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Toffoli gates are key building blocks in quantum programs, and on most current quantum computers, they
must be implemented with smaller gates. Such an implementation requires five 2-qubit gates if we assume
that each gate can operate on any two qubits. However, many current quantum computers have only 2-qubit
gates that operate on neighboring qubits; we call them neighbor gates. How many neighbor gates are required
to implement a Toffoli gate? In this paper, we show that six neighbor gates are necessary and sufficient, and
we generalize to a characterization of all 3-qubit diagonal gates.
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1 INTRODUCTION

Background. Researchers are designing quantum algorithms that, in some cases, have an expo-
nential advantage over classical algorithms. They describe their algorithms in the form of quantum
circuits that use quantum gates. In a recent trend, many of their papers [Berry et al. 2019, 2024;
Goings et al. 2022; Lee et al. 2021; Rubin et al. 2024; Su et al. 2021] express an algorithm’s execution
time in terms of the number of Toffoli gates. They do that because they anticipate error-corrected
quantum computers on which the execution of Toffoli gates will be a bottleneck. Thus, they use
Toffoli gates as building blocks that must be compiled to hardware gates.

Toffoli gates are 3-qubit gates and on most current quantum computers, they must be implemented
with smaller gates. Thus, the implementation of a Toffoli gate on a given quantum computer has
a direct impact on the execution time of quantum algorithms. For such an implementation, five
2-qubit gates are necessary and sufficient, as shown by [Palsberg and Yu 2024; Yu et al. 2013; Yu
and Ying 2015], assuming that a 2-qubit gate can operate on any two qubits. In our terminology,
such an implementation uses unrestricted gates.

Current quantum computers rarely support that a 2-qubit gate can operate on any two qubits.
For example, IBM Condor (1,121 qubits) and IBM Osprey (433 qubits) support that a 2-qubit gate
operates only on some pairs of qubits. In particular, for any three qubits, they support 2-qubit gates
on at most two of the three possible pairs of qubits. They do that because supporting a 2-qubit
gate is easier when the two qubits are neighbors on the chip. In our terminology, current quantum
computers tend to support neighbor gates.
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2 Keli Huang and Jens Palsberg

In this paper, we focus on the question of how many 2-qubit neighbor gates are required to
implement a Toffoli gate and, more generally, any 3-qubit diagonal gate.

Question: Five or Six? We can implement a Toffoli gate both using five unrestricted gates [Yu
et al. 2013], and using six neighbor gates, as we show in Section 3. Here we arrive at our central
question: five or six? Specifically, can we improve the implementation of a Toffoli gate from using
five unrestricted gates to using five neighbor gates? Or, are we forced to use a sixth neighbor gate?

Our Results. We show that six neighbor gates are necessary and sufficient to implement a Toffoli
gate. We also generalize this to a characterization of the number of neighbor gates (Theorem 7.1)
and the number of unrestricted gates (Theorem 7.2) that are sufficient to implement 3-qubit diagonal
gates. In Corollary 7.3, we prove that these upper bounds are indeed least upper bounds.

Our Proof Technique. Figure 1 shows our proof structure. The lower bound for implementations

Lemma 4.2

Theorem 7.1

Corollary 7.3

Theorem 7.2

Theorem 6.2

Theorem 6.1

Fig. 1. Proof structure.

Lemma 43

of a Toffoli gate is a corollary of Theorem 6.2, which is a novel equivalence between the expressive
power of unrestricted gates and the expressive power of neighbor gates. Specifically, Theorem 6.2
says that three classes of quantum circuits implement the same 3-qubit diagonal gates; those
classes are (1) four neighbor gates, (2) five neighbor gates, and (3) four unrestricted gates. The most
surprising aspect of Theorem 6.2 is the implication (2) = (1), which says that we can transform any
circuit with five neighbor gates into an equivalent circuit with four neighbor gates. This may seem
like a magic trick: a gate disappeared! We prove Theorem 6.2 by proving the chain of implications
(H=02)=03)= (.

The proof of the implication (2) = (3) is the main technical innovation in this paper: we trans-
form an implementation of a 3-qubit diagonal gate using five neighbor gates into an implementation
using four unrestricted gates. We devote Section 4 to proving one particular form of this result
(Lemma 4.4), which uses Lemmas 4.1-4.3, and then we use it in Section 6 in the proof of Theorem 6.2
which relies on Theorem 6.1. Our proofs in Section 4 and Section 6 rely on a suite of known lemmas
that we list in Appendix A. In particular, we use Lemma A.9 ([Palsberg and Yu 2024, LEMMA 6.4]),
which characterizes the 3-qubit quantum gates with two controls that can be implemented with
four neighbor gates.

A surprising corollary of Theorem 6.2 is that while four unrestricted gates and four neighbor
gates have the same expressive power, five unrestricted gates have strictly more expressive power
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than five neighbor gates. In particular, five unrestricted gates are sufficient to implement a Toffoli
gate, while five neighbor gates are insufficient. Another surprising finding is that, in some cases,
the qubit layout affects the optimal number of neighbor gates (Theorem 6.1).

The Rest of the Paper. In Section 2, we recall key quantum concepts, and in Section 3, we show
implementations of the Toffoli gate and two other gates. In Section 5, we define some sets of 3-qubit
diagonal gates that we use to state our results, and in Sections 4-7, we state and prove our theorems,
with the exception of some proofs that we relegated to the appendices. In Section 8, we use our
theorems to show that our implementations in Section 3 are optimal, and in Section 9, we discuss
related work.

2 QUANTUM CONCEPTS

Qubits, Quantum States, and Quantum Gates. A qubit is a two-dimensional unit vector of complex
numbers. An n-qubit quantum state is a 2"-dimensional unit vector of complex numbers. We use
lower-case letters a, b, d, p, q to represent complex numbers. Furthermore, we use lowercase letters,
enclosed in Dirac notation, as |x), |y), |z) to range over 1-qubit quantum states.

A quantum gate is a unitary matrix. A matrix U is unitary if UUT = UTU = I, where U" is the
conjugate transpose of U, and I is the identity matrix. We use uppercase letters, such as U, to range
over quantum gates. We will use the following gates.

(1.0 0 0
_loo1o _ 1 - (o = ]
S = lo10o0 X_IO]Z [0—1] H_ﬁ[l_l]
0001
e o) _ [cos(8/2) —sin(6/2) - |r 0
Rl@) =70 ag| RO = ldnger2) cos(o/2) o [0 e“”]

Notice that S is the 2-qubit swap gate, while the others are 1-qubit gates. Also, we have that
HZH = X,HXH = Z,and H' = H. We use Greek letters a, 3, y, ¢, and 0 to stand for angles ranging
from 0 to 2.

We write an n-qubit diagonal gate with 2" complex-number entries as Diag(do, d1, ... ,dzn_1),
where d; is the (i + 1) element on the diagonal.

For an n-qubit gate U, we define its (n + 1)-qubit zero-controlled gate as |[0){0| ® U + |1){1| ® I,
which applies U to the target qubits when the control qubit is |0) and applies the identity matrix
if it is |1). Also, we define its (n + 1)-qubit one-controlled gate as C(U) = [0)(0| ® I + |1){1| ® U.
which applies U to the target qubits when the control qubit is |1) and applies the identity matrix if
it is |0).

We use Eigenvalues(U) to denote the multiset of eigenvalues of the unitary matrix U, and we
use LI to denote the multiset-union operator.

Quantum Circuit Diagrams. In a circuit diagram, each qubit has its own line, and we use the
symbol / to denote that a diagram represents multiple qubits in a single line. We display the X gate
as @, and we display the S gate as two X’s connected by a line. In such a diagram, we have three
special notations. We display a zero-controlled operation as o and a one-controlled operation as e,
as shown in Figure 2.

If there exist two n-qubit gates V; and Vi, such that an (n + 1)-qubit gate V can be written as
V =10)(0] ® Vo + |1)(1]| ® V4, then, in a diagram, we use O on a line to emphasize such a qubit, as
shown in Figure 3. We borrow this notation from [Shende and Markov 2008].

, Vol. 1, No. 1, Article . Publication date: December 2025.



4 Keli Huang and Jens Palsberg

Fig. 2. Circuits for controlled gates. Fig. 3. Zero-one-controlled circuits.

For a 3-qubit diagonal gate D = Diag(do,ds,...,d;), there exist four 1-qubit gates Dy =
Diag(do, dl), D()] = Diag(dz,d3), D10 = Diag(d4, ds), and D11 = Diag(dé,d7), such that D =
[00){00] ® Doy + [01){01] ® Do; + |10){10] ® D19 + |11){11| ® D;;. This enables us to think of
D in terms of two control qubits, and we display D as shown in Figure 4.

= ——

— Doo H Dot HD1o H D11 |-

Fig. 4. A gate with two zero-one-controlled qubits.

Applying a 2-qubit Gate to 3 Qubits. Because we focus on 3-qubit circuits, we use three uppercase
letters A, B, C to represent these three different qubits. An unrestricted 2-qubit gate can operate on
any pair of qubits: AB, BC, and AC. However, neighbor gates can operate on only two of the three
pairs. Following [Palsberg and Yu 2024], we define a 3-qubit gate U; j, where ij € {AB, BC, AC},
to represent that a 2-qubit gate U is implemented on the qubits i and j in a 3-qubit circuit, with the
third qubit remaining unchanged. In this notation, if U is a 2-qubit unitary, then U;; operates on 2
qubits, while U; j operates on 3 qubits. We define U; j as follows.

Usg = U®I, Upe = I®U, Uac = Spc Uap Sae

Notice the use of the swap gate S in Spe. We have that SAB UAC SAB = UBc [Palsberg and Yu 2024,
LEMMA A.12]. Furthermore, we can easily check that Spe Sac Uap Sac Spe = Uge. If we have qubit
indices ij € {BA CB,CA}, then the qubit order must be reversed by sandwiching two swap gates.
Thus, we write UU as (Sﬂ ji ]1) or SUS], We write UVWU as an abbreviation for UU VU WU

Sets of Gates. If U, V are 3-qubit gates, and S is a set of 3-qubit diagonal gates, then we define:
USV = {UDV|DeS}

3 PROGRAMMING WITH NEIGHBOR GATES

In this section, we present five example circuits that implement the Toffoli gate (Examples 3.1-3.2)
and other diagonal gates (Examples 3.3-3.5). They all have the optimal numbers of 2-qubit gates, as
we will show in Section 8.

Qubit Layout. If we have three qubits A, B, and C, and only two of the pairs are neighbors, the
qubit layout is one of the ones in Figure 5. We will study all three layouts.

The Toffoli Gate. The Toffoli gate can be written CC(X), and it can be depicted as the left-hand-
side of Circuit (1). Here, A, B, C are qubits, and the idea is that if both A and B are 1, then the gate
will flip C by applying an X gate. The usual terminology is that A, B are the control qubits, while C
is the target qubit. The notation CC(X) signals that the gate has two control qubits and that we
may apply an X gate to the target qubit. Below is an implementation of a Toffoli gate that uses five
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A A A

7/ N\ / AN

B c B C B

C

Fig. 5. Three qubit layouts.

unrestricted gates, which is the optimal number of such gates. Those gates are all conditional gates
that each has a single control.

A —o— (1)

B —e— = PY

fany
b

.

A\

J
I

C - VXHVX[— VX

Notice that in Circuit (1), the gates are applied to all possible qubit pairs AC, BC, and AB.

A Gate with Two Controls. We can generalize CC(X) to CC(U) where U is a 1-qubit unitary, and
we can implement it by a straightforward generalization of the scheme above.

A —eo— (2)

fan\
A\

— o M o
B —e— = \u% T

cHulF  AVUHVO—VT

In Table 1, we walk through the effect of Circuit (2) on |AB)|C), and we see that the circuit
implements CC(U) correctly: the final state is |AB) U|C) if and only if |AB) = |11), and |AB) |C)
otherwise.

Table 1. The effect of the circuit in (2) on |AB) |C).

Input C(VU) ac C(VU) e C(X)aB C(WT)BC C(X)as
|00) IC) [00) |C) |00) IC) |00} |C) |00) IC) |00) IC)
|01) IC) [01) |C) 01) (VUIC))  [01) (VUIC)) o1 |C) |01) IC)
110) [C) [10) (VUIC)) [10) (VUIC)) [11) (VUIC))  [11) |C) 110) IC)
[11) [C) 1) (VUIC)  [11) (UIC))  [10) (UIC))  [10) (UIC)) [11) (U[C))

ExAMPLE 3.1 (CC(X) USING 2-QUBIT GATES ONLY ON AB AND BC). Now let us move from using
unrestricted gates to using neighbor gates. We ask: can we improve the implementation of CC(X)
from using five unrestricted gates to using five neighbor gates? The answer is No, and we need six
neighbor gates to make a Toffoli. Let us assume that a 2-qubit gate can operate on qubits AB, and
on qubits BC, but not AC. In other words, a 2-qubit gate can operate on the two control qubits but
on only one of the pairs of a control qubit and the target qubit. Circuit (1) for CC(X) violates this
assumption because the first gate operates on AC. We can fix that by (i) changing the first gate’s
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target qubit from C to B and (ii) inserting two swap gates.

A —eo— *
B —¢— = VX Fo—e—1b 8%,
| |
| |
NI T
C X | VX P X
= g 28 e RS

The above circuit uses neighbor gates entirely, but, at first, it appears to use seven gates. How-
ever, the third and fourth gates both operate on qubits BC so they can be combined by matrix
multiplication, as indicated by the dashed lines above. The result is a total of six neighbor gates.

A similar situation to the one above arises when we assume that a 2-qubit gate can operate on
qubits AB, and on qubits AC, but not BC. Notice that also in this case, a 2-qubit gate can operate on
the two control qubits and on one of the control qubits and the target qubit. We can handle this
situation as we did above.

ExampLE 3.2 (CC(X) USING 2-QUBIT GATES ONLY ON AC AND BC). A rather different situation
arises when we assume that a 2-qubit gate can operate on qubits AC and on BC, but not on AB. In
other words, a 2-qubit gate can operate on both pairs of a control qubit and the target qubit, while
it cannot operate on the two control qubits. Circuit (1) for CC(X) violates this assumption because
the third gate and the fifth gate operate on AB. However, we can fix that by (i) changing the third
gate’s target qubit from B to C and (ii) inserting two swap gates, and (iii) doing steps (i)-(ii) for the
fifth gate.

A —eo—

| P |

B —¢— = t * t
| | | T |

D i e

C—rX_—,— \/)_(L\/)_( \\% I__\/__ __,\

A\

The above circuit uses neighbor gates entirely, but, at first, it appears to use nine gates. However,
the second and third gates operate on qubits BC so they can be combined by matrix multiplication,
as indicated by the dashed lines above. Similarly, the fifth, sixth, and seventh gates all operate on
qubits BC so they can be combined as well. The result is a total of six neighbor gates.

In summary, the optimal number of 2-qubit gates for implementing CC(X) depends on whether
we allow unrestricted gates or limit ourselves to neighbor gates.

ExampLE 3.3 (CC(R,(@)) USING 2-QUBIT GATES ONLY ON AC AND BC). The example above
illustrates that five unrestricted gates have strictly more expressive power than five neighbor gates.
In contrast, four unrestricted gates have the same expressive power as four neighbor gates if the
qubit layout can be chosen to be any one of the three cases in Figure 5. Let us examine a case that
can be implemented with four unrestricted gates, namely CC(R,(«)):

A
B =1

!
cH{rR@} -HREHEHHRD}

Notice that the above circuit uses four neighbor gates: it uses no 2-qubit gates on qubits AB.

ExamPLE 3.4 (CC(R,(a)) USING 2-QUBIT GATES ONLY ON AB AND BC). Now we can ask the
question of whether we can also implement CC(R,(a)) by four neighbor gates that cannot operate
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Toffoli Requires Six Quantum Neighbor Gates 7

on qubits AC. Surprisingly, the answer is No! Rather, we have to use five neighbor gates, for example,
as follows.

A—r— —t—————C
B — r\,_ ° _lr\l___.__l
A IANZaN |
| | | |
| R.(-¢ | R.(&
¢ R} D e _ﬁ*j(&

Similarly, if we cannot operate a 2-qubit gate on BC, we must use five neighbor gates to implement
CC(R,(a)). Thus, while we can implement CC(R,(«)) using four neighbor gates, we can do it only
in the case where a 2-qubit gate can operate on both pairs of a control qubit and the target qubit.

One can wonder whether we can implement CC(R,()) either using three unrestricted gates or
using four neighbor gates that cannot operate on A and C. The answer to both questions is No, as
we will show later in the paper.

In summary, the optimal number of 2-qubit neighbor gates for the implementation of CC(R,(«))
depends on the layout of the qubit.

ExamrrE 3.5 (Diag(1, 1, 1, —1, 1, i, i, 1) USING 2-QUBIT GATES ONLY ON AB AND BC). Five unre-
stricted gates have strictly more expressive power than five neighbor gates while four unrestricted
gates have the same expressive power as four neighbor gates if the qubit layout can be chosen to be
any one of the three cases in Figure 5. What about three unrestricted gates? Consider the 3-qubit
diagonal gate W = Diag(1, 1, 1, -1, 1, i, i, 1), which we can implement with three unrestricted
gates as follows.

A - * 3)

Now we can ask: can we improve the implementation of W from using three unrestricted gates
to using three neighbor gates? Or, does the focus on neighbor gates force us to use additional
gates? The answer is that we need four neighbor gates to make a W gate. For example, here is an
implementation of W with four neighbor gates, specifically on AB and BC.

-

T
BA W = P(n/2) 5 P(n/2) P9
cH : Z|—_0—I

L_—d
Similarly, we can implement W with four neighbor gates on AB and AC by adding swap gates on
qubits AC before and after C(Z) gate in Equation (3). We can also implement W with four neighbor
gates on AC and BC by adding swap gates on qubits AC before and after C(P(r/2)) in Equation (3).

In Section 8, we show that all our circuits above are optimal.

4 FROM FIVE NEIGHBOR GATES TO FOUR UNRESTRICTED GATES

Here, we present the main technical innovation in this paper: an implementation of a 3-qubit
diagonal gate using five 2-qubit neighbor gates can be transformed into an implementation using
four 2-qubit unrestricted gates. In Lemma 4.1, we prove this for a subset of such circuits of five
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8 Keli Huang and Jens Palsberg

2-qubit neighbor gates, and then in Lemma 4.4, we generalize to a wider subset, and ultimately in
Theorem 6.2 (in Section 6), we generalize to all such circuits, as illustrated in Figure 1.

The proof of Lemma 4.1 transforms the implementation of a diagonal gate into a form that
uses 1) a 3-qubit gate with a single control qubit and two target qubits, and 2) two 2-qubit gates.
Fortunately, the 3-qubit gate in 1) can be implemented with four 2-qubit gates, two of which can be
combined with the two 2-qubit gates in 2). The net result is a circuit with four 2-qubit gates.

The proof of Lemma 4.4 uses Lemma 4.2 and Lemma 4.3 to transform an implementation of a
diagonal gate to the simpler form covered by Lemma 4.1.

LEmMMA 4.1. Suppose D is a 3-qubit diagonal gate. If there exist two 1-qubit gates P and Q and three
2-qubit gates Uy, Us, and Us, such that Uy g C(P) 4c Usge C(Q) 4c Uspe = D, then there exist four
2—qubit gates Vl, Vg, V?,, and V4, such that VlBC V2AC V3AB V4BC =D.

Proor. Suppose that U e @AC Uspe TQ)AC Us e = D. We calculate as shown in Figure 6,
and we justify each step as follows. Notice that in Figure 6, we order the qubits as A, C, B, which
simplifies the circuit diagrams, and we will continue to use this qubit order in the circuit diagrams
throughout this section. In contrast, the calculations in the text will use the qubit order A, B, C.

In the first step, we use the assumption about D.

In the second step, for C(P) and C(Q), according to Lemma A.3, there exist four complex numbers
dy,, dp,, dg,, and dg, and two 1-qubit gates K and L, such that the second step is valid.

In the third step, for C(Diag(d,,, dp,)) and C(Diag(dy,, dq,)), according to Lemma A.6, there
exist two 1-qubit gates P(¢,) and P(¢4) and two 2-qubit gates C(R;(«)) and C(R;(f)), such that
the third step is valid.

In the fourth step, because P(¢,) commutes with C(R,(f)), we define one 1-qubit gate P(¢) =
P(¢p + ¢q) and three 2-qubit gates Wy = U; (I ® K), W; = (I®KHYUs(I®L),and Ws = (I® L") Us.

In the fifth step, for W3, according to Lemma A.4, there exist six 1-qubit gates My, M;, Ry(GO),
Ry(61), Ny, and N; and three 2-qubit gates M = M, ® [0){0] + M; ® [1)(1], R = |0)(0] ® R, () +
[1){1] ® R,(01),and N = Ny ® [0){0| + N1 ® [1)(1], such that the fifth step is valid.

In the sixth step, we use that M commutes with C(R,(«)) and N commutes with C(R,(f)) while
RT =10)(0| ® Ry(=0o) +11)(1] ® Ry (—01) cancels out with R in the circuit.

In the seventh step, we define two 2-qubit gates G; = Wy M and G5 = RN Ws.

In the eighth step, we need multiple substeps of reasoning to derive the desired equation. We
first rearrange the result of the first seven steps to give the first equation in (4):

4 ! !
c Rz<ﬂ>Rz<a>k =
B 1

In Equation (4), the right-hand-side circuit equals the left-hand-side circuit for the following
reasons. If qubit A is |0), then we implement I on qubits B and C. If qubit A is |1) and qubit
B is |0), then we implement Ry = R;(a) Ry(6p) R;(B) Ry(—0) on qubit C. If qubit A is |1) and
qubit B is |1), then we implement R; = R,(a) R,(01) R.(f) Ry(—0;) on qubit C. Because R;(«),
R.(B), Ry(+0,), and R,(+0;) all have determinant 1, according to Lemma A.10, we conclude
that det(Ry) = det(R;) = 1. From this, there exist two complex numbers e’° and €', such that
Eigenvalues(Ry) = (e, e~ ) and Eigenvalues(R;) = (e, e”"1). From the above observations,
according to Lemma A.12 and Lemma A.3, there exists one 2-qubit gate F, such that

4

C([%O 13]) = (I® F) - C(Diag(e ™, e, ¢, ¢M)) - (1 ® FY) )
1
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o s g

Us Us; Ur

Us Us Uy
P(oq) P(op)
= Lt R(A HL] ktHR@HKH
Us Us Uy

= 4 HREOH HR@H F

Ws W3 Wi

= Rz(P) R Rz (@) -

&@ﬁ%ﬁ&@) -
A
M

LI

—|P(<p)

= RTHR:(B) Rz (a) =
. R] F@-( H .
P(p)
= H Rz(y1 —v0) =
Gs Ff G
. - Rz (yo +y1) -

Fig. 6. The key calculation in Lemma 4.1.
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10 Keli Huang and Jens Palsberg

Now we plug Equations (4)—(5) into in Figure 6, which completes the eighth step.
From Figure 6 we conclude that there exist four 2-qubit gates V; = G; F, V, = C(R.(y1 — o)),
V3 = C(R.(yo + 1)) (P(9) ® I), and V; = F' Gs, such that Vigc Voac V3 Vape = D. ]

LEMMA 4.2. Suppose D is a 3-qubit diagonal gate. If there exist one 1-qubit gate P and five 2-qubit
gates Ul, Uz, U3, U4, U5, where U3 =1I® |0><0| +P® |1><1| such that Uch UZAC U3BC U4AC USBC = D,
then there exist four 2-qubit gates V1, Va, Vs, and Vy, such that Vise Vauc Vaap Vage = D.

Proor. Suppose that UlBC U2AC U3BC U4AC USBC =D, where U3 =IQ® |0><0| +PQ® |1><1| We
calculate as Equation (6).

In the first step, we use the assumptions about D and Us. In the second step, for C(P), according
to Lemma A.5, there exist four 1-qubit gates K, Q, R, (), and R,(a;) and one 2-qubit gate R =
|0){0] ® R, () +|1){1]| ® R, (1), such that the second step is valid. In the third step, we use Lemma
A.7. In the fourth step, we define one 1-qubit gate R,(f}) = R.(a1 — @) and four 2-qubit gates
Wy =Up (K®I), Wy = Uz, Wy = (I ® Ry (ay)) Uy, and W5 = (Q ® I) Us.

A

Uy U,

C = — - 7'y - -
Us ’_L‘ Ui
B p

U, Uz
= I H Rz(a0) H R} ()R, (ary) 1T
Us Ui

(6)
Wy W,
= ] - RZ ( ﬂ ) - |
Ws W,
From the result, by moving W; and W5 to the left-hand side of the equation, we have that
A A - {1 (7)
W, Ws
c1_HROH | = - -
B . - L

In Equation (7), the right two circuits equal the left-hand-side circuit. This is because the left-hand-
side circuit commutes with Z gates on qubit B and the middle-hand-side circuit commutes with Z
gates on qubit A, and according to Lemma A.1, there exist four 1-qubit gates Lo, Lo1, L1, and Ly1,
such that both circuits can be written as one 3-qubit gate L = |00){00|®Lgo+|01)(01|®Lo; +]10){10|®
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Lip+]11){(11| ® Ly;. For Equation (7), we have the following two observations: If qubit B is |0), then
|0){0[®Loo+|1){1|®L19 = W Wy; If qubit Bis [1), then |0)¢0[® Lo1 +|1){1|® L1 = Wz (I®R;(f)) Wi
From this, we know that

[LOlL;o 0

Eigenvalues( LL!
10

B B

]) = Eigenvalues((Wz (I ® R,(f)) W';) =(e7'2, 712, €'2, ¢

From the above and according to Lemma A.12, we have three cases: (1) Eigenvalues(LngO) =
Eig;nva}Lues(LuLjO) = (e"g, e’g), (2) Eigem;alue;(Lo]LgO) = (e"g, e‘ig), Eigenvah;es(LléLl'O) =
(e'Z, €'7), and (3) Eigenvalues(LOngo) = (e'Z, €'7) and Eigenvalues(LuLIO) = (e7'2, e7'7). The
proof of case (3) is similar to that of case (2) by symmetry, and the proofs of case (1) and case (2) go
as follows. P

For case (1), because Eigenvalues(LyiLy,)) = Eigenvalues(LllLIO) = (e7'2, €'7), according to
Lemma A.2, there exist two 1-qubit gates Gy and Gy, such that Ly; = Gy R,(f) Gg Loo and Ly; =
G1GoR,(p) Gg Gf L10, and we can rewrite L in Equation (7) as

®)

From Equations (7)-(8), by moving W; and W;r back, according to Lemma A.7, we have that

A T * ’ )
C A HLoHLjko HG [ Gy HR=(8) - =

Ws W
B — —

According to Equation (9), we know that there exist two 1-qubit gates M = G; and N = GI Lo Lgo
and three 2-qubit gates F; = W, F; = (I ® Gy) C(R(f)) (I ® Gg), and Fs = (I ® Lyy) Ws, such that
Fipe WAC Fspe C(N)4c Fsge = D. According to Lemma 4.1, there exist four 2-qubit gates V;,
Vs, V3, and Vi, such that Vige Vo uc Vaag Vape = D.

For case (2), if Eigenvalues(LOILgO) = (e_’g, e_ig) and Eigenvalues(LnLIO) = (eig, e’g), we
have that L01L;0 = e_’gl and LllLIo = eigl, and we conclude that Ly; = e_igLOO and L; = e’ngO.

From the above, we can rewrite L in Equation (7) as

A Py
C Lo =
B+4PC-H PO —

From Equations (7) and (10), by moving W; and WlT back, according to Lemma A.7, we have that

(10)

A T (11)
C Loo LiLoH F =

Ws Wi
s L Hrcblra—
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12 Keli Huang and Jens Palsberg

By Equation (11), there exist four 2-qubit gates V; = Wy, V, = C(LloLgo), Vs = C(P(f)), and
Vo= (P —§) ® Loo) Ws, such that Vigc Vaac Vaag Vape = D. o

LEmMMA 4.3. Suppose D is a 3-qubit diagonal gate. If there exist two 1-qubit gates Py and P,
and five 2-qubit gates Uy, Us, Us, Uy, and Us, where U, = [0){0] ® Py + |1){1| ® Py, such that
Usgc Usac Uspe Ugac Usge = D, then there exist four 2-qubit gates Vy, V,, V3, and Vy, such that
Vigc Vaac V3ap Vape = D.

Proor. Suppose that Uch @AC 7336‘ EAC USBC =D, where UZ =P= |0><0| ® PO + |1><1| ® Pl.
We calculate as shown in Equation (12).

In the first step, we use the assumptions about D and U,. From these assumptions, according to
Lemma A.1, we have that both D and U, commute with Z gates on qubit A. From this, we conclude
that U, also commutes with Z gates on qubit A. As a result, according to Lemma A.1, we conclude
that there exist two 1-qubit gates Qp and Q, such that Uy = Q = [0){0| ® Qg + [1){1| ® Q1. In the
second step, we use this observation. In the third step, we use Lemma A.7.

A 1
Uy
C = _| | L L
Us Us U,
B _| L
. i g
Us Us U;
T T (12)
= Qng‘ ngl_ ~
Us Us U;

From Equation (12), we have that there exist two 1-qubit gates M = Plpg and N = Qng and
three 2-qubit gates Wy = Uy, W3 = (I ® Py) Us, and W5 = (I ® Qo) Us, such that

Wic C(M) 40 Wpe C(N)yc Woge = D
From this and Lemma 4.1, we conclude that there exist four 2-qubit gates V;, V3, V3, and Vj, such

that VIBC VZAC 73AB Vwc =D. -

LEmMMA 4.4. Suppose D is a 3-qubit diagonal gate. If there exist five 2-qubit gates Uy, Uy, Us, Uy, Us,
such that Uy gc Uy oc Usge Usac Uspe = D, then there exist four 2-qubit gates Vi, Va, Vs, Vy, such that
Vigc Vaac Vaap Vape = D.

Proor. Suppose that D = 0)(0| ® Dy + |1){1| ® D;. For U,, Us, Uy, and Us, according to Lemma
A.16, there exist four 2-qubit gates W, W5, Wy, and W5, such that

Usac Uspc Usac Uspe = Waac Wape Waac Wspe (13)
Wi (10) ® [0)) 0) ® |0) (14)
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Toffoli Requires Six Quantum Neighbor Gates 13

By Equation (13) and the assumptions of D, if we define W; = Uj, we have that
Wigc Waac Wape Wiac Wspe = D (15)
By Equations (14)-(15), we conclude that, for all |y), we have that
Waac Wsge (10)4 ® [y)5 ® |0)c)
= Wipe D Wape Winc (1004 ® )5 ® [0)c)
= Winc Dosc Wpc (1004 ® )5 @ [0)c) (16)

According to Lemma A.8, W has three cases. In the first case, suppose that there exists a qubit |y),
such that Ws (|y) ® |0)) is entangled. From this and Equation (16), for W, according to Lemma A.13,
we conclude that there exist two 1-qubit gates Py and P;, such that W, = [0){0] ® Py + [1){1]| ® P;.
From this and Equation (15), according to Lemma 4.3, we conclude that there exist four 2-qubit
gates Vq, Vs, V3, and Vj, such that Vch VZAC VgAB WBC =D.

In the second case, suppose that 3|x) : V|y) : 3|z) : W5 (Jy) ® [0)) = |x) ® |z). From this and
Equation (16), for W;, according to Lemma A.17, we conclude that there exist two 1-qubit gates P,
and P, such that W, = [0)(0| ® Py +|1){1| ® P;. From this and Equation (15), ), according to Lemma 4.3,
we conclude that there exist four 2-qubit gates Vi, Va, V3, and V4, such that Vige Vaac Vaap Vage = D.

In the third case, suppose that J|x) : V|y) : J|z) : V3 (Jy) ® |0)) = |z) ® |x). From this, for W,
Ws, Wy, and Ws, according to Lemma A.15, we conclude that there exist one 1- qub1t gate P and
three 2- qublt gates Kz, K3, and K5, such that M/ZAC %BC W4AC %BC = KZAC K3BC M/4AC KSBC and
K3 =1®(0)¢0| + P ® |1)(1|. From this and Equation (15), accordmg to Lemma 4.2, we conclude that
there exist four 2-qubit gates V;, Vz, V5, and Vj, such that Vise Vauc Vaup Vape = D. )

5 SETS OF 3-QUBIT DIAGONAL GATES

In this section, we define the sets Sy, . .., Sg of 3-qubit diagonal gates. For each S;, we will prove
the least upper bounds shown in Table 2 on the number of 2-qubit neighbor gates and on the
number of 2-qubit unrestricted gates needed to implement any 3-qubit diagonal gate D in S;. In
more detail, we will prove those upper bounds in Theorem 7.1 and Theorem 7.2, and we will prove
Corollary 7.3 which states that the upper bounds in Table 2 are indeed least upper bounds, as
illustrated in Figure 1. In the first row of Table 2, the least upper bounds are based on picking the
qubit layout, among three cases in Figure 5, that minimizes the number of 2-qubit gates. We borrow
the notions of Sy, S4, S5, and S from Shende and Markov [2008], though we state their definitions
in a different way. In contrast, S; and S; are new. The interesting cases are Sy and S¢ for which
we need an additional neighbor gate, compared to the number of unrestricted gates.

Table 2. Least upper bounds on the number of 2-qubit gates needed to implement any gate in S;.

#0f2-qubit gates ‘ S] ‘ Sz ‘ 83 ‘ 84 ‘ 85 ‘ 86
Neighbor gates ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 4 ‘ 6

Unrestrictedgates‘ 1 ‘ 2 ‘ 3 ‘ 3 ‘ 4 ‘ 5

The Idea. Table 2 shows that when i increases, the number of 2-qubit gates needed to implement
a gate in S; increases or stays the same. Thus, when i increases, the gates in S; become more
resource-intensive to implement. Intuitively, this is because, when i increases, the gates in S; must
satisfy fewer constraints on its eight diagonal elements. Specifically, the gates in S; must satisfy
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14 Keli Huang and Jens Palsberg

three constraints, while the gates in S, U Ss3 must satisfy two constraints, and the gates in Sy U S5
must satisfy a single constraint. Ultimately, S is the set of all diagonal 3-qubit gates.

The Definition. Each S; is a union of three sets: S; = S} US? U S?. We give the definitions of
the sets S] in Figure 7. For most i, the three sets S}, S2, 83 are different and reflect different ways
of imposing constraints on the diagonal elements of a gate.

Intuition. The definition of sets Sij contains many constraints that equate products of diagonal
elements. A key intuition behind the definition lies in a property that we will state as Lemma 5.3
below: D € Sij if and only if D' e Sij . For example, the definition of Sll contains the constraint
dods = didy. For D € Sll, we see that every diagonal element of D' is the one from D but conjugated.
So, when we have dyds = d;dy and we conjugate all four factors, we see that the equation still holds.

Each S; is a union of three sets: S; = S} US? U S?. We define each Sij as follows.

S! = { Diag(do,d,ds,d3,dy, ds,ds,d7) | dods = didy A dods = dady A dody = dsdy }
S} = { Diag(dy,d,do, ds,dy, ds,de, d7) | dods = dydy A dods = dody A dody = dods }
'513 = { Diag(do, d1,dz, d3,ds, ds5,ds, d7) | dods = dydy A dods = dvdy A dody = dids }

S, = { Diag(dy,di,ds,ds,ds,ds,dg,d7) | dods = dydy A dydy = dsdg }
Szz = { Diag(do, d],dz, dg, d4, ds, d6, d7) | d0d5 = d1d4 N d2d7 = d3d6 }
823 = { Diag(d()’ dl’dz’ d3, d4’ d5’ d6’ d7) | d0d6 = d2d4 A d1d7 = d3d5 }

831 = { Diag(do, d],dz, d3, d4, d5, dﬁ, d7) | dod-] = d3d4 AN dldé = dZdS }
832 = { Diag(do, d], dz, dg, d4, ds, d6, d7) | d0d7 = d2d5 A d1d6 = d3d4 }
S; = {Diag(dydi,dy,d3,ds, ds, de, d7) | dody = dyds A dods = dsdy }

Sli = { Diag(do, dlad25d3’d4’ dS, d6, d7) | d0d3d5d6 = d1d2d4d7 } = SZ = SS
S; = { Diag(do, dy, dy, ds, dy, ds, dg, d7) | dodsdsdy = didodsds }

S? = { Diag(do,di, da, ds,ds, ds, ds, d7) | dododsdy; = didsdads }
S; = { Diag(d()’ dl’ dz’ d3’ d4’ dSa d6a d7) | d0d1d6d7 = d2d3d4d5 }

Si = the set of all 3-qubit diagonal unitaries = S? = S;

Fig. 7. The definition of Sy, ..., Ss.

Properties. We can show, through a tedious case analysis, that S; € Sz € Sy € 8¢, 81 € S5 C
S5 € S, and S; € Ss, while S; ¢ S and S3 ¢ Sy and Sy ¢ Ss. Figure 8 shows the inclusion
relations among the S; sets, and Figure 9 shows detailed inclusion relations among some of the S]
sets. In particular, each set S is included in two sets S] and one set S7. In addition, each set S is
included in one set SJ and each set SJ is included in two sets S]
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Toffoli Requires Six Quantum Neighbor Gates 15

Sy Ss
S, Ss

Fig. 8. Inclusion relations among the S; sets.

S; S; S;
S; S; S; S; S S;
S? S? S!

Fig. 9. Inclusion relations among some of the Sij sets.

The sets Sij satisfy three key properties that we state as Lemma 5.1, Lemma 5.2, and Lemma 5.3
and that we prove in Appendix B. First, Lemma 5.1 says that we can map a gate from one of
8!, 8?2, S? to another by conjugating the gate with a swap gate.

LEMMA 5.1. Foralli € 1..6, (I)EBC Sll §BC = Sl-l, (Z)EAB Sll §AB = S;Z, (3)§AC Sll §AC = 813, (4)
§AC Slz §AC = Slz, (5)§BC Slz §BC = S?, and (6)§AB S? §AB = S?

Second, Lemma 5.2 says that conjugating a gate with a swap gate preserves the number of 2-qubit
neighbor gates and the number of 2-qubit unrestricted gates used in an implementation. Lemma 5.2
also states how to change each component gate when conjugating with a swap gate.

LEmMMA 5.2. For k € { AB, AC, BC }, a 3-qubit gate D can be implemented with m 2-qubit
gates as D = Uy; Uy, ... Up,;  if and only if Si D Sy can be implemented with m 2-qubit gates as
Sk DSk = 71]‘1 72]-2 e V_mj,,,- Specifically, we have the following table.
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16 Keli Huang and Jens Palsberg

For mapping a product D to: | map each factor in D as follows:
Uge — SUSpe

Spc D Spe Usc — Uas

Uap — Uac

UBC — S U SAB
Sac D Sac Usc — SUSac
Uag — SUSpe

_ _ EBC - gAc
SaB D Sag Uac — Usc
UAB — SU SAB

When we combine Lemma 5.1 and Lemma 5.2, we see that for a given i, the least upper bounds
for neighbor gates and unrestricted gates are the same across S}, S?, and S;.
Third, the dagger operation will not change the set to which a 3-qubit diagonal gate belongs.

LEMMA 5.3. A 3-qubit diagonal gate D € Sl.j ifand only if D' € Sl]

Examples. Here are examples of elements of the sets Sy, Sz, Ss. First, for the 3-qubit gate CC(-I) =
Diag(1, 1, 1, 1, 1, 1, —1, —1), we have that dyds = d1d,, dods = dids, and dod; = dids. From this,
we conclude that CC(-I) € S;.

Forthe gate C(Z ® Z) = Diag(1, 1, 1, 1, 1, —1, —1, 1), we have that dyd; = d1d; and dyd; = dsd.
Also, we have that dyd; = d3ds and d1ds = dsds. From this, we conclude that C(Z ® Z) € S, N S5,
but also that C(Z ® Z) ¢ S;.

If we change —1 to i in C(Z ® Z), we get the gate D3 = Diag(1, 1, 1, 1, 1, i, i, 1), and we have
dyd; = dsdy and dydg = dpds. From this, we conclude that D5 € S;. Similarly, we can easily check
that D3 ¢ SQ.

For the gate C(S ® st = Diag(1, 1, 1, 1, 1, —i, i, 1), and we have dyds = d1d, and dyd; = dsd;.
From this, we conclude that C(S ® S) € S,. Similarly, we can easily check that C(S ® ST) ¢ Ss.

Examples from Section 3. Now we turn to the gates from Section 3. In Examples 3.1 and 3.2 we
considered the 3-qubit gate CC(X), which can be conjugated with I ® I ® H to give the diagonal
gate CC(Z) = Diag(1, 1, 1, 1, 1, 1, 1, —1). We have CC(Z) ¢ S4 because dydsdsds = 1 # —1 =
didodyd;. Also, CC(Z) ¢ Ssl because dydsdsd; = —1 # 1 = dydadsds. Similarly, we can easily check
that CC(Z) ¢ SZ and CC(Z) ¢ S?. So,CC(Z) ¢ S4 U Ss.

In Examples 3.3 and 3.4 we considered CC(R,(«)) = Diag(1, 1, 1, 1, 1, 1, e i%, ei%). We
have CC(R,(a)) € 82 C S5 because dyd;dsd; = dydsd,ds. Similarly, we can easily check that
CC(R;(a)) ¢ S3US, US USE.

In Example 3.5 we considered the 3-qubit diagonal gate W = Diag(1, 1, 1, -1, 1, i, i, 1). We
have W € 84 N S5 because dydsdsds = didydsd;, and also dydsdyd; = didydsds. Similarly, we can
easily check that W ¢ S, U Ss.

6 THE EXPRESSIVENESS OF FOUR NEIGHBOR GATES

In this section, we state two theorems on the expressiveness of four neighbor gates. We begin with
Theorem 6.1, which says that a 3-qubit diagonal gate D belongs to subsets of S4 U Ss if and only if
D can be implemented using particular products of four neighbor gates. This is significant because
some 3-qubit diagonal gates, such as CC(R,(«)), are in one of the subsets of S; U S5 but not the
others, as we saw in Section 5.
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THEOREM 6.1. Suppose D is a 3-qubit diagonal gate.

(1) We have D € S; U 8! if and only if there exist four 2-qubit gates U, U, Us, Uy, such that
Urac Uza Usac Usap = D.

(2) We have D € S; U S if and only if there exist four 2-qubit gates Uy, Uy, Us, Uy such that
Uipc Uzap Uspc Usap = D.

(3) We have D € S; U S? if and only if there exist four 2-qubit gates U, Uy, Us, Uy such that
Uipc Uzac Uspc Usac = D.

We prove Theorem 6.1 by first proving Property (3) through a sequence of if-and-only-if state-
ments. First, D € S, U 853 if and only if for particular dj, d], we have that CC(Diag(d,, d;)) satisfies
dyd; = 1 or dj = d;. Then we use Lemma A.9 to see that CC(Diag(dy, d)) satisfies this constraint
if and only if CC(Diag(dy, d;)) can be implemented by a particular combination of four neighbor
gates. Finally, we use Lemma 5.2 to transform this combination of neighbor gates to a product
that both has the desired form and equals D. After we are done with proving Proving (3), we use
Lemma 5.1 and Lemma 5.2 to derive Properties (1)-(2) from Property (3).

Proor. (THEOREM 6.1) Suppose we have a 3-qubit diagonal gate D = Diag(dy, di, d, d3, dy, ds, ds, d7).
We will prove the three properties in the order (3), (2), (1).
Property (3). We reason as follows.

DeS, U S; — d0d3d5d6 = d1d2d4d7 \Y d0d1d6d7 = d2d3d4d5
deo_d7d1 v d6d0 d7d1_
dyds  dsds dyds dids
&= 3J2-qubit gates V;, V, V3,V :
- - — — . d¢dy dyd
Viac Vepe Vaac Vape = CC(Dlag(—dZ dz’ _dZ d;))
&= 3 2-qubit gates V1, V, V3, Vy :
o . dedy dpdy | <
SaB Viac VaBe Vaac Vape SaB = Sas CC(Dlag(d R )) SaB
2 U4q 3 U5
&= J2-qubit gates V1, V5, V3, Vy :
- — . d¢dy dyd
Vise Vaac Vape Vaac = CC(Diag(=—>, ——))

dy d,’ dsds
&= 3 2-qubit gates Uy, U,, Us, Uy :
Uipc Uzac Uspe Usac = D (17)
In the first step, we use the definitions of D, S,, S;. In the third step, we use Lemma A.9. In
the fifth step, we use Lemma 5.2. In the sixth step, we define W; = Diag(dp, di, ds, d3) and Wy =
Diag(1, 1, d4/dy, ds/d1), and then we use U; = W;V; and U, = V, and U;s = V5 and Uy = V;W,. This
is sufficient to complete the proof of Property (3) because we have:

__ . dedy di7dy  — .

Wi s CC(Diag( dZ dj, ﬁ)) Wiac = Diag(do. di, do, ds, do, dy, d, ds)
. d6d0 d7d1
D ,1,1,1,1,1, —-,
fag( dydy’ ds ds

Diag(1,1,1,1,ds/do, ds/dy, dy/do, ds/dy)
= Diag(do, d],dz,dg, d4, d5,d6, d7)
D
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Property (2). We reason as follows.
DeSUS: & SpcDSpceS,US?

&= d2-qubit gates V1, V,, V3,V :
Vige Vaac Vage Vaac = Sse D Spe

&= 3 2-qubit gates V1, V,, V3,V :
Sac Vige Vaac Vane Vaac Sse =D

&= d2-qubit gates V;, V5, V3,V :
SVi Spc Vaap S Vs Spe Vaap = D

&= 3 2-qubit gates Uy, Uz, Us, Uy :
Utipc Uzag Uspe Usap = D (18)

In the first step, we use Lemma 5.1. In the second step, we use Property (3). In the fourth step, we
use Lemma 5.2.

Property (1). We reason as follows.
D€S4US; — §A3D§A3684U83
&= 3 2-qubit gates V1, V5, V3,V :
Vige Vaap Vape Vaap = Sap D Sap
= 3 2-qubit gates V3, V,, V3, V, :
SaB Vipc Vaag Vape Vaap Sap = D
&= 3 2-qubit gates V, V5, V3,V :
ViacS V2 Sap Vaac S Va Sap =D
&= 3 2-qubit gates Uy, U,, U3, Uy :

Upac Usap Uspc Usap = D

In the first step, we use Lemma 5.1. In the second step, we use Property (2). In the fourth step, we
use Lemma 5.2. O

Next, we state Theorem 6.2, which says that the following four classes of 3-qubit diagonal gates
are equivalent: (1) Sq U Ss, (2) those implemented with four neighbor gates, (3) those implemented
with five neighbor gates, and (4) those implemented with four unrestricted gates.

THEOREM 6.2. Suppose D is a 3-qubit diagonal gate. The following conditions on D are equivalent.

(1) DeS,U Ss.

(2) There exist four 2-qubit gates Uy, Us, Us, Uy, such that Flil Ug,-z Ugil Eiz = D, where iy, iy
€ { AB, AC, BC }.

(3) There exist five 2-qubit gates Wy, W, W3, Wy, Ws, such thathj1 szz W3j1 W‘ljz ngjl = D, where
ji, j» € { AB, AC, BC }.

(4) There exist four 2-qubit gates Vi, V,, V3, Vy, such thatvlkl ngz 73;(3 V4k4 = D, where ky, ko, k3,
k, € { AB, AC, BC }.

Notice that in Theorem 6.2, each of Properties (2)—(3) uses just two indices, which means that
the matrix products use neighbor gates. In contrast, Property (4) uses four indices.

We give the proof of Theorem 6.2 below, but first we outline the idea of the proof. The centerpiece
of the proof is Table 3, which summarizes key properties that we prove in a suite of lemmas. Notice
that in Table 3, each row has a structure that is similar to the four items in Theorem 6.2. Specifically,
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the first column of Table 3 has a subset of S; U Ss, the third column has a product of four neighbor
gates, the fourth column has a product of five neighbor gates, and the fifth column has a product of
four unrestricted gates. Additionally, the second column lists the two qubits that the first gate in
each of the products in columns 3-5 works on.

Table 3. Summary of our lemmas in Theorem 6.2.

D ‘ 1% gate ‘ Four neighbor gates | Five neighbor gates | Four gates
S, US? BC Uige Uzac Uspe Usac Wipe Waac Vige Vaac
S, U S? Uipc Uzap Uspc Usap | Wape Wanc Wspe | Vaas Vage
S, U S: AB Ui ag Uzpe Us ap Uspe Wiap Wage Viag Vepe
S, US! Uiap Uzac Usap Usac | Wiap Wapc Woag | Vaac Vaas
S;uS? AC Ui ac Usge Us ac Uspe Wiac Wape Viac Vape
S, US! Uiac Uzap Usac Usag | Wiac Wape Wsac | Vaap Vaac

The key idea of Table 3 is to show different approaches to implementing gates in the three
sets S, U Ssl, S, U 852, and S, U 853 . For example, if we want to consider an implementation of a
gate in S, U S2, and we want the first gate to operate on qubits BC, then Table 3 suggests three
different ways of doing it. The first implementation uses four neighbor gates, and the second uses
five neighbor gates, while the third, in column “Four gates”, uses four unrestricted gates.

Table 3 is based on two key lemmas. First, in Appendix C, Lemma C.1 shows a reduction from
arbitrary products of four 2-qubit unrestricted gates to the nine cases listed in the third and fifth
columns of Table 3. Lemma C.2 shows a reduction from arbitrary products of five 2-qubit neighbor
gates to the three cases listed in the fourth column of Table 3. Together, Lemma C.1 and Lemma C.2
enable us to focus on the products listed in Table 3 when we discuss a product using four or five
2-qubit gates in Theorem 6.2.

Proor. (THEOREM 6.2) We will prove (1) = (2) = (3) = (4) = (1).

Condition (1) = Condition (2). Immediate from Theorem 6.1, using S5 = S} U SZ U S?.

Condition (2) = Condition (3). We use I as the fifth gate.

Condition (3) = Condition (4). Suppose there exist five 2-qubit gates W, W, W5, Wy, W, such
that lel szz le W‘ljz Wsjl = D, where ji, j» € { AB, AC, BC }. According to Lemma C.2, we can
assume that the product is one of the three cases in the fourth column in Table 3. We will consider
each of those three cases in turn.

First, if j; = BC and j; = AC, then from Lemma 4.4, we have that there exist four 2-qubit gates
Vi, V2, Vs, Vy, such that Vigc Vauc Vaag Vage = D.

Second, if j; = AB and and j, = BC, then according to Lemma 5.2, we know that Spe Sac D Sac Spe =
Wige SWa Sac Wi 3BC SW,S Ac Ws /s5C- Accordlng to Lemma 4.4, there exist four 2-qubit gates V;, V5,
Vs, Vi, such that Sge Sac D Sac Spe = Vch Vauc Vaag Vage. From this, according to Lemma 5.2, we
know that D = VIABS‘/ZSBCSV;SACV4AB

Third, if J1 = AC and j, = BC, then according to Lemma 5.2, we know that Syg D Sap =
Wipe W, AC Wi el Wiac Ws Vs BC- Accordlng to Lemma 4.4, there exist four 2-qubit gates Vi, V3, V3, Vi,
such that Squg DSag = Vige Vaac Vaag Vage. From this, according to Lemma 5.2, we know that
D = Viac Vape S Vs Sap Vaac-
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Thus, in all three cases, we get the desired conclusion.

Condition (4) = Condition (1). Suppose there exist four 2-qubit gates Vi, V,, V3, V4, such that
Vlk1 VZkz ng3 V4k = D, where ki, ks, k3, ks € { AB, AC, BC }. From Lemma C.1 we have that we
can assume that the product is one of the nine cases in the third and fifth columns in Table 3.
We will show the three cases in the fifth column in detail here. The first case we will consider is
the one where k; = BC, k; = AC, k3 = AB, and k4 = BC. Let us write D = Diag(do, ds, ..., d;) as

= |0><0| ® DO + |1><1| ® Dl’ where DO = Diag(do, dl, dz, d3) and D1 = Diag(d4, d5,d6,d7). From
the assumption about D, we have that

Vaac Vaap = [0)(0] ® (V] Do V) +[1)(1] ® (V, Dy V) (19)

By Equation (19), according to Lemma A.14, there exist four 1-qubit gates Py, P, Qo, Q1, such
that Vo 4c Vaap = 10){0] ® Py ® Qp + [1)(1] ® P; ® Q, and we have that

Do =Vi(Py® Qo) Vs Di=Vi(Pi®Q1)V, (20)
By Equation (20), we conclude that
Dy Dy =V, (PjP1® Q{01 Vs (21)

By Lemma A.11, there exist four complex numbers a, b, p, g, such that Eigenvalues (PgPl ®Q$Q1) =
(ap, bp, aq, bq). From this and by Equation (21), we have that

dy d5 d6

Eigenvalues(Dng) = (— — )

(ap, bp, aq, bq) (22)

According to Equation (22), we conclude that for Eigenvalues(Dg D), there exists the multi-
plication of two eigenvalues equal to the multiplication of the other two eigenvalues. Thus, we
have the following three cases. (1) If dod1dsd; = dpdsdsds, we conclude that D € 853. 2) If
d0d2d5d7 = d1d3d4d6, we conclude that D € SSZ (3) If dod3d5d6 = d1d2d4d7, we conclude that D € S4.
As a result, we conclude that D € S, U 82 U 83 CS,USs.

For the second case where k; = AB, kz = BC k3 = AC, and k4 = AB, according Lemma 5.2,
we have that Sge SAC D Sac SBC =Vipe SVoSac S Vs Sap Vape. From the analysis of the first case,
we conclude that Sgc Sac D Sac Spe € Sy U Sz U 83 According to Lemma 5.1, we conclude that
DeSUSIUS:ECS,US:s.

For the third case where k; = AC, k; = BC, k3 = AB, and k4 = AC, according Lemma 5.2, we
have that Sag D Sag = Vige Vauc S Vs Sap Vape. From the analysis of the first case, we conclude that
SagDSag € S4U 852 U S;. According to Lemma 5.1, we conclude that D € S, U S; u Sg C S, US:s.

For the other six cases in the third column, three of them can be derived according to Theorem 6.1,

and the other three cases can be derived by symmetry. For the first case where k; = AB, k; = AC,
ks = AB, and ky = AC, if D = V; 45V24c V345 Vauc, then we have that DY = Vi , Vi Vi Vi
According to Theorem 6.1 property (1), we conclude that DT € S, U S.. According to Lemma 5.3,

we conclude that D € S, U S;.
For the second case where k1 = AB, kz = BC, ks = AB, and k4 = BC, if D = V4 s5VapcVaapVase

then we have that D = Vj BCV; ABVT BCVII - According to Theorem 6.1 property (2), we conclude

that D € S, U Sz According to Lemma 5.3, we conclude that D € Sy U Sz
For the third case where k1 AC, kz BC, k3 = AC,and k4 = BC,if D = VlAcVZBcV3AcV430,

then we have that DT = Vj BCV; AcVzT BCV1 4c- According to Theorem 6.1 property (3), we conclude

that D' € S; U S2. According to Lemma 5.3, we conclude that D € S, U S2.

= Eigenvalues(VALT (PgP1 ® Qng) Va)
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The above three cases, along with six others that can be derived according to Theorem 6.1, lead
to the overall conclusion that D € S, U Ss. m]

7 CHARACTERIZATION OF ALL 3-QUBIT DIAGONAL GATES

In this section, we first state two theorems that give upper bounds on the number of 2-qubit
gates needed to implement a 3-qubit diagonal gate. We begin with Theorem 7.1, which focuses on
neighbor gates.

THEOREM 7.1. Suppose D is a 3-qubit diagonal gate.

(1) We have D € S; if and only if D can be implemented with one 2-qubit neighbor gate.

(2) We have D € S, if and only if D can be implemented with two 2-qubit neighbor gates.

(3) We have D € S, U Ss if and only if D can be implemented with three 2-qubit neighbor gates.
(4) We have D € 84 U Ss if and only if D can be implemented with four 2-qubit neighbor gates.
(5) We have D € S if and only if D can be implemented with six 2-qubit neighbor gates.

Notice that S; appears twice in Theorem 7.1 because we state if-and-only-if properties. Specif-
ically, in the forwards direction, both 2 and 3 are upper bounds for S,, while in the backwards
direction, we characterize accurately which gates can be implemented with two 2-qubit neighbor
gates and with three 2-qubit neighbor gates. In Appendix D, we prove each if-and-only-if property
by proving the two directions separately. For the left-to-right direction, we pick a 3-qubit diagonal
gate from the given subset and then implement it with neighbor gates. For the right-to-left direction,
we first assume that a three-qubit diagonal gate D equals the product of some 2-qubit neighbor
gates. Then we discuss which restrictions each neighbor gate must satisfy to make this equation
valid. The neighbor gates satisfy those restrictions simultaneously, which let us derive the subset
to which D belongs.

Next, we state Theorem 7.2, which focuses on unrestricted gates.

THEOREM 7.2. Suppose D is a 3-qubit diagonal gate.

(1) We have D € S; if and only if D can be implemented with one 2-qubit unrestricted gate.

(2) We have D € S, if and only if D can be implemented with two 2-qubit unrestricted gates.

(3) We have D € S5 U S, if and only if D can be implemented with three 2-qubit unrestricted gates.
(4) We have D € 84U S5 if and only if D can be implemented with four 2-qubit unrestricted gates.
(5) We have D € Sq if and only if D can be implemented with five 2-qubit unrestricted gates.

- = —

Notice that Sy appears twice in Theorem 7.2, which is because we state if-and-only-if properties.
In Appendix E, we prove Theorem 7.2. In the left-to-right direction, the cases of Si, S,, S3, and Ss
are immediate from Theorem 7.1. In contrast, we give a separate proof of the case of S, akin to
the proof of the case of S, in Theorem 7.1, and we also give a separate proof of the case of S¢. In
the right-to-left direction, we do the proof in a manner similar to that of Theorem 7.1, but without
neighbor restrictions.

Now we use the upper bounds in Theorem 7.1 and Theorem 7.2, along with examples from
Section 5, to prove Corollary 7.3, which states least upper bounds.

CoOROLLARY 7.3. Table 2 states the least upper bounds on the number of 2-qubit gates needed to
implement any gate in Sy, . . ., Se.

Proor. For 8y, according to Theorem 7.1.(1), the upper bound on the number of 2-qubit neighbor
gates is 1, and according to Theorem 7.2.(1), the upper bound on the number of 2-qubit unrestricted
gates is 1. Because there exists a 3-qubit diagonal gate CC(-I) = Diag(1, 1, 1, 1, 1, 1, -1, —1) =
C(Z) ® 1, such that CC(-I) € S; and CC(-I) cannot be implemented without 2-qubit gates, we
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conclude that for Sy, the least upper bound on the number of 2-qubit neighbor gates is 1, and the
least upper bound on the number of 2-qubit unrestricted gates is 1.

For S,, according to Theorem 7.1.(2), the upper bound on the number of 2-qubit neighbor gates
is 2, and according to Theorem 7.2.(2), the upper bound on the number of 2-qubit unrestricted gates
is 2. Because there exists a 3-qubit diagonal gate C(Z ® Z) = Diag(1, 1, 1, 1, 1, =1, —1, 1), such
that C(Z ® Z) € S; and C(Z ® Z) ¢ Sy, we conclude that C(Z ® Z) cannot be implemented with
one 2-qubit neighbor gate according to Theorem 7.1.(1) or one 2-qubit unrestricted gate according
to Theorem 7.2.(1). Thus, for S, the least upper bound on the number of 2-qubit neighbor gates is
2, and the least upper bound on the number of 2-qubit unrestricted gates is 2.

For 83, according to Theorem 7.1.(3), the upper bound on the number of 2-qubit neighbor gates
is 3, and according to Theorem 7.2.(3), the upper bound on the number of 2-qubit unrestricted
gates is 3. Because there exists a 3-qubit diagonal gate D3 = Diag(1, 1, 1, 1, 1, i, i, 1), such that
D5 € 8; and D; ¢ S, we conclude that D; cannot be implemented with two 2-qubit neighbor gates
according to Theorem 7.1.(2) or two 2-qubit unrestricted gates according to Theorem 7.2.(2). Thus,
for Ss, the least upper bound on the number of 2-qubit neighbor gates is 3, and the least upper
bound on the number of 2-qubit unrestricted gates is 3.

For Sy, according to Theorem 7.1.(4), the upper bound on the number of 2-qubit neighbor gates
is 4, and according to Theorem 7.2.(3), the upper bound on the number of 2-qubit unrestricted
gates is 3. Because there exists a 3-qubit diagonal gate W = Diag(1, 1, 1, —1, 1, i, i, 1) as shown
in Example 3.5, such that W € Sy and W ¢ S, U 83, we conclude that W cannot be implemented
with three 2-qubit neighbor gates according to Theorem 7.1.(3) or two 2-qubit unrestricted gates
according to Theorem 7.2.(2). Thus, for Sy, the least upper bound on the number of 2-qubit neighbor
gates is 4, and the least upper bound on the number of 2-qubit unrestricted gates is 3.

For Ss, according to Theorem 7.1.(4), the upper bound on the number of 2-qubit neighbor gates
is 4, and according to Theorem 7.2.(4), the upper bound on the number of 2-qubit unrestricted gates
is 4. Because there exists a 3-qubit diagonal gate CC(R,(a)) = Diag(1, 1, 1, 1, 1, 1, P e’%) as
shown in Examples 3.3 and 3.4, such that CC(R,(a)) € Ss and W ¢ S; U Sy, we conclude that
CC(R,(a)) cannot be implemented with three 2-qubit neighbor gates according to Theorem 7.1.(3)
or three 2-qubit unrestricted gates according to Theorem 7.2.(3). Thus, for Ss, the least upper bound
on the number of 2-qubit neighbor gates is 4, and the least upper bound on the number of 2-qubit
unrestricted gates is 4.

For S, according to Theorem 7.1.(5), the upper bound on the number of 2-qubit neighbor gates
is 6, and according to Theorem 7.2.(5), the upper bound on the number of 2-qubit unrestricted gates
is 5. Because there exists a 3-qubit diagonal gate CC(Z) = Diag(1, 1, 1, 1, 1, 1, 1, —1), such that
CC(Z) € S¢ and W ¢ S; U Ss, we conclude that CC(Z) cannot be implemented with four 2-qubit
unrestricted gates according to Theorem 7.2.(4). Also, according to Theorem 6.2, we conclude that
CC(Z) cannot be implemented with five 2-qubit neighbor gates. Thus, for S, the least upper bound
on the number of 2-qubit neighbor gates is 6, and the least upper bound on the number of 2-qubit
unrestricted gates is 5.

In summary, we have proved that Table 2 states the least upper bounds on the number of 2-qubit
gates needed to implement any gate in Sy, . . ., Ss. O

8 OUR EXAMPLE CIRCUITS IN SECTION 3 ARE OPTIMAL

The Circuits in Examples 3.1 and 3.2 are optimal. Each of our circuits in Examples 3.1 and 3.2
implements CC(X) using six neighbor gates. Because CC(X) can be diagonalized using 1-qubit
gates to CC(Z), the number of two-qubit neighbor gates needed to implement CC(X) is the same as
for CC(Z). From Section 5, we have that CC(Z) ¢ S4 U Ss. From this and Theorem 6.2, specifically
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(3) = (1), we conclude that five 2-qubit neighbor gates cannot make a Toffoli gate, so six neighbor
gates are needed.

The Circuit in Example 3.3 is optimal. Our circuit in Example 3.3 implements CC(R,(«)) using
four neighbor gates. From Section 5, we have that CC(R;(a)) € S C S5, but CC(R;(a)) ¢
S;US, U 851 U 852. From this, because S; C S, according to Theorem 7.1.(3), we conclude that
three 2-qubit neighbor gates cannot make a CC(R,(«)) gate, so four neighbor gates are needed.

The Circuit in Example 3.4 is optimal. Our circuit in Example 3.4 implements CC(R,(«)) using
five neighbor gates on AB and BC. From Section 5, we have that CC(R,(a)) € 82, but CC(R,(a)) ¢
83 U S, US! U S From Theorem 6.1.(2) and CC(R;(a)) ¢ S4 U SZ, we have that we cannot
implement CC(R,(«)) on AB and BC using four neighbor gates, so five neighbor gates on AB and
BC are needed.

The Circuits in Example 3.5 is optimal. Our circuits in Example 3.5 implements W using three
unrestricted gates and four neighbor gates, respectively. From Section 5, we have that W € S, N Ss,
but W ¢ S; U Ss. From this and according to Theorem 7.2.(2), we conclude that two 2-qubit
unrestricted gates cannot make a W gate, so three unrestricted gates are needed. Also, according
to Theorem 7.1.(3), we conclude that three 2-qubit neighbor gates cannot make a W gate, so four
neighbor gates are needed.

The impact of qubit layout. Examples 3.1 and 3.2 along with Equation (1) illustrate that the optimal
number of 2-qubit gates for implementing a 3-qubit diagonal gate outside S; U S5, depends on
whether we allow unrestricted gates or only neighbor gates. Similarly, Example 3.5 illustrates that
the optimal number of 2-qubit gates for implementing a gate in S, but outside S, U S3, depends
on whether we allow unrestricted gates or only neighbor gates. Examples 3.3 and 3.4 illustrate that
the optimal number of 2-qubit neighbor gates for implementing a gate in Ss, but outside S5 U Sy,
depends on the qubit layout.

9 RELATED WORK

Least upper bounds for 3-qubit Diagonal Gates. [Palsberg and Yu 2024; Yu et al. 2013; Yu and
Ying 2015] studied 3-qubit diagonal gates of the form CC(Diag(dy, d1)). They proved the fol-
lowing least upper bounds on the number of unrestricted gates needed in an implementation.
If CC(Diag(dy, d1)) € 81, which happens when dy = d;, then it can be implemented using one
2-qubit gate. If CC(Diag(dp, d1)) € Ss which happens when dyd; = 1 or dy = dj, then it can
be implemented using four 2-qubit gates. In general, if CC(Diag(dy, d1)) € S, then it can be
implemented using five 2-qubit gates. Our Theorem 7.2 generalizes their results.

For any 3-qubit diagonal gate D, [Shende and Markov 2008] proved the following least upper
bounds on the number of unrestricted C(X) gates needed in an implementation. If D € Sy, then it
can be implemented with two C(X) gates. If D € Sy, then it can be implemented with five C(X)
gates, a remarkable jump from the three gates that are sufficient if we can freely pick the 2-qubit
gates. If D € Ss, then it can be implemented with four C(X) gates. Notice that elements of S,
require as most as many 2-qubit unrestricted gates as elements of Ss5 according to Theorem 7.2,
while, perhaps surprisingly, elements of Sy require at least as many unrestricted C(X) gates as
elements of Ss. This is possible in part because Sy ¢ Ss and S5 € S,. If D € Sq, then it can be
implemented with six C(X) gates.

Mapping Circuits to Neighbor Gates. [Wille et al. 2014] presented strategies for mapping a quantum
circuit to a nearest-neighbor architecture by inserting swap gates. Many papers on this mapping
problem have followed, including [Farghadan and Mohammadzadeh 2017] for a two-dimensional
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grid, [Bhattacharjee et al. 2018; Hattori and Yamashita 2019] for a two-dimensional architecture,
and [Chang and Lee 2021; Datta et al. 2022a,b] for a two-dimensional hexagonal architecture. [Zhao
et al. 2020] studied how to map a variety of controlled gates to a nearest-neighbor architecture.
[Duckering et al. 2021] showed how to implement a Toffoli gate using eight C(X) neighbor gates.
[Park and Ahn 2023] constructed a one-dimensional nearest-neighbor circuit for the quantum
Fourier transform. None of those papers show optimality.

10  CONCLUSION

The Toffoli gate is a key building block for error-corrected quantum computers, and it is a key
component of many quantum algorithms. For implementing a Toffoli gate, we consider common
quantum architectures that have only neighbor gates, and we prove that six 2-qubit neighbor gates
are necessary and sufficient. Moreover, we prove least upper bounds for implementing 3-qubit
diagonal gates using neighbor gates and using unrestricted gates, respectively. We find that while
the expressive power of four 2-qubit unrestricted gates is the same as four 2-qubit neighbor gates,
the expressive power of five 2-qubit unrestricted gates is strictly more than five 2-qubit neighbor
gates.

Our results are independent of specific gate sets. This implies that there is no gate set with
2-qubit gates and 1-qubit gates that supports that we use just five neighbor gates to implement a
Toffoli gate. Rather, for any specific gate set, we must use at least six neighbor gates.

We see at least six directions for future work, which we discuss below.

Automation. Is it possible to automate our analysis by an SMT-solver or an automated theorem
prover? Such an automation could provide more general insights for larger and more complex
configurations that might be intractable to analyze manually.

ZX-calculus. Can some of our proofs be given more easily using ZX-calculus or ZH-calculus?

Limited gate sets. Actual quantum hardware typically supports only a limited gate set. How many
neighbor gates are required to implement a Toffoli gate under such hardware constraints?

Asymptotic lower bounds. How many neighbor gates are required to implement an n-qubit Toffoli
gates with (n— 1) controls? Shende and Markov [2008] showed that we need at least 2n unrestricted
C(X) gates, and we speculate that a lower bound on the number of neighbor C(X) gates will be
even higher.

General 3-qubit gates. How many neighbor gates are required to implement any 3-qubit gate?
[Chen et al. 2024] showed that 11 unrestricted gates are sufficient, and we speculate that we need
even more neighbor gates.

Non-neighbors. How many neighbor gates are required to implement a Toffoli gate on three
qubits that are connected but where either none of them are neighbors or only two of them are
neighbors? One way to approach this case might be to use swap gates to bring two pairs of the
qubits to be neighbors, resulting in the situation in Figure 5.

Qubit mapping. How can our results be integrated into an algorithm for qubit mapping?

Different qubit technologies. Different qubit technologies have different constraints on “which
qubits are neighbors?” In this paper, we have taken our motivation from a leading kind of quantum
computer that uses superconducting qubits. However, quantum computers based on trapped-ion
qubits, spin qubits, and neutral-atom qubits come with different constraints. This opens the question
of how many 2-qubit gates are needed to implement a Toffoli gate on such computers. For example,
we can ask how many Mglmer-Sgrensen gates are needed.
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A KNOWN LEMMAS

LEmMMA A.1. [Shende and Markov 2008, OBSERVATION 2] For an (n + 1)-qubit gate V, it commutes
with Z gates on qubit i if and only if there exist two n-qubit gates Vo and Vi, such that V =10)(0| ®
Vo + [1)(1] ® V; on qubit i.

LEmMA A.2. [Horn and Johnson 2012, THEOREM 2.5.3] For an n-qubit gate V, there exist 2" complex
numbers dy, di, ..., dan_1 and one n-qubit gate P, where Eigenvalues(V) = (dy, d1, ..., dan_1), such

that
Hv}=-+ptHDiag(ds, di, ..., dn1)

LEmMMA A.3. For an n-qubit gate V, there exist 2" complex numbersdy, dy, . . ., dyn_1 and one n-qubit
gate P, where Eigenvalues(V) = (dy, di, ..., dan_1), such that

/
7
= [
Diag(do, dla ey dZ"—l)

PRroOF. One can easily prove this according to Lemma A.2. O

LEMMA A.4. [Paige and Wei 1994] For a 2-qubit gate V, there exist six 1-qubit gates Py, P1, R, (6y),
Ry(61), Qo, and Q. and three 2-qubit gates P = |0){0] ® Py + [1)(1| ® P1, R = Ry (6y) ® [0){0] +
Ry(61) ® [1)(1], and Q = [0){0] ® Qo + [1)(1] ® Oy, such that

LEmMMA A.5. [Shende et al. 2005] For two 1-qubit gates Vy and V; and one 2-qubit gate V. =
|0){0] ® Vo + |1)(1| ® V4, there exist four 1-qubit gates P, Q, R, (), and R,(a1) and one 2-qubit gate
R=R,(ap) ® |0){0] + R, (1) ® |1)(1], such that

LEMMA A.6. [Shende and Markov 2008, EQUATION 4] Suppose dy, di are two complex numbers.
For C(Diag(dy, d1)), there exist one 1-qubit gate P(¢) and one 2-qubit gate C(R,(«)), such that

—— P ——

~|Diag(d0, d1)|— —@—

LEMMA A.7. For two n-qubit gates Vy and Vi, we have V = [0){0|®V,+|1){1|®V; = C(VIVJ) (IeVp).

: Vivi

ProOF. C(V1V,) (I® Vo) = (|0)(0] ® I +[1)(1] @ V1)) (1 & V) = [0)¢0] ® Vo + [1)(1] ® V1. DO

LEmmA A.8. [Palsberg and Yu 2024, LEMMA 6.1] For a 2-qubit gate V, either
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e dly) : V(ly) ® |0)) is entangled, or
e J|x) : ¥|y) : Flz) : V(ly) ® |0)) = |x) ® |2), or
e Jlx) : Vly) : 3lz) : V(ly) ® |0)) = [2) ® |x).

LEmMMA A.9. [Palsberg and Yu 2024, LEMMA 6.4] Suppose dy, di are complex numbers such that
|d0| = |d1| = 1. There exist 2—qubit unitaries Ul, Uz, U3, U4, such that UlAC UZBC USAC U4BC =
CC(Diag(do, d1)) if and only if either dy = dy or dod; = 1.

LEMMA A.10. For square matrices U, V of the same size, we have that det(U V) = det(U) det(V).

LEmMA A.11. [Palsberg and Yu 2024, LEMMA A.5] For 1-qubit gates P and Q and complex numbers
a, b, p, q, if Eigenvalues(P) = (a,b) and Eigenvalues(Q) = (p,q), then Eigenvalues(P ® Q) =
(ap, aq, bp, bq).

LEMMA A.12. [Palsberg and Yu 2024, LEMMA A.6] For 1-qubit gates P, Q, we have that
Eigenvalues(|0){(0] ® P + [1)(1]| ® Q) = Eigenvalues(P) U Eigenvalues(Q).

LEMMA A.13. [Palsberg and Yu 2024, LEMMA A.19] If V is a 2-qubit gate and |§)pc, |w)pc are
4-dimensional unit vectors, such that V 4c(]0)a ® |¢)pc) = |0)a ® |w)pc and |P)pc is entangled, then
V is of the following form, where Py and Py are 1-qubit gates

V' =10){0] ® P + [1)(1| ® P,

LEmMA A.14. [Palsberg and Yu 2024, LEMMA A.24] For 2-qubit gates U, V, Wy, W4, if
Uac Vap = 0)(0] ® Wy +|1)(1] @ W
then
UacVap =10){0| ® Py ® Qo+ |1){1| ® P; ® Oy
, where Py, Qo, Py, Q1 are 1-qubit gates.

LEMMA A.15. [Palsberg and Yu 2024, LEMMA A.30] For 2-qubit gates Uy, Uy, Us, Uy, for which
3lx) = Vly) : 3|z) : Ua(ly) ® 10)) = [2) ® |x)
there exist 2-qubit gates V1, V,, V4 and a 1-qubit gate P such that

Umc Uch USAC EBC = VIAC szc @AC V43c
Vo =1®[0){0] + P ® [1)(1]

LEmMMA A.16. [Palsberg and Yu 2024, LEMMA A.32] For 2-qubit gates Uy, Uy, Us, Uy, there exist
2-qubit gates V1, V,, V3, Vy, such that

Urac Uzgc Usac Usse = Viac Vabe Vsac Vase
V3(10) ® [0)) = [0) ® |0)

LeEMMA A.17. [Palsberg and Yu 2024, LEMMA A.33] For 2-qubit gates V1, Vo, Vy, if

VIy) : ViacVape(10)4 ® |y)s ® [0)c) = V4;3C(|O>A ® |y)B ® |0)c)
Jlx) : V]y) : Jlz) : Va(ly) ® [0)) = |x) ® |2)
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then Vy is of the following form, where Py, Py are 1-qubit gates:

Vi =10){0| ® Po + [1)(1| ® Py

B CHARACTERISTICS OF Sij SETS

In this section, we prove two characteristics of Sij sets mentioned in Section 5. Lemma 5.1 states

that Sij sets can be transformed to another one with the same i index after swap transformations.
Lemma 5.2 states that both the number of unrestricted 2-qubit gates and the number of neighbor
2-qubit gates stay the same after swap transformations. Lemma 5.3 states that the dagger operation
will not change the set to which the 3-qubit diagonal gate belongs.

LEMMA 5.1. (1) Spc S} Spc =S, (2) Sap S} Sap = S2 (3)Sac S} Sac = 82, (4) Sac S Sac = S2,
(5) §BC Slz §BC = S?, and (6) §AB S? §AB = S?

Proor. Suppose we have that D = Diag(dp, di, da, ds, ds, ds, ds, dy). For property (1), we sup-
pose Spe D Spe = Diag(dy, do, di, ds, du, ds, ds, d7) = Diag(dy, d}, d;, d;, d}, d., di, d}). From
this, we know that: (1) If D € Sll, then dyds = didy, dyds = dady, and dyd; = dzdy. Thus, we have
dydg = dyd;, djd; = did}, and d;d’, = d:d; and Spc D Spe € S!.(2)If D € S;, then dyds = d1d; and
dsd; = dsds. Thus, we have djd; = d|d} and d,d} = d/d; and Sgc D Spc € S}. (3) If D € S1, then
dod; = dsdy and dids = dyds. Thus, we have djd;, = d;d, and d,d; = d|d; and Spe D Spe € S;. () 1If
D € 8}, then dydsdsds = dyd,dsd;. Thus, we have dydid.d; = did;d,d; and Spe D Spe € S, If
D € 8}, then dydsdsd; = dydydsds. Thus, we have djd;d;d; = d;d;d.d] and Sgc D Sgc € SL. (6) If
De Sé, then Sgc D Spe € Sé by definition.

For property (2), we suppose SapDSap = Diag(dy, d1, ds, ds, da, ds, ds, d7) and D is equal
to Diag(d;, d;, d;, d;, d}, d, dg, d). From this, we know that: (1) If D € Sll, then dyds = dids,
dods = dydy, and dyd; = dsdy. Thus, we have djd; = did,, dyd; = d,d;, and djd; = d,d: and
SapDSap € Slz. (2)If D € S}, then dyds = did, and dyd; = dsds. Thus, we have djd: = did; and
dyd, = djd; and Sap D Sap € S2. (3) If D € S}, then dyd; = d3dy and dyds = d»ds. Thus, we have
dyd;, = d;d; and djd; = d;d; and SapDSap € 832. 4IfDe Si, then dydsdsds = didodyd;. Thus, we
have djd;d.d; = d|d;d;d; and SagDSap € S:.(5) If D € 8., then dydsdsd; = didydsds. Thus, we
have djdjd.d; = d|d;d;d; and Sap D Sap € SZ.(6) If D € S{, then Sap D Sap € S? by definition.

For property (3), we suppose SicDSac = Diag(do, ds, da, ds, di, ds, d3, d7) and D is equal
to Diag(dy, dj, d;, d;, d}, d;, d;, d;). From this, we know that: (1) If D € Sll, then dyds = did,,
dyds = dydy, and dyd; = d3dy. Thus, we have djd; = did;, djd; = did;, and djd; = did; and
SacDSac € 83.(2)If D € S}, then dods = did, and dyd; = dsds. Thus, we have djd = d;d; and
did; = dd; and SacDSac € 823. (3) If D € 8!, then dyd; = dsd, and didg = dods. Thus, we have
dyd; = d;d} and djd; = djd, and Sac D Sac € S3. (4) If D € S}, then dydsdsds = did>dyd;. Thus, we
have djd;dd; = d|d,d;d; and SacDSyc € 32- (5)If D € 8!, then dydsdsd; = d1dydsds. Thus, we
have d}d}dd, = d}d}d,d, and Sac D Sac € S2.(6) If D € S, then Suc D Sac € S? by definition.

For property (4), we have §AC Slz EAC = §AC §AB Sll §AB §AC = §AB §BC Sll §BC §AB = Slz

For property (5), we have EBC Sl.z EBC = EBC SaB Sl.1 SaB EBC = EAC EBC Sil EBC §AC = S?.

For property (6), we have §AB 313 §AB = §AB §AC Sll §AC §AB = §AC EBC Sll §BC §AC = S? O
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Lemma 5.2. For k € { AB, AC, BC }, a 3-qubit gate D can be implemented with m 2-qubit
gates as D =Uy; Ny Uz,2 ... Uni,, if and only if Sy D Sy can be implemented with m 2-qubit gates as
SkDSk = Vlj VZJZ .o Vinj,.- Specifically, for p ranging from 1to m,

1) for k = BC, we have if i, = BC thenV,, = SU, S and j, = BC, if i, = AC thenV, = U, and
Jp = AB, and if i, = AB then V), = U,, and j, = AC.

2) fork = AC, we have ifi, = BC then V,, = SU, S and j, = AB, if i, = AC thenV,, =SU, S and
Jp = AC, and ifi, = AB thenV, = SU, S and j, = BC.

(3) for k = AB, we have if i, = BC then'V,, = U, and j, = AC, ifi, = AC thenV,, = U, and
Jjp = BC, and ifi, = AB then'V,, = SU, S and j, = AB.

Proor. Suppose we have that D = Diag(do, dy, da, ds, ds, ds, dg, d7) and that D can be im-
plemented with m 2-qubit gates Uy, Uy, ..., Uy as D = Ulil Eiz U_mim, where iy, iy, ...,
im € { AB, AC, BC }.

If k = BC, then we have that SBCDSBC = Diag(do, dz, dy, ds, ds, dg, ds, d7). From this, we
conclude that Sgc Uy, Uy, - .. Umi, Spc = (Spc Uy, Spe) (Spe Usi, See) - - - (Spe Umi, Spe)- For
p ranging from 1 to m, if i, = BC, we define V,, = SU,, S and j, = BC.If i, = AC, we define V,, = U,
and j, = AB.If i, = AB, we define Vp = Uy and ]p = AC. From the above, accordmg to Section 2,
we have that (Sgc Uy;, Spc) (Sae Uzu SBc) .- (Spc Umi,, Spc) = V1]1 sz2 e Vm]

If k = AC, then we have that Syc D Ssc = Dlag(do, dy, ds, dg, dy, ds, ds, d;). From this, we
conclude that Sac Uy, Usj, - - Ui, Sac = (Sac Uiy, Sac) (Sac Uzi, Sac) - - - (Sac Umi,, Sac)- For
p ranging from 1 to m, if i, = BC, we define V, = SU, S and j, = AB. If ip = AC, we define
Vp =SU,Sand j, =AC.If i ip = AB, we define Vp =SU, S and j, = BC. From the above, according
to Section 2, we have that (SAC U111 SAC) (SAC Ule SAC) (SAC Um,m SAC) V111 VZ]Z . Vme

If k = AB, then we have that Syg D Sp = Dlag(do, dl, dy, ds, dy, ds, ds, d7). From this, we
conclude that Sy Uy, Us;, - .. Umi, Sap = (Sap Uiy, Sas) (Sap Usi, Sag) .. (Sap Umi,, Sag). For
p ranging from 1 to m, if i, = BC, we define V, = Uy, and j, = AC. If i, = AC we define V, = U,
and j, = BC.If i ip = AB, we define Vp =SU,S and ]P = AB. From the above, according to Section 2,
we have that (Sac Uy, Sac) (Sac Uzi, Sac) - (Sac Umi,, Sac) = Vij, Vaj, -+ Vimj,-

From the above, we conclude that D can be implemented with m 2-qubit gates if and only if
Sk D Sy can be implemented with m 2-qubit gates. Also, if we fix k, then each Jp after adding swap
gates has a one-to-one correspondence to i, before adding swap gates. Thus, these m 2-qubit gates
are 2-qubit neighbor (unrestricted) gates before the swap transformations if and only if these m
2-qubit gates are 2-qubit neighbor (unrestricted) gates before the swap transformations. O

LEmMA 5.3. A 3-qubit diagonal gate D € Sl.j ifand only if DT € Slj

Proor. For two 3-qubit diagonal gate D = Diag(dy, d, . .., d;) and D = Diag(dT, le, .. .,d;), we
have that D € S/ if and only if D' € S/. This is because all the equations needed are still valid
after the dagger operation. O

C REDUCTION TO A FEW CASES IN THEOREM 6.2

In Table 3, we list six implementations using four neighbor gates, three implementations using five
2-qubit neighbor gates, and three implementations using four 2-qubit unrestricted gates. This is
sufficient because of the following two lemmas. Lemma C.1 reduces the number of implementations
using four 2-qubit unrestricted gates to nine, and Lemma C.2 reduces the number of implementations
using five 2-qubit neighbor gates to three.
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LemMa C.1. For four 2-qubit gates Uy, Uy, Us, Uy, there exist 2-qubit gates Vi, V,, V3, Vy, such that
Ulil U2i2 Ug.i3 (]41‘4 = V1j1 szz V3j3 V4j4, where il, iz, i3, i4 S {AB, AC, BC } and jl, jg, j3, j4 satisfy
one of the following cases:

(1) jl = BC, jg = AC, j3 = BC, j4 ZAC
(2) jl = BC, j2 ZAB, j3 = BC, j4 ZAB
(3) jl = BC, jz = AC, j3 = AB, j4 = BC
(4) j1 = AB, j, = BC, j; = AB, j, = BC.

(5) j] = A.B, jg = AC, j3 = AB, j4 = AC
(6) jr
(7) 7
(8) J1
) i

=)

iy = AB, j, = BC, j; = AC, js = AB.
] ZAC,jz ZBC,j3 ZAC, j4 = BC.
i = AC, j, = AB, j3 = AC, j, = AB.
i = AC, j, = BC, js = AB, js = AC.

7
8
9

Proor. For products using four 2-qubit gates Uy, Uy, Us, Uy, we first restrict iy = BC. We examine
all products as shown in Table 4. We see that three of the products are already among the nine cases
in the lemma, so we copy them straight to the third column and add the case number. For each
one of the five remaining products, we map the first column to the second column by inserting S
gates that cancel out and by using associativity. The result is an expression that we simplify to the
expression in the third column, using the properties of S gates listed in Section 2. The expression
in the third column can easily be seen as one of the first three cases in the lemma.

By defining A’ = C, B" = A, and C’ = B, for i; = B’C’, according to Table 4, we have that for four
2-qubit gates Uy, Uy, Us, Uy, there exist four 2-qubit gates Vi, V3, V3, V4, such that Ulil Uzl'z 73,5 741'4 =
71]3 szz ng V4j4, where iy, i3, is € { A’B’, A’C’, B'C’ } and jy, ja, j3, ja satisfy case (4), case (5), or
case (6).

By defining A’ = B, B’ = A, and C’ = C, for i; = B’C’, according to Table 4, we have that for four
2-qubit gates Uy, Uy, Us, Uy, there exist four 2-qubit gates Vi, V,, V3, V4, such that Ulil 721'2 Ugis 741-4 =
Vljl Vij ng 74j4, where iy, i3, iy € { A’B’, A’C’, B'C’ } and jy, ja, j3, ja satisfy case (7), case (8), or
case (9).

From the above, we conclude that all products using four 2-qubit gates can be implemented with
nine specific products using four 2-qubit gates. O

Lemma C.2. For five 2-qubit gates Uy, Uy, Us, Uy, Us, there exist five 2-qubit gates V1, Vo, Va, V4,
Vs, such that Uy;, Uy;, Us;) Ugy, Usy = Vi, Vo, Vaj, Vuj, Vs 5, whereiy, iz € { AB, AC, BC Y and ji, jo
satisfy one of the following cases:

(1) jl = BC, jg =AC.

(2) jl = AB, jz = BC

(3) j1 =AC, j, = BC.

Proor. For products using five 2-qubit neighbor gates Uy, U, Us, Uy, Us, we first restrict iy = BC.
We examine all products and summarize them in Table 5. We see that one of the products is already
among the three cases in the lemma, so we copy them directly to the third column and add the case
number. For the one remaining gate combination, we do the following calculations, we map the
first column to the second column by inserting S gates that cancel out and by using associativity.
The result is an expression that we simplify to the expression in the second column, using the
properties of S gates listed in Section 2. The expression in the third column can easily be seen as
the first case in the lemma.

By defining A’ = C, B’ = A, and C’ = B, for i; = B’C’, according to Table 5, we have that for five
2-qubit neighbor gates Uy, Uz, Us, Uy, Us, there exist five 2-qubit neighbor gates Vi, Vs, V3, V4, V5,
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Table 4. Implement products using four 2-qubit gates within a few combinations

when i; = BC.

Uiy, Usy, Usj, Uy, Vij, Vo, Vaj, Vaj,

Ui Uzap Usac Usap Uipe (Uzap Sap) (2)  Uipc Uz Sap Uspe S Usap

(SaB Usac Sap) (Sap Usap)

Uipe Upag Usac Uspe (U1se Sae) (Spe Uzap Spe) () Ui Spc Uzac Usap S Uspe

(§BC EAC §BC) (gBC ch)

Uigc Upag Uspe Usap (2) Uipe Uzap Uspe Usap

Use Uzag Uspe Usac (U1se Sae) (Spe Uzap Spe) (1) Ui Spe Usac SUspe Usac
(SBc Uspe) Usac
Uipe (Uzac Sac)
Usse Usac Uspp Usac | (Spe See Sac Usap Sac See See) | (1) Uipe Uz Sac SUs Spe S Ugac

(Sac Usac)

‘ (3) Uipe Uzac Us ap Uspe

Use Uzac Uspe Usap (Uige Sae) (Spe Uzac Spe) (2) Ui SpcUzap SUspe Usap

(§BC EBC ) EAB

Uisc Uzac Us s Uspe

Uipc Uzac Uspc Usac

‘ (1) Uipe Uzac Uspe Usac

Table 5. Implement products using five 2-qubit neighbor gates within a few combinations

when i; = BC.
all Elz F311 7412 F511 v1]‘1 szz 73}1 74]2 75]1
Uipc Uzag Uspe Usap Uspe (Uise Sae) (Spe Uzap Spe) (1) Uy Spe Uzac SUs Spe
(Sac Usge Spe) (Se Usag Spe) Usac SUspe
(Sec Uspe)
Uigc Uzac Uspe Usac Uspe (1) Uipc Upac Uspe
Usac Uspe

such that Uy ;, Uz;, Usy, Uy, Usy, = Vij, Vo, Vaj, Vaj, Vs, where iy € { A’B’, A’C’} and jy, jp satisfy
case (2).

By defining A’ = B, B’ = A, and C’ = C, for iy = B’C’, according to Table 5, we have that for five
2-qubit neighbor gates Uy, Us, Us, Uy, Us, there exist five 2-qubit neighbor gates Vi, Vs, V3, V4, V5,
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such that Uy ;, Uz;, Usy, Uy, Usy, = Vij, Vo, Vaj, Vaj, Vs, where iy € { A’B’, A’C'} and jy, jp satisfy
case (3).

From the above, we conclude that all products using five 2-qubit neighbor gates can be imple-
mented with three specific products using 2-qubit neighbor gates. O

D PROOF OF THEOREM 7.1

Here, we prove Theorem 7.1 from Section 7. Theorem 7.1 shows the tight bounds on the number of
needed neighbor 2-qubit gates of 3-qubit diagonal gates.

LeEmMa D.1. Suppose D is a 3-qubit diagonal gate. D € S if and only if D can be implemented
with one 2-qubit neighbor gate.

Proor. (=).If D = Diag(dy, ds, . ..,d7) € S1, then we suppose that D € Sll. This is valid because
according Lemma 5.1 and Lemma 5.2, S}, S?, and S} have the same upper bound on the number of
of 2-qubit neighbor gates. From this, we have that

dods = dds, dods = dods,  dody = dsdy

From the above, there exists one 2-qubit gate U; = Diag(dy, di, dz, ds) and one 1-qubit gate
Diag(1, d4/dp), such that D = Diag(1, dy4/dy) ® Us.

(). If D = Diag(dy, ds, . - ., d7) can be implemented with one 2-qubit gate U; and one 1-qubit
gate P, then we suppose the first 2-qubit gate operates on the BC qubits as D = P ® U;. This is valid
because the other two cases, where the first 2-qubit gate operates on the AC qubits and AB qubits,
lead to the same sets S;, according to Lemma 5.1 and Lemma 5.2. Because D commutes with Z
gates on qubits A, B, and C, we know that P is a 1-qubit diagonal gate, and there exists two complex
numbers ay and a;, such that P = Diag(ao, a;). Similarly, we know that U; is a 2-qubit diagonal
gate, and there exists four complex numbers by, by, bz, and b3, such that U; = Diag(by, by, bs, bs).
From thiS, we have that d() = aobo, d1 = Cl()bl, dz = aobz, d3 = aobg, d4 = albo, d5 = albl, d6 = albz,
dy; = a1 b3, from which we conclude

dods (aobo) (a1b1) = (aoby) (aiby) = didy
dods = (aobo) (a1bs) = (aobs) (arby) = dzd,
dod; (aobo) (a1bs) = (agbs) (a1by) = dsd,

As aresult, we have that D € S} C ;. O

LemMMA D.2. Suppose D is a 3-qubit diagonal gate. D € S, if and only if D can be implemented
with two 2-qubit neighbor gates.

ProoF. (=).1f D = Diag(do, ds, . .., d;) € S,, then we suppose that D € 823. This is valid because
according Lemma 5.1 and Lemma 5.2, S 1 Szz, and 323 have the same upper bound on the number of
of 2-qubit neighbor gates. From this, we conclude that

dOdG = d2d4, d1d7 = d3d5

Thus, there exist 2-qubit gates U; = Diag(dy, di, da, d3) and U, = Diag(1, 1, dy/dy, ds/d;), such
that D = U; e Uzac.

(). If D = Diag(dy, dy, . . ., d7) can be implemented with two 2-qubit gates U; and U,, then we
suppose the first 2-qubit gate operates on the BC qubits as D = Uy e Upac or D = Uy g Uy up. This
is valid because the other two cases where the first 2-qubit gate operates on the AC qubits and AB
qubits lead to the same sets S; according to Lemma 5.1 and Lemma 5.2. For the first case, because
D commutes with Z gates on qubits A and B, we conclude that U; commutes with Z gates on qubit
B, and U, commutes with Z gates on qubit A. From this, according to Lemma A.1, there exist four
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1-qubit gates Py, Py, Qq, and Q1, such that U; can be written as U; = [0)(0| ® Py + |1)(1]| ® P; and
U, can be written as U, = [0){0] ® Qg + |1)(1]| ® Q1. As a result, we have that Py Qy = Diag(dy, d1),
P Qy = Diag(dy, ds), Py Q1 = Diag(dy, ds), and P; Q; = Diag(ds, d7). Because we have that
Py Qo Qg Pf =Py O QI PI , we conclude that

Diag(do/dz. di/d3) = (Py Q)(Q) P}) = (Py Q1)(Q] P]) = Diag(ds/ds, ds/d7)
From the above, we have that
dods = dody,  did7 = d3ds
From this, we have that D € S; C S,.
For the second case, by applying the S gates, from Section 2, we have Spc Uigc Uaap Spc =

(Sec Uipe Sge) (See Uaap See) = SU; Spe Usac = Spe D Spe = D’ From Lemma 5.1 and Lemma 5.2
and the discussion for the first case, we conclude D’ € S,. O

Lemma D.3. Suppose D is a 3-qubit diagonal gate. D € S, U S5 if and only if D can be implemented
with three 2-qubit neighbor gates.

Proor. (=). For D = Diag(dy, dy, . ..,d7), suppose that either D € S, or D € S3.If D € Ss,
then according to Lemma D.2, we can implement D by three 2-qubit neighbor gates. If D € S;, we
suppose that D € S;. This is valid because according Lemma 5.1 and Lemma 5.2, S;, S, and S;
have the same upper bound on the number of of 2-qubit neighbor gates. From this, we have that

dody = dsds,  dids = dpds

Thus, there exist three 2-qubit gates U; = Diag(d,, dl, ds, dg) C(X) and additionally U, =
Diag(1, 1, d4/dy, ds/d;) with Us = C(X), such that D = Uy e Upac Uspe.

(&). If D = Diag(dy, ds, . . ., d7) can be implemented with three 2- qub1t gates Ui, Uy, Us, then
we suppose the first 2- qublt gate operates on the BC qubits as D = Uy e Uppc Uspe or D =
U, gc Uz ag Uspe. This is valid because the other two cases where the first 2-qubit gate operates on
the AC qubits and AB qubits lead to the same sets S; according to Lemma 5.1 and Lemma 5.2.
For the first case, because D commutes with Z gates on qubit A, we conclude that U, commutes
with Z gates on qubit A. From this, according to Lemma A.1, there exist two 1-qubit gates Py
and Py, such that U, can be written as U, = [0){0| ® Py + |1){1] ® P;. From this, we have that
U1 (I ®P0) U3 = Diag(do, dl, dz, d3) U1 (I@Pl) U3 = Diag(d4, d5, dﬁ, d7), and
ds ds dy
W d D)

From the above, according to Lemma A.11, we conclude that there are two pairs of the same
eigenvalues among four eigenvalues. As a result, we have the following three cases: (a) dods = d1d4
and dpd; = dsds, (b) dods = dpds and did; = dsds, and (c) dyd; = dsds and dids = dads. By
calculation, we conclude that for case (a), we have D € Szz C 8., for case (b), we have D € S; cS,,
and for case (c), we have D € S; C Ss.

For the second case, according to Section 2, by inserting the S gates, we have Uy e Upag Uspe =
(Uipe Se) (See Uaap Sae) (Sse Uspe) = Uy Spe Uzac S Usge = D. From this and the discussion for
the first case, we conclude that either D € S; or D € Ss. m]

Elgenvalues(UJr I® PTP1) Us) = (

LeEmmA D.4. Suppose D is a 3-qubit diagonal gate. D € S, U Ss if and only if D can be implemented
with four 2-qubit neighbor gates.

Proor. According to Theorem 6.2, we have that D € S; U S5 if and only if D can be implemented
with four 2-qubit neighbor gates. O
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LemMA D.5. Suppose D is a 3-qubit diagonal gate. D € S¢ if and only if D can be implemented
with six 2-qubit neighbor gates.

Proor. For D = Diag(do, d, dz, ds, ds, ds, ds, d7), we define a = \/(dﬁ/dz)(d()/d4)(d7/d3)(d1/d5),
b = /(d2/ds)(ds/do)(d7/d3)(d;/ds). From this, we define U; = Diag(do, d;, dz, d3) C(X), Uy
Diag(1,1,Vb,1/Vb), Us = S, and additionally U; = Diag(1,1,1,a), Us = SC(X), and Us
Diag(1,1,ds/(doVb), (d5Vb) /dy). We can see that Us gc Uz ac Uspe Usac Uspe Usac = D. i

THEOREM 7.1. Suppose D is a 3-qubit diagonal gate.

(1) We have D € S, if and only if D can be implemented with one 2-qubit neighbor gate.

(2) We have D € S, if and only if D can be implemented with two 2-qubit neighbor gates.

(3) We have D € S, U S5 if and only if D can be implemented with three 2-qubit neighbor gates.
(4) We have D € 84 U Ss if and only if D can be implemented with four 2-qubit neighbor gates.
(5) We have D € Sq if and only if D can be implemented with six 2-qubit neighbor gates.

Proor. We have property (1) according to Lemma D.1, property (2) according to Lemma D.2,
property (3) according to Lemma D.3, property (4) according to Lemma D.4, and property (5)
according to Lemma D.5. O

E PROOF OF THEOREM 7.2

Here, we prove Theorem 7.2 from Section 7. Theorem 7.2 shows the tight bounds on the number of
needed unrestricted 2-qubit gates of 3-qubit diagonal gates.

LemmA E.1. Suppose D is a 3-qubit diagonal gate. D € Sy if and only if D can be implemented with
one 2-qubit unrestricted gate.

Proor. Using one 2-qubit unrestricted gate to implement D is the same as using one 2-qubit
neighbor gate, and we have discussed this in Lemma D.1 in Appendix D. O

LemMma E.2. Suppose D is a 3-qubit diagonal gate. D € S, if and only if D can be implemented with
two 2-qubit unrestricted gates.

Proor. Using two 2-qubit unrestricted gates to implement D is the same as using two 2-qubit
neighbor gates, and we have discussed this in Lemma D.2 in Appendix D O

LemMma E.3. Suppose D is a 3-qubit diagonal gate. D € S3 U Sy if and only if D can be implemented
with three 2-qubit unrestricted gates.

Proor. (=). For D = Diag(dp, d;,...,d;), suppose that D € S; or D € S;. If D € Ss. Then,
according to Lemma D.3, we can implement D by three 2-qubit neighbor gates. If D € Sy, then we
have that

dodsdsds = didydsd;

Thus, there exist three 2-qubit gates U; = Diag(dy, di, da, d3), U, = Diag(1, 1, dy4/dy, ds/d,),
and Us = Diag(1, 1, 1, (dg dy)/(dsds)), such that D = Uy g Up oc Us g

(&). Suppose that D = Diag(dp, ds, . .., d;7) =10){0]| ® Dy +|1){1| ® D;. We have two scenarios as
D is implemented with 2-qubit neighbor gates or not. If D can be implemented with three 2-qubit
neighbor gates, then according to Lemma D.3, we conclude that either D € S, € Sgor D € Ss.

If D can be implemented with three 2-qubit gates U;, U,, Us, and they are not neighbor gates,
then we suppose the first 2-qubit gate operates on the BC qubits as D = U;pc Uzac Usap OF
D = Uy gc Uz ap Us ac- This is valid because the other two cases where the first 2-qubit gate operates
on the AC qubits and AB qubits lead to the same sets S; according to Lemma 5.1 and Lemma 5.2.
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According to Lemma A.14, we conclude that there exist four 1-qubit gates Py, P1, Qp, Q1, such
that U, = [0){0] ® Py + |1){1| ® P; and U; = [0){0] ® Qy + |1){1] ® Q;. From this, we have
Up (Qo ® Py) = Diag(dy, dy, d3, d3), Uy (Q1 ® Py) = Diag(d4, ds, d6> d7), and

ds ds

t T
Q01 ® P P = Dlag( AR d3)

From the above, we know that both Pg P; and Qg Q7 commute with Z gates, and there exist four
complex numbers q, b, p, g, such that PTPl = Diag(a, b), Qng = Diag(p, q), and
g, %, % ) _
dy’ ds
From the above, we have that

Diag(ap, bp, aq, bq)

dodsdsds = didzdyd;

By calculation, we conclude that S € S;.

For the second case, by usmg S gates, from Section 2, we have SBC Uch Usap U3AC Spe =
(Ssc Utge Sse) (S Uzap Sse) (Ssc Usac Se) = SUs Spe Uzac Usap = Spe D Spe = D'. Accord-
ing to Lemma 5.1 and Lemma 5.2 and the discussion for the first case, we conclude that both D’
and D satisfy Ss. O

Lemma E4. Suppose D is a 3-qubit diagonal gate. D € S4 U Ss if and only if D can be implemented
with four 2-qubit unrestricted gates.

Proor. According to Theorem 6.2, we have that D € S, USs if and only if D can be implemented
with four 2-qubit unrestricted gates. O

LemmA E.5. Suppose D is a 3-qubit diagonal gate. D € Sg if and only if D can be implemented with
five 2-qubit unrestricted gates.

Proor. For D = Diag(dy, d, dz, ds, ds, ds, ds, d7), we define a = \/(dﬁ/dz)(d()/d4)(d7/d3)(d1/d5),
= \/(dz/d(,)(d4/d0)(d7/d3)(d1/d5) From thiS, we define U1 = Diag(do, dl,dz, d3) C(X), Uz =
Diag(1, 1, Vb, 1/Vb), Us = Diag(1,1,1,a), Uy = C(X), Us = Diag(1, 1,ds/(dyVb), (dsVb)/d;). We
can see that Uy pc Uzac Usap Uspc Usac = D. o

THEOREM 7.2. Suppose D is a 3-qubit diagonal gate.

(1) We have D € S; if and only if D can be implemented with one 2-qubit unrestricted gate.

(2) We have D € S, if and only if D can be implemented with two 2-qubit unrestricted gates.

(3) We have D € S3 US, if and only if D can be implemented with three 2-qubit unrestricted gates.
(4) We have D € 84U S5 if and only if D can be implemented with four 2-qubit unrestricted gates.
(5) We have D € Sq if and only if D can be implemented with five 2-qubit unrestricted gates.

Proor. We have property (1) according to Lemma E.1, property (2) according to Lemma E.2,
property (3) according to Lemma E.3, property (4) according to Lemma E.4, and property (5)
according to Lemma E.5. O
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