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Abstract

We have developed a new statistical timing analysis ap-
proach that does not impose any assumptions on the na-
ture of manufacturing variability and takes into account an
arbitrary model of spatial correlation as well as all types
of functional correlations (e.g. reconvergence-based corre-
lations). The starting point for statistical timing analysis
is small scale Monte Carlo (MC) simulation. In order to
speed-up the MC simulation process we use stratified bal-
anced sampling and postprocessing of the simulation data
using non-parametric kernel estimation. The MC simula-
tion and the statistical analysis procedure are interleaved
with the calculation of the critical paths. In order to speed
up simulation, we identify and simulate only gates relevant
for calculation of the clock cycle time. The application of
statistical techniques enable not only accurate statistical
timing analysis, but also stability and scalability analysis.
The approach is evaluated using MCNC benchmarks and
yields more than six orders of magnitude speed improve-
ment compared with the standard MC simulation.

1 Introduction
High design manufacturing variability, in deep submi-

cron and nano-technologies, has a number of strong ram-
ifications on many design and analysis steps. There is a
wide consensus that traditional timing analysis procedures
have to be augmented with new techniques that take into
account manufacturing variability. Currently, the majority
of the techniques that address this problem use probabilistic
techniques which place a strong assumption on the distribu-
tions and independence between relative timings. Our goal
is to demonstrate a new conceptual direction that may be
better suited for eventual application to actual designs.

The starting point is one of the oldest and probably the
most natural techniques - Monte Carlo simulation. Probably
the most important decision during statistical timing analy-
sis is how the distribution of the length of a particular path

is calculated. For this purpose, for each scenario in terms of
variability, we compute the overall delay from the primary
inputs/outputs of flip-flops to the primary outputs/inputs of
flip-flops. Although it may be tempting to calculate the dis-
tribution of delay incrementally by treating individual gates
individually, this procedure is not sound because it does
not consider the correlations between the delays of various
paths introduced by manufacturing variability.

There are five major novelties in the new non-parametric
statistics based timing analysis approach. The first is consis-
tent use of non-parametric statistical techniques to analyze
and smooth results, and reduce run time of the MC simula-
tion. Statistical analysis is also used for other tasks such as
the calculation of correlation between delays on the output
of different gates in order to better recognize whether the
simulation was long enough to obtain design insights. The
second important innovation is the application of balanced
resampling in Monte Carlo simulation which reduces both
bias and required simulation time at a linear rate.

We believe that the single most important innovation for
very large designs is interleaving the derivation of statisti-
cal models and their validation with algorithmic steps for
identification of relevant gates in the design. The relevant
gates are defined as gates that belong to the longest path in
at least one scenario. The fourth innovation is comprehen-
sive and consistent application of statistical validation and
evaluation techniques to identify to what extent a particular
conclusion can be trusted. Finally, we also use statistical
techniques to analyze the robustness of our statistical tim-
ing analysis with respect to the adopted assumptions (such
as the sources of manufacturing variability) and scalabil-
ity analysis that statistically predict the amount of time re-
quired to predict the statistical distribution of the longest
path in a targeted design.

The impact of manufacturing variability on timing char-
acteristics of deep submicron designs has been recognized
for a long time. Since the mid-90’s both the impact of inter-
die variability of key device parameters for transistors [3]
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Figure 1. Global flow for non-parametric statistics-based
timing analysis procedure.

and wire variability have been studied [10]. Additionally,
several technological sources of variability has been identi-
fied [11, 14].

Due to the recognition of the increasing impact of vari-
ability of design manufacturing, a number of techniques
have been proposed for statistical timing analysis. Majority
of the approaches target intra-chip variations and the previ-
ously published statistical timing techniques are most often
based on probability analysis mechanisms. For example,
a family of continuous models use closed form probability
distribution function (PDF) analysis with analytical proce-
dures. In order to facilitate analysis, the standard assump-
tion is that variability follows Gaussian normal distribution.
Another line of attack on statistical timing analysis has been
conducted using discrete methods where the discrete prob-
abilities are propagated from the inputs to the outputs of a
design [8, 1]. These types of techniques often suffer from
a difficulty to address correlation and the exponential com-
binatorial runtime requirements. Additionally, Monte Carlo
simulation has been used to analyze circuit timing on a set
of selected sensitizable true paths [9].

Most of the latest efforts have been focused on address-
ing spatial and reconvergence-based correlation within a
probabilistic analysis framework [15].The standard refer-
ence for almost all statistical techniques in this work is [7].

2 STA Methodology
The overall timing analysis flow is shown in Figure 1.

The starting point for the approach is a design specified at
the logic level. In our experimentation, we used the timing
model generator that captures several types of correlations
and randomness, as shown in the next subsection. The ap-
proach is iterative. Each iteration is based on one round of
simulations. The first step of each of the rounds of simu-
lation is pseudo-random Monte Carlo (MC) simulation. In
order to properly and completely capture all correlations, a
single run of simulation calculates the delay on all paths us-
ing computationally simplified Dijkstra algorithms for di-

rected acyclic graphs (DAGs). For each of the individual
simulations, we calculate the lengths of the longest paths
to each input and each output of all gates. Once the initial
simulation results are collected, their accuracy is enhanced
using density estimation techniques. This step is based on
the observation that the nature of the problem is such that
small changes in the delay of each gate result only in small
changes in the overall delay of the design.

Once the MC simulation, kernel smoothing, and inter-
val of confidence steps are completed, we analyze the time
delay annotated graph. Our goal is to identify and subse-
quently consider only the gates that impact the overall crit-
ical path. The final step, before the next round of iterations
is the derivation of parameters for the impeding pseudo-
random MC simulation.

The iterations are conducted until the user specified ter-
mination criteria (C1) is invalid. Although one can envision
a multitude of termination criteria, we believe that the most
plausible are based on achieving a specified level of confi-
dence on the overall timing of the design. Once the manda-
tory basic procedure is completed, one can conduct optional
stability and scaling analysis. The stability analysis varies
the input data over different distributions or statistical mod-
els in order to establish the extent to which the obtained con-
clusions will hold if the manufacturability process changes
its characteristics. The execution of stability analysis is con-
trolled using the user specified parameter C2 in Figure 1.
The scalability is analyzed using statistical methods.

Our statistical timing analysis framework has been in-
tegrated in SIS. We also implemented designs so that a
mapped gate level description of the design is given to us
along with placement information. In order to capture the
spatial correlation of gate delays we used the model devel-
oped and measured parameters from the study conducted at
UC Berkeley [4]. The model is implemented using a rejec-
tion method [2, 13].

We already discussed two of the most important issues
related to MC simulations [5]. The first one is the gen-
eration and reuse of random numbers. The second issue
is the use of techniques for variance reduction in Monte
Carlo simulation. We have experimented with the three
most widely used directions for variance reduction: (i) ana-
lytic reduction; (ii) auxiliary variables; and (iii) probabilis-
tic sampling. The analytic reduction techniques usually re-
duce a part of the MC simulation problem using analytic
techniques. In our case, we used several closed formula
approximations for this purpose. However, the speed-ups
were relatively limited, by factors of 2 to 4 times.

We tried two auxiliary variables techniques. The first
was based on the use of control variates (essentially both
positively and negatively correlated variables). The second
used antithetic variates and performed significantly better
results with more than an order of magnitude reduction for
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a given level of accuracy. The best performing technique
for a variant of probability sampling was Hall’s balanced
resampling [6]. The application of the Hall’s balanced re-
sampling MC approach resulted in a reduction of almost
two orders of magnitude for higher accuracy.

3 Non-Parametric Density Estimation
if one can conduct enough extensive MC simulation

there is no need for additional processing and all conclu-
sions about timing properties of a design in the presence
of manufacturing variability can be correctly deduced to an
arbitrary level of accuracy. However, if we take into ac-
count that modern designs can have millions of gates and
in the future even billions of gates, it is easy to calculate
that for industrial strength designs even on the fastest com-
puters one can conduct only MC simulations of moderate
quantity. It is well known that in order to increase the accu-
racy of MC simulations for an additional significant digit,
one has to increase the number of simulations by a factor of
100 [5]. In order to overcome this difficulty, we use non-
parametric statistical techniques to significantly (by several
orders of magnitudes) reduce the quantity of necessary MC
simulation trials in order to achieve high accuracy.

The main goal of density estimation, that is often called
in statistical literature “kernel smoothing”, is to obtain more
accurate values for a PDF function. This is accomplished by
using the following intuitive observation that values of the
PDF function for small timing difference are relatively well
representative of each other and that this similarity dimin-
ishes as the timing difference increases. It is very important
to observe another implicit goal of smoothing: to find all
gates that belong to the critical paths that are longest in one
of the scenarios dictated by manufacturing variability. By
extrapolating the PDF near its ends, we can analyze if it is
possible that a particular output is on the critical path of the
design for some values of the prediction variables.

We have analyzed two types of density estimation tech-
niques for more accurate characterization of PDFs: 2-D and
2+-D. In 2-D models we were predicting the PDF of a given
gate as the function of delays at the output of that gate. 3-
D and multi-dimension kernel smoothing techniques were
considering PDFs as a function of not only the longest path
at the output of a given gate, but also as a function of vari-
ability metrics in order to more accurately predict how the
PDF depends not only on the timing delay but also on, for
example, velocity saturation index α.

Conceptually, the 2-D model is attractive because of its
simplicity and use of single dimension for all the avail-
able points. For model building we experimented with
several kernel smoothing and local regression techniques.
For kernel smoothing we used Nadaraya-Watson kernel-
weighted average with Epanicechnikov, triangular, tri-cube,
and Gaussian kernels [7]. The selection of smoothing pa-
rameters (e.g. scope and shape parameters of the window)
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Figure 2. Design i3 mapping of gate delay between
longest two outputs. Lines represent 12.5%, 25%, 50%,
75%, 87.5% PDF values.

was conducted using resubstitution after selecting 200 dif-
ferent groups of a randomly selected set of 60% of avail-
able measurements for the learning phase, and the rest for
the test phase. There were two important observations. The
first was that almost all the techniques performed approxi-
mately equally. The second is that in all situations, the best
window size was 5% W , where W is the total length of
nonzero bins of the initial histogram. This behavior is a di-
rect consequence of the shape of the PDF function of timing
delay: its unimodularity and non-existence of heavy tails on
any of considered designs.

For 3-D and more complex models we also applied the
number of Nadaraya-Watson kernel-weighted average ker-
nels. In the case of these types of models we noticed that the
window size had to be increased to 10% W . The larger ker-
nel window size is required because of the curse of dimen-
sionality that dictates that as the number of dimensions in-
creases we have to have a larger number of data samples. In-
terestingly, 2D kernel smoothing techniques performed bet-
ter. The reason is clear and simple: we insisted on very short
simulation times where only tens of thousands of scenarios
were examined. This number is sufficient to build very ac-
curate 2D models, but not sufficient for higher dimension-
ality models. More detailed analysis of the smoothing tech-
nique indicated that in all cases the best results were ob-
tained using Nadaraya-Watson kernel regression smoother
[7] where the size of window is set automatically but adap-
tively in such a way to the resulting delay distribution is
unimodular.

4 Critical Sub-DAG Pruning
We introduce a conceptually simple, yet effective way

to interleave MC simulation followed by statistical analy-
sis with identification of a critical sub-DAG. A critical sub-
DAG is a subgraph of the initial DAG that consists only
of the nodes and edges that belong in any of the analyzed
DAGs on the critical path of the DAG. In addition, a critical
sub-DAG also includes nodes and edges that have a speci-
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1. α = M;
2. while ( αR != empty ) {
3. MC-simulation (DAG);
4. Kernel Estimation(DAG);
5. Identify set R of all the gates not on ε-critical path;
6. DAG = DAG R;
7. α = α - δ;
8. }
9. MC-simulation (DAG);
10. PDF-augmentation;

Figure 3. Pseudo-code for critical DAG identification and
pruning algorithm.
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Figure 4. Design i1. Ellipses indicate non-relevant gates.
Diamonds indicate relevant gates.

fied threshold of likelihood that they can belong to the crit-
ical path during one of the pending simulations.

The main idea is simple and effective. After initial sim-
ulation, we identify all gates that belonged in any MC trial
to the critical path. In addition to considering only critical
paths, we also consider all paths that are within α of the crit-
ical path in a given trial. The consideration of α critical sub-
DAGs is important because although a specific path with a
specific gate is not on any of the critical paths in the con-
ducted MC trials, it maybe with relatively high probability
one of the critical paths in the future trials if the difference
in the path delay at that point is relatively small.

Figure 3 shows the pseudo-code for the critical sub-DAG
identification and pruning algorithm. In the first line, we set
ε to a large constant, M . In our experimentation for M we
used the length of the longest critical path in the first MC.
The lines 2-8 form the main body of the algorithm. In line 3
we conduct k MC simulation trials. The number of trials is
subject to user discretion. Our suggestion is that the num-
ber of simulations is at least n

10 where n is the number of
gates in the design. In line 4, we apply kernel smoothing in
order to better predict the likelihood of any output to be on
the critical path. In line 5, we identify the set of all ε crit-
ical gates by tracing paths from the critical outputs. These
gates and their incoming and outgoing edges are eliminated
from the DAG in step 6. Once the step is completed, we
reduce our ε by a δ decrement. Again the δ decrement is
under the discretion of the user. However, in our experi-
mentation we used δ = 0.1*ε, which is the value we rec-

Design Gates relevant % overall relevant rel. % rel.
in/out in/out gates gates

i1 47 1 / 3 6.38 / 2.13 9 19.15
i3 178 4 / 20 11.24 / 2.25 41 23.03

C432 179 1 / 3 1.68 / 0.56 62 34.64
i2 181 1 / 4 2.21 / 0.55 11 6.08
i5 181 1 / 1 0.55 / 0.55 10 5.52
x1 233 1 / 1 0.43 / 0.43 8 3.43

too large 263 2 / 2 0.76 / 0.76 17 6.46
C880 272 1 / 1 0.37 / 0.37 28 10.29

x4 307 1 / 3 0.98 / 0.33 13 4.23
C1355 314 7 / 11 3.50 / 2.23 103 32.80
C499 314 6 / 3 0.96 / 1.91 49 15.61

C1908 397 1 / 3 0.76 / 0.25 42 10.58
i6 510 33 1 0.20 / 6.47 100 19.61
x3 551 1 / 1 0.18 / 0.18 9 1.63
i9 558 15 1 0.18 / 2.69 69 12.37
rot 579 4 / 1 0.17 / 0.69 23 3.97

t481 612 1 / 1 0.16 / 0.16 15 2.45
i7 694 13 1 0.14 / 1.87 41 5.91
i8 792 17 1 0.13 / 2.15 30 3.79

C3540 865 1 / 1 0.12 / 0.12 46 5.32
dalu 994 1 / 2 0.20 / 0.10 49 4.93

C5315 1193 1 / 1 0.08 / 0.08 19 1.59
i10 1990 1 / 1 0.05 / 0.05 36 1.81

C6288 2011 1 / 1 0.05 / 0.05 250 12.43
des 2736 23 / 1 0.04 / 0.84 83 3.03

Table 1. Percentage of relevant gates assuming general-
ized Pelgrom model

ommend as a sensible and conservative choice, at least for
design of the same structure as our benchmark set. This
value for δ is experimentally and statistically derived from
our experiments. This process is repeated as long as during
one run of the while loop no additional gates are identified
that are not on the ε critical path. Finally, in the last three
steps we complete the MC simulation of the pruned DAG
followed by kernel smoothing of all obtained delays. The
final step in line 11 adds additional PDF values to delays
in order to compensate for potentially missed critical paths
due to pruning. We simulated the majority of our designs
for 10 million MC trials, and for a few smaller 100 million
MC trials.

For example, Figure 4 shows the DAG of the i1 design
from MCNC benchmark set. The design has a total of 47
gates. Each non-critical path gate is drawn in an ellipse,
while gates which were on any critical path found during
MC simulation are shown using diamonds. A directed edge
indicates the flow of the signals between two gates. The fig-
ure shows four critical inputs at the top of the figure and one
critical output at the bottom. Only 9 of the 47 gates (∼19%)
were on any critical paths found in all MC simulation.

Study of all our designs found that on average 10.03%
of the gates in each instance are relative gates. In Table
1 we present the results of this study performed on the in-
stances with generalized Pelgrom model [12] of the param-
eters on the full range of parameter values. The first column
states the name of the benchmark, while the second column
states the number of gates in the benchmark. The next three
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Figure 5. Percentage of relevant gates for uniform and
gaussian distributions for all 25 benchmark examples for
the given parameter.

columns represent information concerning the number of
relevant inputs and outputs for each design (number of rel-
evant inputs/outputs, percentage of relevant inputs/outputs,
percentage of relevant inputs/outputs over the entire bench-
mark). The final two columns state the number of relevant
gates in the benchmark and the percentage of relative gates.

Figure 7 illustrates the scalability analysis for the non-
parametric statistic and active learning-based statistical tim-
ing analysis approach. The figure shows the overall MC
simulation runtime (in seconds) for 10,000 trials for each of
the 25 designs with respect the size of the original design for
two sets of data: all gates and relative gates. As the number
of gates increases in the original design the MC simulation
runtime grows quadratically. However, when only the iden-
tified relevant gates are considered in the MC simulation
trials the runtime growth is linear. Further analysis showed
that the percentage of relevant gates with respect to the size
of the original design decreases as the design size grows.
This is the main reason for the linear runtime growth in MC
simulations on relevant gates only.

5 Simulation Results
We evaluate the approach using extensive simulation.

We compare the PDF of critical path delay of the design
obtained using the new approach and obtained using exten-
sive simulation. Specifically, we limit out approach to use
at most 10 thousand scenarios in the MC simulation. On the
other hand we used brute-force 100 million MC trials. Fig-
ure 6(a) shows PDF of critical path obtained using the new
approach and Figure 6(b) shows the PDF of the same i5 de-
sign obtained using comprehensive brute-force MC simula-
tion. Table 2 shows six standard error norms (L1, L2, L∞,
relative L1 (RL1), relative L2 (RL2), relative L∞ (RL∞))
for the five smallest designs compared using extensive sim-
ulation of the fast procedure. For design i5, we see that the
difference in all cases is less than 0.2%. For example, we
compute L1 error norm first sorting all values for the length
of the critical path in both networks. After we take each
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Figure 6. PDF (a) before (shaded area) and after statisti-
cal modeling (curve) and (b) after 100,000,000 MC trials.

Design L1 L2 L∞ RL1 RL2 RL∞
i1 0.68 0.98 2.22 0.0017 0.044 0.094
i3 0.41 0.62 0.99 0.0034 0.036 0.102

C432 3.25 7.89 22.53 0.0009 0.727 0.042
i2 1.02 1.56 3.89 0.0026 0.622 0.0098
i5 2.42 3.20 19.80 0.0045 1.120 0.0815

Table 2. Six different error norms for discrepancy of
PDFs obtained using pseudo-exhaustive simulation and
the new non-parametric statistics-based approach.

10 thousandth sample from the second simulation. Now the

L1 error norm is calculated using formula
∑

|(s1(i)−s2(i))|
n

where n is the number of samples, s1(i) is the ith small-
est sample in the fast simulation, and s2(i) is the ith sub-
sample in the second comprehensive simulation.

We evaluated all designs using the following statistical
procedure that consist of three steps. In the first steps we
find the error model of each design using 10 thousand MC
simulation trials. In the second step we use kernel smooth-
ing techniques to enhance the statistical accuracy of the crit-
ical path PDF of each design. In the third step we do 200
cases of 10 thousand trials. We spend the majority of the
MC simulation trials conducting on only a relatively small
subset of gates of the initial design as shown in Table 1.

We also evaluated the stability and scalability of the new
statistic timing analysis approach. Due to space limitations
we show only a part of scalability analysis. Figure 7 shows
the compound runtimes for 10 executions of the overall ap-
proach on a 900 MHz laptop. We see that if we simulate all
gates the best fit is quadratic, while if we use DAG pruning,
the runtime has linear scalability.

Another study showed that the percentage of relevant
gates with respect to the size of the original design de-
creases as the design size grows. Figure 7 graphically
presents this information and strongly suggests that the
new procedure for statistical timing analysis using non-
parametric kernel smoothing and pruning of designs is
highly scalable.

One of the essential questions in statistical timing analy-
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Figure 7. The runtime of STA as a function of the total
number gates and relevant gates for STA.

Design 102 103 104 105

i1 14.4/5.6 8.0/2.2 5.2/1.3 4.4/0.7
i3 16.7/5.9 8.8/1.9 5.4/1.2 5.0/0.7

C432 17.2/6.6 8.9/2.0 6.2/1.5 5.2/1.0
i2 17.9/5.7 7.4/2.2 6.3/1.5 5.1/0.9
i5 16.6/6.8 9.7/2.4 6.6/1.7 5.2/0.8

C880 19.7/5.6 8.9/2.2 6.0/1.5 5.2/0.8
C2540 20.0/7.0 9.8/2.5 7.4/1.8 5.7/0.9

Table 3. The average CDF discrepancy for MC simulation
of a given number of trials.

sis is the accuracy of obtained results. In the case of Monte
Carlo simulation-based approach, this question translates
into how many simulation trials are required for a certain
level of STA accuracy. We define as the measure of ac-
curacy, the maximal discrepancy between cumulative den-
sity functions (CDF) of the critical path for a given cir-
cuit with respect to one obtained using extensive Monte
Carlo simulation. Specifically, we used as the yardstick
the results obtained using 100,000,000 MC trials. Tables 3
and 4 shows relative average and maximal discrepancy re-
spectively over a subset of our benchmark set for different
lengths of Monte Carlo simulation. The discrepancy is cal-
culated starting from 200 different runs of MC simulation
and kernel smoothing of particular length.

6 Conclusion
We have developed a new statistical timing analysis ap-

proach. The consistent application of non-parametric statis-
tical techniques enables accurate consideration of all types
of correlations and rapid and easy to characterize statistical

Design 102 103 104 105

i1 88/15.7 61/11.7 37/8.3 22/4.0
i3 82/17.9 56/10.8 41/5.0 25/3.7

C432 83/18.8 70/12.7 56/6.0 19/2.9
i2 56/19.2 71/19.6 41/5.9 18/4.8
i5 81/20.9 68/17.2 48/11.2 24/4.9

C880 95/22.7 72/16.2 46/10.2 24/5.2
C2540 102/20.5 73/16.6 39/8.3 25/3.9

Table 4. The average CDF discrepancy for MC simulation
of a given number of trials. Each entry indicates the rel-
ative discrepancy before and after smoothing.

timing analysis. Interleaving of the algorithmic and statisti-
cal analysis steps enables additional speed-up of the statisti-
cal timing analysis that combined with balanced resampling
and kernel smoothing modeling yields overall more than six
orders of magnitude improvement over direct Monte Carlo
simulations even on small designs for the same level of ac-
curacy.
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