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If disks are moved so that each center-center
distance does
not increase,
must the area of their union also be nonincreasing?
We show that the answer is yes, assuming
that
there is a continuous
motion
such that each center-center
distance is a nonincreaaing
function
of time.
This generalizes a previous
result on unit disks.
Our proof relies on a
recent construction
of Edelsbrunner
and on new isoperimetric inequalities
of independent
int crest. We go on to show
analogous
results for the intersection
and for holes between
disks.

Introduction

Let

D={

Dl,

Dz,...,

D.}

be a set of overlapping

JRd with centers cl, CZ, . . . ,c~ and
c;, cj, . . . . CL be points
such that
choice of i and j, where lpql denotes
between p and q. Let D: represent
and radius r,, and let D’ = {D{,
d-dimensional
volume of the union
the volume

of U’ = u~=l

balls

in

radii rl, rz, ..., r~. Let
lc~c~ I ~ IC;C3I for each
the Euclidean
distance
the ball with center c:
D~, . . . . D~}.
Must the
U = u~=l D, be at least

D:?

This question
was first posed by Kneser [8] and Thue
Poulsen [10] (see [7]); it also arises in molecular
physics [9].
An affirmative
answer is known for the case that n < d + 1.
This result was stated by Hadwiger
[5] in 1956; Capoyleas
An affirmative
answer is also
and Path [2] give a proof.
known for the case that d = 2, each r, = 1, and disks are
assumed to have a continuous
shrinking
motion.
That is,
there are functions
c,(t) mapping
[0, 1] to IR2, such that
Ic, (t’)cJ(t’)l
<
c,(O) = c,, ci(l)
= c~, and t’z t implies
Icz(t)cj(t)l.
This result
was also stated by Hadwiger
[5];
a proof is given by Bollob5s
[1]. The continuous
motion
assumption
does indeed define a special case, as shown in
Figure 1.
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In this paper we show that the answer in the latter case
remains affirmative
if we remove the assumption
that each
r, = 1. This extension
requires a quite different
proof, as
the argument
for the unit-radius
case first proves that the
perimeter
of the union is nonincreasing,
a fact that does
not hold for disks of various radii.
After
writing
up our
results, we learned that Csik6s [3] had obtained
our main
result earlier than ourselves,
using a proof much closer to
Bollob&s’s
proof.
The remainder
of this paper is organized
as follows.
;Section 2 explains
the dual complex,
a simplicial
complex
induced by the disks D. Section 3 establishes
a new “optimality” property
of the dual complex:
shrinking
the diagunal
of a triartgulat ed quadrilateral
decreases the area covered
by the disks.
Section 4 establishes
a similar
property
for
interstices
between disks. Section 5 shows that it is pcJssible to shrkk
one edge at a time in the dual complex,
while
maintaining
a meaningful
configuration
of disks. Secticm 6
combines all these ingredients
and proves our main result.
Finally,
Section 7 gives two related
results:
the area of a
bounded component
of the exterior cannot increase, and the
area of the intersection
cannot decrease, under continuous
shrinking
motion.
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The

Dual

Complex

Edelsbrtumer
[4] showed how to associate a simplicial
complex called the dual complex with a set of overlapping
balls,
and used this construction
in a formula
for the volume.
We
explain the dual complex for the case d = 2. As above, let
be a set of overlapping
disks with
D={
D1, D2,.. ., D.}
centers cl, cz,. ... c~ and radii
rl, m,...
,r~.
Define
the

specific

.$3.50
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power distance between
arbitrary
point p and disk center
c, to be lpc,12 — r?. For a point on the boundary
of D, the
power

distance

of the

tangential

p it is negative
through
p.

is

O; for

an

exterior

point

it

is the

properties
of the dual complex.
The basic topological
result, Lemma 1 below, is a consequence
of the “nerve theorem” of algebraic
topology.
Intuitively
speaking,
Lemma
1
means that E and U have corresponding
connected
components with corresponding
holes.

square

to D,, and for an interior
point
square of half the length of the chord

distance

the

The power diagram
of D is a subdivision
of the plane
into vertices, relatively
open edges, and open cells, defined
by the condition
that all points in c,’s cell have smaller power
distance to c, than to any other disk center.
It is not hard
to show that the power distances
to c, and CJ are equal
along a straight
line, which, if Di and Dj overlap, contains
their mutual
chord. Assuming
general position,
no point of
the plane has equal power distance to four disk centers, so
each vertex of the power diagram
has degree 3. If all r,’s
are equal, the power diagram
is the same as the well-known
Voronoi diagram.
The regular trianguiatiota
of D is an embedded
planar
graph.
It contains
each disk center c; with a nonempty
cell
in the power diagram,
and it contains
the edge cicj if and
only if the power diagram
cells of ci and Cj share a boundary side.
By a well-known
transformation,
if each c, has
coordinates
(XZ, y,), the regular triangulation
is the projection

onto the xv-plane
of the lower convex hull of the points
If all ri’s are equal, the regu~, = (Z,,Y8,X~ +gt
— r;).
lar triangulation
is the same as the well-known
Delaunay
triangulation.
We now focus attention
on the region of the plane covered
by the union of the disks U = u~=l D,. The restricted power
diagram
is the power diagram
restricted
to U. Notice that
of U has nonpositive
power distance to its closest
each point
disk center.

Lemma
1 (Edelsbrunner).
is, the muon of its vertices,
eqm”valent to U.

The region covered by & (that
edges, and faces) is homotopy

Edelsbrunner
showed that the area of U can be computed
by a depth-3 inclusion-exclusion
formula:
sum the areas of
all disks corresponding
to vertices of S, then—to
correct for
double counting-subtract
off the areas of pairwise intersections corresponding
to edges of C, and finally
add back in
the areas of triple intersections
corresponding
to triangles
of &.
The next lemma gives another topological
fact about &.
We call a vertex of S an interior
vertex if it lies interior
to
the region

covered

by &.

Lemma
2.
If cl is an interior
vertex of &, then the perime
ter of Di is contained
within
the muon of all the other disks.
If c~ is an interior
vertex,
then the perimeter
of
Prooll
D; must be covered by the restricted
power diagram
cells of
other disk centers, and hence by the corresponding
disks.
U

3

Three

We start

and

Four

by considering

Disks
just

three

disks,

DI,

Dz,

and

Ds,

with centers c1, C2, and C3 and union
U.
The disks me
moving
with time t; we sometimes
make this dependence
We
explicit
by writing
expressions
such as c1 (t)and U(t).
use P() to denote the area function
and L3 to denote the
boundary
operator.
Suppose that the lengths of CICZ and czca are fixed, while
Iclcs I is decreasing
with time.
Normalize
this decrease so
that dlclca l/dt = –1. Let z denote the power center of the
three disks, that is, the point with equal power distance to
Cl, CZ, andcs.
Lemma

3.

The following

1. If DI n Ds is empty
is unchanging.
Figure

2. The

restricted

power

diagram

and

the dual

the

power

diagram

does

not

contain

vertices

or is contained

in Dz,

then P(U)

complex.

We denote Edelsbrurmer’s
dual complex by & (or by t(t)
when we want to make its dependence
upon time explicit);
it is formed as follows.
The dual complex contains each disk
center ci with a nonempty
cell in the restricted
power diagram. It contains
the edge C,C3 between two disk centers if
the restricted
power diagram cells of c, and CJ share a boundary side, and it contains
triangle
ci Cj Ck if the cells of C*, C3
and c~ share a vertex.
In order that the dual complex contains no faces more complex than triangles,
we shall assume
that

holds:

if D1 ~ Dz n Ds is empty or either DI or Dz
2. Otherwise,
contains
the intersection
of the other two disks, then
–dp(U)fdt
equals the length
of the mutual
chord of
DI and D3.
3. If DI n Dz n Da is nonempt,v . and no disk contains
the
intersection
of the other two, let p and q be the points
Then
of 6’D1 naD3 inside and outside Dz, respectively.
–dp(U)/dt
= Izql.
Proofi

Consider

the inclusion-exclusion

formula

of degree

greater than 3; this can be ensured by slightly
perturbing
the disk centers. Notice that t may contain the three sides
of a triangle
without
containing
the triangle
itse~
in this
way, it differs from an embedded
planar graph such as the
regular triangulation.
See Figure 2.
We shall make use of both topological
and geometric
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P(U)

=

P(D1)
P(D1
P(DI

The

only

terms

that

+

P(D2)

+/4D3)

nD2) – P(DI
nD2 n D3).
change

with

–

nD3) –P(D2 nD3)+

time

IA(DI n Dz n Da ). If DI fl Ds is empty,

are p(DI
then

both

n Ds.) and
these terms

/ D2

J

\ D,
Figure 3. The shaded area is increasing at Ivpl times the speed
of D1, which is 1/ sin a times faster than c1C3 shrinks.

Figure

U D3))

_

Note that zpzv also measures a.
Finally,
CIP(DZ \ (Dl U Ds))/dt.
D3)/dt
and P(U) = L4(D2
–dp(U)/dt,
as claimed.

Figure 4 shows a four-sided
four-way
intersection.
In
case, dp(D~)/dt
= Ipzl, d~(D~)/dt
= Iwql, and hence
IZwl.
The following
theorem is our new “isoperimetric”
result.
The special case in which all disks have the same ractius is
equivalent
to a well-known
isopenmetnc
inequality:
among
all quadrilaterals
with given side lengths,
the area is maximized when the vertices are cocircular
[6].
this

-dp(u)/dt =

Theorem
1. Let D1, Dz, D3, and D4 be alsks with centers cl, CZ, c3, and c4. Let U denote the muon and I the
intersection
of D1, D2, Ds, and D4. Among ali quadrilaterals c1c2c3c4 with fixed side lengths, P(U) is maximized
when
the power diagram haa a vertex of degree four. If I has four
sides at the degree-z configuration,
then p(I)
is at a local
maximum.

IVIJI

sin a
– ‘“

dt

\

(DI

u

Hence
since
D3))

Izpl = lvpl/sin a =
Ipql == -dp(D:
U

+P(G

u

~3),

[d

intersection.

u

equal to the length of the mutual
chord of D1 and D3. So
statement
(2) is true.
Statement
(3) is the most difficult.
Let a be the measure
of LCZC1C3, let b be the mutual
chord of D1 and D2, and let
v be the point where the line through
p perpendicular
to b
intersects
b. See Figure 3.
Then, viewing
Dz and Da aa fixed, the shaded area Dz \
(Dl u Ds) grows as D1 rotates
about
CZ, moving
further
into Ds. Instantaneously,
Dl is moving perpendicularly
to
c1 cz, hence parallel
to b. So the instantaneous
gain in the
area of Dz \ (DI u D3) is Ivpl times the speed of D1. And
DI is moving exactly 1/ sin a times faster than c1cs shrinks.
This same correction
factor holds whether
or not ~cZclc3 is
acute. This means that
\ (DI

quadruple

equals Ipql, and z
either O or Iwqt. Now —d,u(D1 U Ds)/dt
and w must lie on pg.
Since CICS is an edge in the dual
complex,
it must also be the caae that the order of ]points
z Izwl and ,u(U)
on pq is p, z, w, q. Hence, –dp(U)/dt
decreases as c1 cs shrinks.
In the special position
in which
z = w, dp (U)/dt
is initially
zero but becomes negative
as
.?W grows.

are zero. If DI ~ Ds C D2, then the changes in these two
terms cancel each other out. Hence statement
(1) is true.
If D1 ~ Dz ~ Ds is empty or either D1 or D3 contains the
intersection
of the other two disks, then ~(Dl n DCJn D3) is
unchanging.
But p (D1 n D3 ) is increasing
with derivative

dp(D2

4. A four-sided

Proofi
Lemma 4 implies
that at the degree-4 configuration, decreasing
the length of either diagonal
decreases the
area of the union.
Thus the degree-4 configuration
is at least
a local maximum.
However, decreasing the length of a diagonal in the dual complex cannot remove the diagonal
from
the dual complex, so in fact the degree-4 configuration
must
also be a global maximum
for P(U).
If 1 is bounded by all four disks, then

=

~

Now add one more disk. Let D1, Dz, Ds, and D4 be four
moving disks with centers c1, cz, C3, and C4, and union U.
Suppose that the dual complex
of these four disks includes
all the edges of the quadrilaterzd
c1czcscd along with c1cs.
Lemma
4.
Suppose that the disks move so that c1 cs shrinks
but the lengths of the quadrilateral
edges are held constant.
Then the area of U is decreasing.

M(I)

= v(D1

n D2 nDs)

+P(D1

nD3 nD4) –P(D1

nD3).

Proofi
Let p and q be the two points where c9Di intersects
Let z be
i3Ds, with p closer than q to cz by power distance.
the power center of DI, Dz, and Ds, and w be the power
= –1.
center of Dl, D3, and D4. Assume dlclcsl/dt

We apply Lemma 3, case (3), to each of the triple intersections, and case (z) to the pairwise
intersection,
to conclude
that if dlclcsl/dt
= -1 then dp(U)/dt
= –Izw I, with z and
w as in Figure 4. Hence decreasing
the length of either diagonal at the degree-4 configuration
decreases the area clf the
intersection.
_

Let D; be Dz minus the other three disks, and D: be
D4 minus the other three disks.
Notice that because c1cs
occurs in the dual complex,
D;
= D2 \ (Dl U D3 ), and

4

the three disks D1, D2,
D; – = D4 \ (DI U Ds). Consider
and Ds. By the assumptions
of the lemma, these three disks
must fall into case (2) or (3) of Lemma
3. Hence,
dp(D~)/dt
must

be either

O or Ipz 1, and similarly,

dH(D~

)/dt

must

Gaps

between

Disks

In this section, our aim is to prove that the area of a region
surrounded
by disks cannot increase when the disks move
under a continuous
shrinking
motion.

be
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6. In each case the light-shaded

, :,’
. ,,
\r z

area minus the dark-shaded

area increases at a rate proportional

to Iwzl.

The factor of cos a accounts account for the direction
of D1’s
motion.
The second factor has a geometric
interpretation;
it is Iqwl.
We can combine these three quantities
geometrically.
We
project
qw onto C1C2 to multiply
its length by cos CY. If the
projection
of qw is ps, the net gain in area per unit motion
of D1 is Ipsl — Ipvl — Ivul, which is Iusl if u lies on the c1 side
of s, and —Ius I otherwise.
Now since D1 is moving
1/ sin a
times faster than c1 cs shrinks, we must divide this quantity
by sin cr. This can be done geometrically
by projecting
us
onto wz, yielding
the lemma.
u

Figure 5.
to Iwz[.

The

shaded

area decreases at a rate

We now consider other topologies
of disks and triangle.
Let B denote the region of the plane below line c1 cs that is
6, B is the
covered by Da but not by D1 nor D3. In Figure
darker shaded area. The next lemma generalizes
Lemma 5,

proportional

Lemma
As above,

we start

with

three

disks,

DI,

Dz,

and

otherwise

minus

—r~

+

-

(IC,C212 + r: – 9’;).

~,

This quantity
has a neat geometric
interpretation:
easy algebra shows that it is the length of vu. F&dly,
c1 C3, A grows by cos a times

= –IWZI,

it is Iwz I.

the disks,

c1 C2cs C4 \ u:= ~ Di.

Applying

Lemma

6 to

each of Dl, Dz, Ds and to Dl, Ds, D4 shows that dp(Q-)/dt
is negative.
In fact, cip(Q- )/dt is at most negative
the
length of the C1-CS power diagram
edge. (It would be exactly negative
the length,
except that area B may actually
protrude
from the quadrilateral
as in Figure 8.) Thus p(Q-)
is maximized
when the power diagram of the disk centers has
a vertex of degree four; this adds yet another isoperimetric
result.
We now turn to thecaaeof
n disks ‘D = {Dl, Dz, . . . . D.}.
Assume that no disk is covered by the union of the other
is covered
by the
disks, but D, is a disk whose perimeter
union
of aU the other
disks. Let D,- denote D, \ ul~~ Dj.

lc~c~l-r~
=

– H(B))/dt

then

Now imagine adding a fourth disk D4 below the CICS line,
so that the cells of c1 and C3 share an edge in the power diagram of c1, cz, cs, and C4. Let Q- denote the quadrilateral

Proofi
Region A is bounded
by three arcs and three line
segments, as shown in Figure 5. As in the figure, let v be
the intersection
of i3D1 with c1 C2, q be the intersection
of
i3D1 with c1 C3, p be the projection
of q onto C1C2, and u be
the point on c1 cz with equal power distance to c1 and C2.
As before, we think
of Da and Ds as fixed and D1 aa
rotating
about cz. Hence A is unchanging
along cacs and
along its shared boundaries
with
Dz and Ds.
Along
its
shared boundary
with DI, A is shrinking
by Ipv I times the
segment
speed of D]. Along c1 cz, A shrinks as its boundary
sweeps out a trapezoidal
region.
We write an integral
for
the loss of area per unit of D1 motion:

Xdx

clcacs,

Proof:
The argument
is similar
to Lemma
5. The segments representing
changing
boundaries
of A and B are
projected
onto the c1cz line and then onto the wz line, as
shown in Figure 6. In each case, regardless
of the topology
of the triangle
and disks, w and z mark the endpoints
of the
projection.
B

Lemma
5.
Assume D1, Dz, and Ds are pairwise
disjoint
and D2 does not titersect
c1 cs. If z lies in triangle
c1C2C3,
then dp(A)/dt
= –1 WZI, otherwise
dp(A)/dt
= Iwzl.

J

If z fieS in tri~g~e
d(p(A)

moving so that ICI C2[ and IC2C3I are fixed, while dlclc3 l/dt =
-1. Let A denote the triangle
minus the disks, C1C2C3\ (Dl U
Dz U Ds). Let z be the power center of the three disks. Let
w be the point along the line c1 cs where the power distance
from c1 equals the power distance
from C3. Assuming
c1 C3
to be horizontal,
points z and w lie on the same vertical line.

-

6.

Ds,

some
along

Assume
to D’.

there

is a continuous

shrinking

motion

taking

D

Lemma
7.
Throughout
the continuous
shrinking
motion,
d~(D,- )/dt
~ O. In other words, the area covered by Dt
alone is nonincreasing.

122

Proof:
Assume without
loss of generality
that D; has a
single connect ed component,
as multiple
components
can be
handled

separately.

the perimeter

of D,,

Renumber

so that

i > k, with

D,-

D1, DZ, . . . . Dk cover
= Di \ (J~=l

Dj.

We

“—

may assume that the boundary
of D,– contains,
in order,
exactly one arc from each of D1, D2, . . . . Dk, for if some Dj
contributed
more than one arc, then a disk contributing
an
arc between the two D] arcs must be contained
in D, U D].
Thus C1C2. . . ck is a simple polygon,
which we shall assume is
in general position,
Let A? (= R(t))denote the constrained
regular triangulation
of c1 cz . . . ck, meaning
the unique triangulation
of c1 cz . . . ck in which each convex quadrilateral
is triangulated
as it would be by the regular
triangulation
of its vertices.
We shall simulate
a small continuous
shrinking
motion
of ‘D by shrinking
one edge of 7? at a time.
At all times,
%?(t) will be a triangulated
simple polygon,
hence each edge
length can be adjusted
independently.
After we shrink an
combinatorially;
for exedge, we may have to change ‘R(t)
ample, shrinking
edge CJCj+ 1 in Figure 7 may “fiip” the di-

Figure

C3cl c~cP,
shrinking

agonal of quadrilateral
Cj c~+ 1CJ+2 c~ from cj + 1cl to CJc~+2.
Since triangles
are rigid, when all edges of R(t) have reached
their final lengths.
the confhration
of disks must be at the
desired endp~nt.’
A techni~ality:
as the disks move, polygon CICZ . . . ck may Overlap
itSelf.
hl thiS CaSe, We think
Of
the polygon
as embedded
on a plane with Riemann
sheets.

Figure

7. Shrinking

an exterior

5

edge of ‘R(t).

as shown in Figure
7. Since D,~ is losing area along its
boundary
with Dj and all other boundaries
are fixed, this
shrinking
cannot increase p (Dt- ).
Now assume that we shrink a diagonal
c~c~ of a quadriof the
lateral
cfclc~cP
in 7L(t).Since clc~ is a diagomd
regular triangulation,
the power cells of C3 and cm share an
edge. Two applications
of Lemma 6 reveal that the sum of
the A areas minus the sum of the B areas is decreasing with
rate proportional
to the length of the shared power diagram
edge. This quantity
is exactly the area of C3c1cmcP not covered by DJ U Dl U D~ U DP, minus the area by which D1
and DP protrude
outside
the far sides of the quadrilateral
(the area of D1 below CJCP in Figure 8). This accounts for
a disk

shrinking
such

and

growing

as DJ + 1 in Figure

boundaries

of D,–.

8 moves rigidly

Notice

with

an interior

edge of

so its overlap with C3c1c~cP remains
Cj cm cannot increase p(D,- ). ~

without

‘R(t).

fixed.

Hence

Ernbeddings

In order to prove that the area of the union of the disks
cannot increase, we shall shrink edges of the dual complex &
one at a time, just as Lemma 7 shrinks edges of the regular
triangulation
of a simple polygon.
But in carrying
out this
plan, we encounter
a difficulty.
When we shrink an edge of a
complicated
.5, the configuration
of disks will not in general
remain planar-realizable.
For example,
imagine
shrinking
an edge of a cycle surrounding
a hole in & as shown in Figure 9. After this shrinking, the disks will be realizable
on a cone but not on the
Notice. however.
that so lomz as no disk covem the
.dane.
apex of the cone, each disk appears flat, that is, the region
covered by that disk, including
its overlaps with other clisks,
is planar embeddable.
When we shrink edges of &, we could
imagine
the disks D to be embedded
in some developable
surf~ce such as the cone in Figure 9, but it is easier to ~hink
of V without
reference to any embedding:
it is simply
an
abstract
collection
of overlapping
t we-dimensional
disks.
We define a disk complex
to be a collection
of dbks,
{DI, D2,...,
D.},
such that for each D, we know its radius ri and its overlaps with other disks. For example,
each
D, may have its own coordinate
system, say with origin at
the center c,, that gives the coordinates
of each nonempt y
hme D, n D3. Of course, D, and DJ must agree on the size
and shape of D, n Dj and its overlaps with other disks. IEach
D, must be intrinszcaiigflat,
meaning that its overlaps with
other disks are indistinguishable
from overlaps in a conficontain
guration of planar disks. If Di does not completely
another
disk, then D, is intrinsically
flat if and only if the
sum of angles, subtended
by closest points of lunes, around
c, is 27r.
Area is an integral,
defined locally, so it still makes sense
for a disk complex.
Since each disk is intrinsically
flat, the
power distance from a point in D, to c~ does not change, so
the restricted
power diagram and the dual complex Z remain
well-defined.

Assume that we shrink an exterior
edge Cjcj+l
of ‘1?(t)
while keeping all other edge lengths fixed, by rotating
D3
around
the third
vertex of the triangle
containing
C, CJ+ 1,

both

Disks

8. Shrinking

Lemma
8. Assume
that D is a complex
of intrinsically
flat disks, such that each disk center appesrs in the duai
complex E and none of them is m interior
verb ex. Shrinking

that

a side of
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We assert that a finite number of edge shrinking
suffice
to move D“ to its final configuration
in the time interval.
An exterior
edge of E* need be shrunk only once, because
no subsequent
shrinking
can increase its length.
An interior
edge C,cj in &*, however, can grow. For example,
shrinking
an outer edge of cic~’s quadrilateral
could flip cic~ out of E“;
now shrinking
the opposing
diagonal
grows c, c1; and finWY
shrinking
another outer edge can flip ci cj back into &*. HOW

Figure

9. Shrinking

do we know that we cannot get caught in an infinite
loop?
There is a measure of progress for each diagonal:
the area
of the union of the four disks in its quadrilateral,
which is
nonincreasing
by Lemma 4.
We now assert that when we shrink
an edge C;CJ, the
area of the union of all disks must decrease.
In fact, we
need only worry about the change in the area of the union
of up to four disks, the disks whose centers are the vertices of
triangles
of ~* bounded by C,C3. Other disks (shown in gray
in Figure 10) have unchanging
intersection
patterns,
and we
may think of them as moving rigidly
with the outside edges
of the triangles.

edge c, cj wraps the plane into a cone.

any single edge of& while
a collection
of intrinsically

keeping the others
flat disks.

fixed

maintains

Shrinking
an edge C;CJ of E changes the angles in
Proofi
the triangles
bounded
by C;cj. Assume ck is a vertex with
a changed angle. Because ck is not an interior
vertex of &,
there is an angle around ck that does not lie within a triangle
of t. We can adjust this exterior
angle in order to maintain
the intrinsic
flatness of Dk.
E

Putting

6

it

We are now ready

Together
to state

and prove

our main

result.

Theorem
2.
Assume that disks D move to D’ via a continuous shrinking
motion.
Then the area of the ~“on
of the
disks cannot increase.
We shall prove that at all times d~(U)/dt
~ O.
Proofi
Consider a small time interval
during the continuous
shrinking motion.
We may assume that the dual complex S is combinatorially
the same at the beginning
and end of this time
interval.
There are only a finite number of different
t opologies for &, so even if 8 changes infinitely
often there must be
two positions
of D with the same & that are separated by a
nonnegligible
time interval.
Remove disks from Din arbitrary
order, without
changing U, until no disk is covered by the union of the others.
Now if D, is a disk in D whose perimeter
is covered by the
union of the other disks, remove D,.
This removal leaves
a hole D;
of the form considered
in Lemma
7. Repeat
this process, again choosing
disks in arbitrary
order, until
no disk has covered perimeter.
Notice
that each removal
leaves a new hole, disjoint
from previously
formed holes. By
Lemma 7 the derivative
of the area of these holes is at most
zero.
Let D* denote the altered set of disks, regarded as a disk
complex
(although
at this stage ‘D* is still realizable
in the
plane).
Let E* denote the dual complex
of ‘D*. Again it is
safe to assume that S* is the same at the beginning
and end
of our time interval.
We
~

by

that
of

shall
shrinking

shrinking
disks.

that
may

t“
S“

continuous

of t“

an edge

does

we

shrink

one
not
an

at

shrinking
a time.

destroy
edge

is the

same

at begiting

diagonal

flips

fiip

when

back

in

the

intrinsic

and

end,
another

the

exactly

only

c, C3 shrinks the shaded areas move rigidly.

one triangle

in X*.

In this

case,

Lemma

3 guarantees

that the area of the union does not increase.
Finally
assume
we shrink an edge C,C3 that bounds two triangles
in ~“, as
in Figure 10. Lemma 4 handles this most difficult
case. ~

7

Related

Results

In this section, we give two additional
cial case of unit disks, each of these
by a perimeter
argument
of the form

results.
For the speresults can be proved
given by Bollob5s
[1].

Theorem
3. Assume that disks D move to D’ via a continuous shrinking
motion.
Then the area of a bounded
connected component
of the exterior
cannot increase (even if it
breaks into a number of components).

of

8 shows
flatness
the

These

10. When

First assume we shrink an edge cicj that bounds no triangles of ~“.
Then the area of the union
must decrease
because B(D, n DJ ) increases, and all other intersections
We
unaffected.
Next assume we shrink an edge c, C3 that bounds

Proofi
This theorem is a small extension
of
only difference
is that the disks surrounding
component
of the exterior
do not necessarily
polygon.
This difference
does not matter
to
long as we treat the collection
of disks as a
rather than a planar-realizable
configuration.

dual

never removes
CtCj
we have assumed

quadrilaterals.

we shrink

motion

Lemma

we recompute

Notice
that shrinking
edge cicj
dual complex.
In fact,
because

are
later

the

edges

After

complex.
from
the
to

simulate

Figure

changes
diagonals

edge.
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Lemma 7; the
a connected
form a simple
the proof, so
disk complex
_

Theorem
4.
Assume that disks D move to D’ via a continuous shrinking
motion.
Then the area of the intersection
cannot decrease.
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Remarks

Observe that our main result, Theorem
2, extends to balls
in higher dimensions,
so long as all balls are moving parallel to a common
(two-dimensional)
plane.
We conjecture
that any continuous
shrinking
motion
of d + 2 balls in Etd
can be factored
into such planar
motions.
(Shrinking
one
edge of a simplex at a time analogously
factors a continuous
shrinking
motion
into one-dimensional
motions. ) Further,
the dual complex may be the right tool for solving the case of
n balls in IRd with a continuous
shrinking
motion.
Shrinking
a (d- 1)-simplex
seems to be the appropriate
generalization
of shrinking
an edge.
Finally,
we admit to having no new insights for the problem without
the assumption
of continuous
shrinking
motion.
We would be interested
in seeing a computer
search for a
counterexample.
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