend(x,y)) 

P(Q) =  ɄA  ɴDomain P(Smoker(A) ᷉  yᶅ Friend(A,y)) 

-ᶅRule 

P(Q) =  ɄA  ɴDomain (1ï P(Smoker(A))) ×  (1 ï P( yᶅ Friend(A,y))) ӝ-Rule 

Check independence: 

 Smoker(Alice) ӝ ᶅy Friend(Alice,y) 

 Smoker(Bob) ӝ ᶅy Friend(Bob,y) 



Example 

Q = ᶅ x yᶅ (Smoker(x)  ᷉Friend(x,y)) = xᶅ (Smoker(x) ᷉ᶅ y Friend(x,y)) 

P(Q) =  ɄA  ɴDomain P(Smoker(A) ᷉  yᶅ Friend(A,y)) 

-ᶅRule 

P(Q) =  ɄA  ɴDomain (1ï P(Smoker(A))) ×  (1 ï P( yᶅ Friend(A,y))) ӝ-Rule 

P(Q) =  ɄA  ɴDomain (1ï P(Smoker(A))) ×  (1 ï ɄB  ɴDomain P(Friend(A,B))) 

ҵ-Rule 

Check independence: 

 Smoker(Alice) ӝ ᶅy Friend(Alice,y) 

 Smoker(Bob) ӝ ᶅy Friend(Bob,y) 



Example 

Q = ᶅ x yᶅ (Smoker(x)  ᷉Friend(x,y)) = xᶅ (Smoker(x) ᷉ᶅ y Friend(x,y)) 

Lookup the probabilities 

in the database 

P(Q) =  ɄA  ɴDomain P(Smoker(A) ᷉  yᶅ Friend(A,y)) 

-ᶅRule 

P(Q) =  ɄA  ɴDomain (1ï P(Smoker(A))) ×  (1 ï P( yᶅ Friend(A,y))) ӝ-Rule 

P(Q) =  ɄA  ɴDomain (1ï P(Smoker(A))) ×  (1 ï ɄB  ɴDomain P(Friend(A,B))) 

ҵ-Rule 

Check independence: 

 Smoker(Alice) ӝ ᶅy Friend(Alice,y) 

 Smoker(Bob) ӝ ᶅy Friend(Bob,y) 




