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1. INTRODUCTION

Set disjointness is the most studied problem in communication complexity theory. The
simplest version of the problem features two parties, Alice and Bob. Alice receives as
input a subset S C {1,2,...,n}, Bob receives a subset T C {1,2,...,n}, and their goal
is to determine with minimal communication whether the subsets are disjoint. One
also studies a promise version of this problem called unique set disjointness, in which
the intersection SNT is either empty or contains a single element. The communication
complexity of two-party set disjointness is thoroughly understood. One of the earliest
results in the area is a tight lower bound of n + 1 bits for deterministic protocols solv-
ing set disjointness. For randomized protocols, a lower bound of Q(,/n) was obtained
by Babai, Frankl, and Simon [4] and strengthened to a tight Q(n) by Kalyanasun-
daram and Schnitger [32]. Simpler proofs of the linear lower bound were discovered
by Razborov [45] and Bar-Yossef et al. [8]. All three proofs [32; 45; 8] of the linear
lower bound apply to unique set disjointness as well. Finally, Razborov [46] obtained a
tight lower bound of (/) on the bounded-error quantum communication complexity
of set disjointness and unique set disjointness, with a simpler proof discovered several
years later [48]. Already in the two-party setting, the study of set disjointness has con-
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A2 Alexander A. Sherstov

tributed to communication complexity theory a variety of techniques, including ideas
from combinatorics, Kolmogorov complexity, information theory, matrix analysis, and
Fourier analysis.

We study the complexity of set disjointness in the model with three or more
parties. We use the number-on-the-forehead model of multiparty communication,
due to Chandra, Furst, and Lipton [18]. This model features k parties and
a function f(x1,x9,...,x;) with k arguments. Communication occurs in broad-
cast, a bit sent by any given party instantly reaching everyone else. The input
(z1, 22, ...,xk) is distributed among the parties by giving the ith party the arguments
X1,y Ti 1, Tis1,---,Tk but not z;. One can think of z; as written on the ith party’s
forehead, hence the terminology. The number-on-the-forehead model is the main model
in the area because any other way of assigning arguments to parties results in a less
powerful model (provided of course that one does not assign all the arguments to a
single party, in which case there is never a need to communicate).

In the k-party version of set disjointness, the inputs are Sy, Ss,..., S, C {1,2,...,n},
and the ith party knows all the inputs except for S;. The goal is to determine whether
the sets have empty intersection: S; N S, N---N S, = @. For unique set disjointness,
the parties additionally know that the intersection S; NSy N --- N Sy is either empty or
contains a unique element. It is common to represent the input to set disjointness by
a k x n Boolean matrix X = [z;;], whose rows correspond to the characteristic vectors
of the input sets. In this notation, set disjointness is given by the simple formula

n

k.
DISd;..(X) = /\ \/ 77 (1)
j=1i=1

Unique set disjointness UDISJ}, ,, is given by the same formula, with the understand-
ing that the input matrix X contains at most one column consisting entirely of ones.

Progress on the communication complexity of set disjointness for k& > 3 parties is
summarized in Table I. In a surprising result, Grolmusz [28] proved an upper bound
of O(log® n + k*n/2%) on the deterministic communication complexity of this problem.
Proving a strong lower bound, even for & = 3, turned out to be difficult. Tesson [52]
and Beame et al. [11] obtained a lower bound of Q(% logn) for randomized protocols.
Four years later, Lee and Shraibman [39] and Chattopadhyay and Ada [21] gave an im-
proved result. These authors generalized the two-party method of [47; 48] to k > 3 par-
ties and thereby obtained a lower bound of Q(n/22°%)1/(*+1) on the randomized commu-
nication complexity of set disjointness. Their lower bound was strengthened by Beame
and Huynh-Ngoc [10] to (n©(V#/legn) /9k*)1/(k+1) wwhich is an improvement for k large
enough. All lower bounds listed up to this point are weaker than Q(n/ 2’“3)1/ (k+1)  which
means that they become subpolynomial as soon as the number of parties k starts to
grow. Three years later, a lower bound of Q(n/4%)'/* was obtained in [49] on the ran-
domized communication complexity of set disjointness, which remains polynomial for
up to k ~ % logn and comes close to matching Grolmusz’s upper bound.

The Q(n/4%)!/* lower bound is not accidental. It represents what we call the trian-
gle inequality barrier in multiparty communication complexity, described in detail at
the end of the Introduction. We are able to break this barrier and obtain a quadrati-
cally stronger lower bound. In the theorem that follows, R. denotes e-error randomized
communication complexity.

Journal of the ACM, Vol. V, No. N, Article A, Publication date: January YYYY.



Communication Lower Bounds Using Directional Derivatives A:3

THEOREM 1.1 (Main result). Set disjointness and unique set disjointness have ran-
domized communication complexity

Ry3(DISJ,,) > Ry /5(UDISI, ) = Q (;{Z) .

Two remarks are in order. Over the years, the lack of progress on set disjointness
prompted researchers to consider restricted multiparty protocols, such as one-way pro-
tocols where the parties 1,2,..., k speak in that order and the last party announces the
answer. An even more restricted form of communication is a simultaneous protocol, in
which the parties simultaneously and independently send a message to a referee who
then announces the answer. In 1997, Wigderson proved a lower bound of Q(\/n) for
solving set disjointness by a simultaneous protocol with £ = 3 parties (unpublished
by Wigderson, the proof appeared in [5]). Since then, several papers have examined
the multiparty complexity of set disjointness for simultaneous, one-way, and other re-
stricted kinds of protocols [5; 52; 11; 55; 12; 34]. The strongest communication lower
bound [52; 11] obtained in that line of research was Q(n/k*)'/(*~1 To summarize,
prior to our work it was an open problem to generalize Wigderson’s 1997 lower bound
even to k = 4 parties, communicating one-way or simultaneously.

Second, by the results of [38; 14], all communication lower bounds in this paper
generalize to quantum protocols. In particular, Theorem 1.1 implies a lower bound of
/n/2k+°) on the bounded-error quantum communication complexity of set disjoint-
ness. This lower bound essentially matches the well-known quantum protocol for set
disjointness due to Buhrman, Cleve, and Wigderson [16], with cost [\/n/2F] log®®" n
For the reader’s convenience, we provide a sketch of the protocol in Remark 5.4. Thus,
our results essentially settle the bounded-error quantum communication complexity
of set disjointness.

Our technique allows us to obtain several additional results, discussed next.

Table I. Communication complexity of k-party set disjointness.

Bound Reference
2
0] (10g2 n+ %) Grolmusz [28]
Q logn Tesson [52]
k Beame, Pitassi, Segerlind, and Wigderson [11]
1
n B Lee and Shraibman [39]
22k k Chattopadhyay and Ada [21]

Q(\/ k/logn) %4—1
Beame and Huynh-Ngoc [10]
Q

1/4
( ) Sherstov [49]
Q (%) This paper
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XOR lemmas and direct product theorems

In a seminal paper, Yao [56] asked whether computation admits economies of scale.
More concretely, suppose that solving a single instance of a given decision problem
with probability of correctness 2/3 requires R units of a computational resource (such
as time, memory, communication, or queries). Common sense suggests that solving ¢
independent instances of the problem requires Q(¢R) units of the resource. Indeed,
having less than /R units in total, for a small constant € > 0, leaves less than ¢R units
per instance, intuitively forcing the algorithm to guess random answers for many of
the instances and resulting in overall correctness probability 2~ ©(¢). Such a statement
is called a strong direct product theorem. A related notion is an XOR lemma, which
asserts that computing the XOR of the answers to the / problem instances requires
Q(¢R) resources, even to achieve correctness probability 3 +2-°(). XOR lemmas and
direct product theorems are motivated by basic intellectual curiosity as well as a num-
ber of applications, including separations of circuit classes, improvement of soundness
in proof systems, inapproximability results for optimization problems, and time-space
trade-offs.

In communication complexity, the direct product question has been studied for over
twenty years. We refer the reader to [34; 50] for an up-to-date overview of the liter-
ature, focusing here exclusively on set disjointness. The direct product question for
two-party set disjointness has been definitively resolved, including classical one-way
protocols [31], classical two-way protocols [11; 34], quantum one-way protocols [12],
and quantum two-way protocols [35; 50]. Proving any kind of direct product result for
three or more parties remained an open problem until the recent paper [49], which
gives a communication lower bound of £- Q(n/4%)'/* for the following tasks: (i) comput-
ing the XOR of 7 instances of set disjointness with probability of correctness % +2-90);
(i1) solving ¢ instances of set disjointness simultaneously with probability of correct-
ness at least 2-°(), We obtain an improved result:

THEOREM 1.2. Let € > 0 be a sufficiently small absolute constant. The following
tasks require (- Q(y/n/2"k) bits of communication each:

(1) computing the XOR of ( instances of UDISJ}, ,, with probability at least % 421
(ii) solving with probability 2~ at least (1 — €)¢ among { instances of UDISJ} ,,.

Theorem 1.2 generalizes Theorem 1.1, showing that Q(,/n/2%k) is in fact a lower bound
on the per-instance cost of set disjointness. The communication lower bound in The-
orem 1.2 is quadratically stronger than in previous work [49]. Clearly, Theorem 1.2
also holds for set disjointness, a problem harder than UDISJ}, ,,. Finally, this theorem
generalizes to quantum protocols, where it is essentially tight.

Nondeterministic and Merlin-Arthur communication

Nondeterministic communication is defined in complete analogy with computational
complexity. A nondeterministic protocol starts with a guess string, whose length counts
toward the protocol’s communication cost, and proceeds deterministically thenceforth.
A nondeterministic protocol for a given communication problem F is required to output
the correct answer for all guess strings when presented with a negative instance of F,
and for some guess string when presented with a positive instance. We further consider
Merlin-Arthur protocols [3; 6], a communication model that combines the power of
randomization and nondeterminism. As before, a Merlin-Arthur protocol for a given
problem F starts with a guess string, whose length counts toward the communication
cost. From then on, the parties run an ordinary randomized protocol. The randomized
phase in a Merlin-Arthur protocol must produce the correct answer with probability
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at least 2/3 for all guess strings when presented with a negative instance of F, and for
some guess string when presented with a positive instance.

Nondeterministic and Merlin-Arthur protocols have been extensively studied for
k = 2 parties but are much less understood for k& > 3. It was only five years ago that the
first nontrivial lower bound, n®*(1/%) /22" was obtained [24] on the multiparty communi-
cation complexity of set disjointness in these models. That lower bound was improved
in [49] to Q(n/4%)1/* for nondeterministic protocols and Q(n/4%)'/® for Merlin-Arthur
protocols, both of which are tight up to a polynomial. In this paper, we obtain quadrat-
ically stronger lower bounds in both models.

THEOREM 1.3. Set disjointness has nondeterministic and Merlin-Arthur complex-

ity
PNV
- i 1/2
MA(DISJ,..) = © (M |

Set disjointness should be contrasted in this regard with its complement —DISdJy ,,,
called set intersection, whose nondeterministic complexity is at most logn + O(1). In-
deed, it suffices to guess an element i € {1,2,...,n} and verify with two bits of com-
munication that: € S; NS, N---NSy.

Small-bias communication and discrepancy

Much of the work in communication complexity revolves around the notion of discrep-
ancy. Informally, the discrepancy of a function F' is the maximum correlation of F' with
a constant-cost communication protocol. One of the many uses of discrepancy is prov-
ing lower bounds for small-bias protocols, which are randomized protocols with proba-
bility of correctness vanishingly close to the trivial value 1/2. Quantitatively speaking,
any function with discrepancy ~ requires log % bits of communication to achieve cor-

rectness probability % + %\ﬁ The converse also holds, up to minor numerical adjust-
ments. In other words, the study of discrepancy is essentially the study of small-bias
communication.

In a famous result, Babai, Nisan, and Szegedy [7] proved that the generalized inner
product function @’_, AS_, z;; has exponentially small discrepancy, exp(—(n/4%)).
The proof in [7] crucially exploits the XOR function, and until several years ago it was
unknown whether any constant-depth {A,V,—}-circuit of polynomial size has small
discrepancy. The most natural candidate, set disjointness, is of no use here: while
its bounded-error communication complexity is high, its discrepancy turns out to be
©(1/n). The question was finally resolved for £ = 2 parties in [17; 47; 48], with a bound
of exp(—(n'/3)) on the discrepancy of an {A, V}-formula of depth 3 and size n. Since
then, a series of papers have studied the question for k£ > 3 parties. Table II gives a
quantitative summary of this line of research. The best multiparty bound prior to this
paper was exp(—(n/4%)1/7), obtained in [49] for an {A, V}-formula of depth 3 and size
nk. We prove the following stronger result.

THEOREM 1.4. There is an explicit k-party communication problem Hjy, ., given by
an {A,V}-formula of depth 3 and size nk, with discrepancy

_ n A\ 1/3
disc(Hy ) = exp {—Q (W) } :
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In particular,

n \1/3
ey ) =0 ()

Theorem 1.4 is satisfying in that it matches the state of the art for two-party com-
munication, i.e., even in the setting of two parties no bound is known better than the
multiparty bound of Theorem 1.4. This theorem is qualitatively optimal with respect
to the number of parties k: by the results in [2; 30], every polynomial-size {A,V,—}-
circuit of constant depth has discrepancy at least 271°¢° " for k > log®n parties, where
¢ > 11is a constant. Theorem 1.4 is also optimal with respect to circuit depth because
polynomial-size DNF and CNF formulas have discrepancy at least 1/n°(1), regardless
of the number of parties k. In Section 6.4, we give applications of Theorem 1 4 to circuit
complexity.

The triangle inequality barrier

Our proof'is best described by abstracting away from the set disjointness problem and
considering arbitrary composed functions. Specifically, let G be a k-party communi-
cation problem, with domain 2" = 27 x 25 X --- x Z}. In what follows, we refer
to G as a gadget. We study the communication complexity of functions of the form
F = f(G,G,...,G), where f: {0,1}" — {0,1}. Thus, F is a k-party communication
problem with domain 2" = 27" x 23" x --- x Z;. Our motivation for studying such
compositions is clear from the defining equation (1) for set disjointness, which shows
that DISJy ., = AND,, (DISJy 1, . . ., DISJy, ).

Compositions of the form f(G,G,...,G) have been the focus of much recent work
in the area [48; 51; 39; 21; 10; 20; 49]. These recent papers differ in what gadgets G
they allow, but they all leave f unrestricted and give communication lower bounds
for f(G,G,...,G) in terms of the approximate degree of f, defined as the least degree
of a real polynomial that approximates f pointwise within 1/3. Such communication
lower bounds are strong and broadly applicable because the approximate degree is
high for virtually every Boolean function, including f = AND,,. The first communica-
tion lower bounds for f(G, G, ..., G) for general f were obtained by the author [48] and
independently by Shi and Zhu [51], in the setting of two-party communication. Both of

Table 1. Multiparty discrepancy of constant-depth {A, V}-circuits of size nk.

Depth Discrepancy Reference
3 exp{—Q(n'/3)}, k=2 Buhrman, Vereshchagin, and de Wolf [17]
Sherstov [47; 48]
n \ 1/(6k2F)
3 exp{ — (47) Chattopadhyay [19]
n 1 /29
6 exp { -Q (2 iE } Beame and Huynh-Ngoc [10]
1 7
3 exp { -0 (;ik / } Sherstov [49]
1 /3
3 exp { —Q <4 } This paper
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these works have been generalized to the multiparty setting, e.g., [39; 21; 10; 20; 49].
The main goal in this line of research is to keep the gadget G small while guaran-
teeing that the communication complexity of f(G,G,...,G) is bounded from below by
the approximate degree of f. For the specific purpose of proving communication lower
bounds for set disjointness, the gadget G needs to be representable as G = DISJ, ,,
with m = m(n,k) as small as possible. Gadget constructions have become increas-
ingly efficient over the past few years, with the best previous result [49] achieving
m(n, k) = ©(4%n). Unfortunately, the growth of the gadget size with n is inherent in all
previous work. We refer to this obstacle as the triangle inequality barrier, for reasons
that will shortly be explained. Proving a tight lower bound for set disjointness requires
breaking this barrier and making do with a gadget of fixed size.

We now take a closer look at the triangle inequality barrier by sketching the proof of
the best previous lower bound for set disjointness [49]. Let F' = f(G,G,...,G) be a com-
posed communication problem of interest, where G: 2" — {0, 1} is a k-party communi-
cation problem and f: {0,1}" — {0,1} is an arbitrary function with high approximate
degree. Consider a linear operator L that maps real functions IT: 2™ — R to real func-
tions LII: {0,1}" — R in the following natural way: the value (LII)(z1, 2o, ..., ;) is ob-
tained by averaging II one way or another on the set G=1(x1) x G=1(x3) x - - - x G~ (z,,).
The definition of L ensures that f = LF. The proof strategy is to show that if
IT: 2™ — [0,1] is the acceptance probability of any low-cost randomized protocol, then
LII can be approximated in the infinity norm by a low-degree real polynomial f. This
immediately rules out an efficient protocol for F', since its existence would force

—fl=|LF — f|~|LF — LII| = |L(F —TI)| ~ 0
lf = fl=| fl=| | = |L( )| =0,
~0

in contradiction to the inapproximability of f by low-degree polynomials.

The difficult part of the above program is proving that LII can be approximated by
a low-degree polynomial. The paper [49] does so constructively, by showing that the
Fourier spectrum of LII resides almost entirely on low-order characters:

—1
mis) <22 () SC{12,...n} @
where r is the cost of the communication protocol. In particular, an approximating
polynomial for LII can be obtained by truncating the Fourier spectrum at degree r +
O(1). The technical centerpiece of [49] is a proof that the Fourier concentration (2) can
be achieved by using the gadget G = DISJ}, g 4%,,)-

In the proofjust sketched, the gadget size needs to grow with n for the obvious reason
that the number of Fourier coefficients of LII grows with n and we apply the triangle
inequality to them. This ¢riangle inequality barrier is inherent not only in [49] but
in previous multiparty analyses as well. All these papers use the triangle inequality
to control the error term, either explicitly by bounding the discarded Fourier mass as
above [51; 20; 49], or implicitly by bounding the Fourier mass of certain pairwise prod-
ucts [47; 39; 21; 10]. As explained below, we are able to avoid this term-by-term sum-
ming of Fourier coefficients by focusing on the global, approximation-theoretic struc-
ture of the function rather than its spectrum.

Our proof

To obtain our main result, we are restricted to use gadgets G whose size is independent
of n. This requires finding a way to approximate protocols by low-degree polynomials
without summing Fourier coefficients term by term. In the setting of k = 2 parties,
the triangle inequality barrier was successfully overcome in 2007 using matrix analy-
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sis [48]. For multiparty communication, the problem remained wide open prior to this
paper because matrix-analytic tools do not apply to & > 3.

Our solution involves two steps. First, we derive a criterion for the approximability
of any given function ¢: {0,1}" — R by low-degree polynomials. Specifically, recall that
the directional derivative of ¢ in the direction S C {1,2,...,n} at the point z € {0,1}"
is given by (0¢/05)(z) = $¢(z) — 3¢(x®1g), where 15 denotes the characteristic vector
of S. Directional derivatives of higher order are obtained by differentiating repeatedly.

We prove:

THEOREM 1.5. Every ¢: {0,1}" — R can be approximated pointwise by a polyno-
mial of degree d to within

K™A(p,d+ 1)+ K72 A(p,d 4 2) + K3 A(¢,d +3) + - - -, 3)

where K > 2 is an absolute constant and A(¢,1) is the maximum magnitude of an
order-i directional derivative of ¢ with respect to pairwise disjoint sets S1,Ss, ..., S;.

The crucial point is that the dimension n of the ambient hypercube never figures in
the error bound (3). This allows us to break the triangle inequality barrier and approx-
imate a large class of functions ¢ that were off limits to previous techniques, including
communication protocols. The author finds Theorem 1.5 to be of general interest in
Boolean function analysis, independent of its use in this paper to prove communica-
tion lower bounds.

To apply the above criterion to multiparty communication, we must bound the direc-
tional derivatives of LII for every II derived from a low-cost communication protocol.
This is equivalent to bounding the repeated discrepancy of the gadget G, a new quan-
tity that we introduce. The standard notion of discrepancy, reviewed above, involves
fixing a probability distribution i on the domain of G and challenging a constant-cost
communication protocol to solve an instance X of G chosen at random according to u.
In computing the repeated discrepancy of G, one presents the communication proto-
col with infinitely many instances Xi, Xs, X3, ... of the given communication problem
G, each chosen independently from p conditioned on G(X;) = G(X3) = G(X3) = --- .
Thus, the instances are either all positive or all negative, and the protocol’s challenge
is to tell which is the case. It is considerably harder to bound the repeated discrepancy
than the usual discrepancy because each of the additional instances X, X3,... gen-
erally reveals new information about the truth status of X;. In fact, it is not clear a
priori whether there is any distribution x under which set disjointness has repeated
discrepancy less than the maximum possible value 1, let alone o(1) as our application
requires. By a detailed probabilistic analysis, we are able to prove the desired o(1)
bound for a suitable distribution .

With these new results in hand, we obtain an efficient way to transform commu-
nication protocols into approximating polynomials. This transformation allows us to
expeditiously prove Theorems 1.1-1.4.

Organization

The remainder of this article is organized as follows. Section 2 opens with a review
of technical preliminaries. Sections 3 and 4 are devoted to the two main components
of our proof, approximation via directional derivatives and repeated discrepancy. Sec-
tion 5 establishes our main results on randomized communication, including Theo-
rems 1.1 and 1.4. Section 6 concludes with several additional applications, among other
things settling Theorems 1.2 and 1.3.
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2. PRELIMINARIES

There are two common ways to encode the Boolean values “true” and “false,” the clas-
sic encoding 1,0 and the more recent one —1,+1. The former is more convenient in
combinatorial applications, whereas the latter is more economical when working with
analytic tools such as the Fourier transform. In this paper, we will use both encod-
ings depending on context. To exclude any possibility of confusion, we reserve the term
Boolean predicate in the remainder of the paper for mappings of the form 2" — {0, 1},
and the term Boolean function for mappings 2" — {—1,+1}. As a notational aid to
distinguish predicates from functions, we always typeset the former with an asterisk,
as in PARITY" and AND", reserving unstarred symbols such as PARITY and AND
for the corresponding Boolean functions. More generally, to every Boolean function f
we associate the corresponding Boolean predicate f* = (1 — f)/2. A partial function f
on £ is a function whose domain of definition, denoted dom f, is a nonempty proper
subset of Z". For emphasis, we will sometimes refer to functions with dom f = £ as
total. For (possibly partial) Boolean functions f and g on {0,1}" and 2", respectively,
we let fog denote the componentwise composition of f with g, i.e., the (possibly partial)
Boolean function on 2™ given by (f o g)(z1,22,...,2,) = f(g™(x1),9%(x2),..., 9" (zn)).
Clearly, the domain of f o g is the set of all (z1,22,...,2,) € (domg)™ for which
(g*(x1)7 g*(xQ)a s ag*(xn)) € dom f

We let ¢ denote the empty string, which is the only element of the zero-dimensional
hypercube {0,1}°. For a bit string z € {0,1}", we let |z| = 1 + 25 + --- + z,, denote
the Hamming weight of =. The kth level of the Boolean hypercube {0, 1}" is the subset
{z € {0,1}" : || = k}. The componentwise conjunction and componentwise XOR of
z,y € {0,1}" are denoted x Ay = (1 Ay1,.. ., Zn Ayp) and c Dy = (21 D Y1, ..., Tn D Yn)-
In particular, |z A y| refers to the number of components in which x and y both have
a 1. The bitwise negation of a string x € {0,1}" is denoted 7 = (z; ¢ 1,...,2, ®1). The
notation log = refers to the logarithm of « to base 2. For a subset S C {1,2,...,n}, its
characteristic vector 15 is given by

1 ifiesS
15); = ’
(Ls)s {0 otherwise.

For i = 1,2,...,n, we define e; = 1y;;. In other words, e; is the vector with 1 in the
ith component and zeroes everywhere else. We identify {0, 1}™ with the n-dimensional
vector space GF(2)", with addition corresponding to componentwise XOR. This makes
available standard vector space notation, e.g., ax & by = (..., (a;z;) ® (biy;),...) for
a,b € {0,1} and strings x,y € {0,1}". A more complicated instance of this notation that
we will use many times is w @ z11s, ® z21g, -+ @ z41lg,, Where 21, 22, ...,24 € {0,1},
w e {0,1}”, and 51,52,‘..,Sd g {1,2,...,71}.

The parity of a Boolean string = € {0,1}", denoted PARITY"(z) € {0, 1}, is defined
as usual by PARITY" (z) = @', z;. We adopt the convention that

(—nl> - <_n2> - (_”3) R

for every positive integer n. For positive integers n, m, k, one has

;: CZ) (krﬁ z> B (n;m) (4)
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a combinatorial identity known as Vandermonde’s convolution. The total degree of a
multivariate real polynomial p is denoted deg p. The Kronecker delta is given by

5o 1 ife=y,
“¥ 710 otherwise,

where x,y are elements of some set. We let Z* = {1,2,3,...,} and N = {0,1,2,3,...}
denote positive integers and natural numbers, respectively. We adopt the convention
that the linear span of the empty set is the zero vector: span @ = {0}. The symmetric
group of order n is denoted S,,. For a string « € {0,1}" and a permutation o € S,
we define 0z = (2,(1), Z5(2), - - - s To(n))- A function f: {0,1}" — R is called symmetric if
f(z) = f(ox) for all x and all o € S,,. Equivalently, f is symmetric if and only if it is
determined uniquely by the Hamming weight |z| of the input.

The familiar functions AND,,,OR,,: {0,1}" — {—1,+1} are given by AND, (z) =
Ai_, z; and OR,,(z) = \/|_, z;. We also define a partial Boolean function AND,, on
{0,1}" as the restriction of AND,, to the set {« : |[x| > n — 1}. In other words,

AND,, (z) if|z|>n—1,
undefined otherwise.

AND,(z) = {

Analogously, we define a partial Boolean function 6ﬁn on {0,1}" as the restriction of
OR,, to the set {z : |z| < 1}.

2.1. Norms and products

For a finite set .2, the linear space of real functions on .2 is denoted R# . This space
is equipped with the usual norms and inner product:

[ £llo = max | ()| (f e R¥), (5)

£l =" If (@)l (f € R¥), (6)
ze X

(f.9) =Y f(a)g(x) (f,9 €R?). (7
rze X

The tensor product of f € R? and g € R? is the function f ® g € R?*? given by
(f ® 9)(z,y) = f(x)g(y). The tensor product f ® f ® --- ® f (n times) is abbreviated
f®". When specialized to real matrices, tensor product is the usual Kronecker product.
The pointwise (Hadamard) product of f,g € R is denoted f - g € R? and given by
(f-9)(x) = f(z)g(z). Note that as functions, f - g is a restriction of f ® g. Tensor product
notation generalizes to partial functions in the natural way: if f and g are partial real
functions on 2" and %, respectively, then f ® g is a partial function on 2" x # with
domain dom f xdom g and is given by (f ®g¢)(z,y) = f(z)g(y) on that domain. Similarly,
"= f® f®---® f (ntimes) is a partial function on 2™ with domain (dom f)".
The support of a function f: 2~ — R is defined as the set supp f = {z € 2" : f(z) #
0}. For a real number \ and subsets F,G C R?, we use the standard notation \F' =
{N\f:feFland F+G={f+g: f €F,ge G} Clearly, \F and F + G are convex
whenever F' and G are convex. More generally, we adopt the shorthand \i F} + Ao Fb +
M Fy = { it Nefot+ o F NS fi € FuL fa € Fo, o fi € i}, where Ap, Mg, A
are reals and Fi, F», ..., F, C R?. A conical combination of fi, fo,..., fr € R? is any
function of the form A\ f; + Aofo + -+ + i fr, Where A\, Ao, ..., \; are nonnegative. A
convex combination of fi, fo, ..., fr € R? is any function of the form A\, f; + Xofo+---+
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A fr, where A1, Ao, ..., \; are nonnegative and additionally sum to 1. The convex hull
of F C R¥ | denoted conv F, is the set of all convex combinations of functions in F.

2.2. Matrices

Foraset 2 suchas 2" = {0,1} or 2" = R, the symbol 2 "*™ denotes the family of nxm
matrices with entries in 2. The symbol 2 "** denotes the family of matrices that have
n rows and entries in 2, and analogously 2**"™ denotes matrices with m columns
and entries in 2. The notation (5)—(7) applies to any real matrices: || A||.c = max |4, ;|,
[Allx =32, ;[Ai], and (A, B) = 37, ; A; ;B ;. For a matrix A = [4; ;] of size n x m and a
permutation o € S,,, welet 0 A = [A; ,(;)];,; denote the result of permuting the columns
of A according to 0. The notation A =,, B means that the matrices A, B are the same
up to a permutation of columns, i.e., A = 0B for some permutation o. A submatrix
of A is a matrix obtained from A by discarding zero or more rows and zero or more
columns, keeping unchanged the relative ordering of the remaining rows and columns.
For a Boolean matrix A € {0,1}"*™ and a string = € {0,1}", we let A|, denote the
submatrix of A obtained by removing those columns ¢ for which z; = 0:

Al,il Al,i2 e Al,im
A2,i1 A2,i2 e A2,i|w‘
An,i] An,iz e An,iw‘

where 1] < i9 < -+ < i), are the distinct indices such that z;, = z;, = --- = T, = 1.
By convention, A|pm = ¢. The notation A C B means that

Bihjl Bi17j2 o Bil)jm
12,71 ig,J2 T 12,Jm
A =
Bi, i1 Binj:  Binjm
for some row indices i; < is < --- < 7, and some distinct column indices ji, jo, . . ., Jm,

where n x m are the dimensions of A. In other words, A C B means that A is a subma-
trix of B, up to a permutation of columns.

We use lowercase letters (a, b, u, v, w, z,y, z) for row vectors and Boolean strings, and
uppercase letters (A, B, M, X,Y) for real and Boolean matrices. The convention of us-
ing lowercase letters for row vectors is somewhat unusual, and for that reason we em-
phasize it. We identify Boolean strings with corresponding row vectors, e.g., the string
00111 is used interchangeably with the row vector [0 0 1 1 1]. Similarly, 111...1 refers
to an all-ones row, and 0™1™ refers to the row vector whose 2m components are m ze-
roes followed by m ones. On occasion, we will use bracket notation to emphasize that
the string should be interpreted as a row vector, e.g., [0™1™]. We use standard matrix-
theoretic notation to typeset block matrices, e.g.,

B
b

[AOO AOl AlO All] ’ { A } ,
y

111...1

Here the first matrix is composed of four blocks, the second matrix is obtained by
appending an all-ones row to A, and the third matrix is obtained by appending the
row vectors b and V' to B. When warranted, we will use vertical and horizontal lines as
in (51) to emphasize block structure.
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The set disjointness function DISJ on Boolean matrices X is defined by

DISJ(X) = {

+1 if X contains an all-ones column,
1 otherwise.

In particular, DISJ ' (+1) is the family of all Boolean matrices with an all-ones column.
By convention, DISJ(¢) = —1. Note that

DISJ m — DISJ(X].)

for any matrix X € {0,1}"*™ and any row vector z € {0,1}". We let
DISJy, ,: {0,1}**" — {—1,+1} be the restriction of DISJ to matrices of size k x n.
In Boolean notation,

DISJy; »(

k
\/ (8

The partial function UDISJ}, ,, on {0, 1}’””, called unique set disjointness, is defined as
the restriction of DISJ, ,, to k£ x n Boolean matrices with at most one column consisting
entirely of ones. In other words,

H
H >:

DISJk,n(X) 1f|331 A X9 A A ZI’k| S 1
undefined  otherwise,

UDISJ;. (X) = { (€)]
where ,2,...,2; are the rows of X. As usual, DISJ; ,, and UDISJ} ,, denote the
corresponding Boolean predicates, given by DISJ} ,, = (1—DISd} ,,)/2 and UDISJ} ,, =
(1 — UDISJ}.,)/2.

2.3. Probability

We view probability distributions first and foremost as real functions. This makes
available various notational devices introduced above. In particular, for probability
distributions 4 and A, the symbol supp ¢ denotes the support of i, and x ® A denotes
the probability distribution given by (x ® M) (z,y) = pu(z)A(y). We define u x A = p ® A,
the former notation being more standard for probability distributions. The Hellinger
distance between probability distributions 1 and X on a finite set 2" is given by

i) = (3 3 Vi) - V@) )1/2

e

1/2
= (1 — Z p(x)A(x)) . (10)

e

The statistical distance between 1 and )\ is defined to be | — Al|l;. The Hellinger
distance between two random variables taking values in the same finite set 2" is de-
fined to be the Hellinger distance between their respective probability distributions.
Analogously, one defines the statistical distance between two random variables. The
following classical fact [37; 43] gives basic properties of Hellinger distance and relates
it to statistical distance.

FACT 2.1. For any probability distributions i, ji1, tia, - - ., fin QRA X\, A1, Mgy ..y An,
() 0< H(pA) <1,
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(i) 2H (1, \)? < |l — Al < 2V2H (i, N),
() H( @ @ fin, A1 @ -+ @A) < VH(p1, )2+ -+ H(pin, A2

The multiplicative form of Hellinger distance in (10) makes it particularly useful. For
example, the paper of Bar-Yossef et al. [8] on two-party set disjointness exploits the
multiplicative property when analyzing probability distributions on tree leaves. The
role of Hellinger distance in our work is quite different: following [44; 9], we use it to
bound the statistical distance between product distributions via Fact 2.1(ii), (iii). For
the reader’s convenience, we include a proof of Fact 2.1.

PROOF. Part (i) is immediate from the defining equations for Hellinger distance.

For (ii), we have
2H (1, \)? = > (V(z) — /A

e

<Y IWn@) = VA@)I(Vi(x) + VA(x)

reX
= [l = Al
and in the reverse direction

= Al =Y [Vu(@) = VA@)(Vilz) + VA )

e
1/2 1/2
< (Z (Vu(z) - \/A(x))2> (Z (Vu(z) + \//\(13))2>
ze€X z€X

= V2H (11, \) (Z V() + /A(x)) )1/2

e

1/2
— 2H(u, ) (1 + 3 mxwx))

X
=2H (p, \)V/2 — H(p, A)?
< 2V2H (1, ).
For (iii), let 2; denote the domain of y; and )\;. Then
H(pn @ & i, M © -+ © \)?

=1 > - > Vm@) - pn(@a)M(@1) - An(zn)

€20 Tp€Xn

113 \/i>

2, €Z;

- H(l — H(pi, Mi)?)
<D H(pi M),

i=1

3

where the final step uses (i). O
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The set membership symbol €, when used in the subscript of an expectation operator,
means that the expectation is taken over a uniformly random element of the indicated
set.

2.4. Fourier transform

Consider the real vector space of functions {0,1}" — R. For S C {1,2,...,n}, define
xs: {0,1}" = {—1,+1} by xs(z) = (—1)2ies ¥ Then every function f: {0,1}" — R has
a unique representation of the form

f= Y f(9xs,

SC{1,2,...,n}

where f(S) = 27" > zefo,yn f(@)xs(x). The reals f(S) are called the Fourier coeffi-

cients of f. Formally, the Fourier transform is the linear transformation f — f, where

f is viewed as a function on the power set of {1,2,...,n}. This makes available the
shorthands
Ifli=">_ 1fS), I £lloe = oo e 1£(9)I-
c{1,2,...,n}
SC{1,2,....,n}

PROPOSITION 2.2. For all functions f,g: {0,1}"™ — R,

@ [Flloe < 2711

@ 1flL < 11,
GiD) 1+ gl < 171+ 1]
@) 17~ gl < IF12 3]

PROOF. Item (i) is immediate by definition, and (ii) follows directly from (i). Item (iii)
is trivial. The submultiplicativity (iv) can be verified as follows:

17 gl ST 1F-g(9)

SC{1,2,...,n}

= > Y. fMyser)

SC{12,,n} [TC{1.2,...m}

D

SC{1,2,..,n} TC{1,2,...,n}
= 112091,
where S®T = (SNT)U(SNT) denotes the symmetric difference of S and 7. O

N

I/(D)]15(S & 1))

(]

The convolution of f,g: {0,1}" — R is the function f x ¢g: {0,1}" — R given by
(fxg)@) = > fgoy).
ye{0,1}n

Some authors define convolution using an additional normalizing factor of 27", but the
above definition is more classical and better serves our needs. The Fourier spectrum of
the convolution is given by

Tg(S) =2"(9)a(S), Sc{1,2,...,nh
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In particular, convolution is a symmetric operation: f x g = g x f. It also follows that
convolving f with the function 27" Z‘ S|>d XS is tantamount to discarding the Fourier

coefficients of f of order less than d:

27" N xs | xf= D f(S)xs. (11)

|S|Zd |S|Zd

For any given f: {0,1}"™ — R, it is straightforward to verify the existence and unique-
ness of a multilinear polynomial f: R — R such that f = f on {0,1}". Following stan-
dard practice, we will identify f with its multilinear extension f to R". In particular,
we define deg f = deg f. The polynomial f can be read off from the Fourier expansion
of f, with the useful consequence that deg f = max{|S| : f(S) # 0}.

2.5. Approximation by polynomials

Let f: 27 — R be given, for a finite subset 2~ C R". The e-approximate degree of f,
denoted deg (f), is the least degree of a real polynomial p such that ||f — p|lcc < €. We
generalize this definition to partial functions f on 2 by letting deg,.(f) be the least
degree of a real polynomial p with

|f(z) —p(z)| <€, z€domf, }
Ip(z)] <1+, x € Z \ dom f.

For a (possibly partial) real function f on a finite subset 2" C R", we define E(f,d) to
be the least ¢ such that (12) holds for some polynomial p of degree at most d. In this
notation, deg, (f) = min{d : E(f,d) < ¢}. When f is a total function, E(f, d) is simply the
least error to which f can be approximated by a real polynomial of degree no greater
than d. We will need the following dual characterization of approximate degree.

FAcT 2.3. Let f be a (possibly partial) real function on {0,1}". Then deg (f) > d if
and only if there exists ¢: {0,1}" — R such that

S S - S @) - el > o
z€dom f z¢dom f
and (S) = 0 for |S| < d.

Fact 2.3 follows from linear programming duality; see [48; 50] for details. A related
notion is that of threshold degree deg (f), defined for a (possibly partial) Boolean func-
tion f as the limit

(12)

deg..(f) = lim degy ().

Equivalently, deg, (f) is the least degree of a real polynomial p with f(x) = sgnp(x)
for x € dom f. We recall two well-known results on the polynomial approximation of
Boolean functions, the first due to Minsky and Papert [41] and the second due to Nisan
and Szegedy [42].

THEOREM 2.4 (Minsky and Papert). The function MP,,(z) = \/"_, /\;“jl z;; obeys
deg. (MP,,) = n.
THEOREM 2.5 (Nisan and Szegedy). The functions AND,, and A/l\Tlan obey
deg, /3(AND,,) > deg, 5(AND,,) = ©(v/n).

Journal of the ACM, Vol. V, No. N, Article A, Publication date: January YYYY.



A:16 Alexander A. Sherstov

2.6. Multiparty communication

An excellent reference on communication complexity is the monograph by Kushilevitz
and Nisan [36]. In this overview, we will limit ourselves to key definitions and nota-
tion. The main model of communication of interest to us is the randomized multiparty
number-on-the-forehead model, due to Chandra, Furst, and Lipton [18]. Here one con-
siders a (possibly partial) Boolean function ' on 27 x 25 x - - - x 2%, for some finite sets
21, Zs, ..., Zi. There are k parties. A given input (z1,x2,...,2%) € Z1 X Lo X -+ X 2k
is distributed among the parties by placing z; on the “forehead” of party i (for i =
1,2,..., k). That is to say, party i knows x1,...,2;_1,%;11, - .., 2t but not z;. The parties
communicate by writing bits on a shared blackboard, visible to all. They also have ac-
cess to a shared source of random bits. Their goal is to devise a communication protocol
that will allow them to accurately predict the value of F' everywhere on the domain of
F. An e-error protocol for F is one which, on every input (z1,xs,...,2;) € dom F, pro-
duces the correct answer F'(z1,xo,...,z;) with probability at least 1 — e. The cost of
a communication protocol is the total number of bits written to the blackboard in the
worst case. The e-error randomized communication complexity of F, denoted R.(F), is
the least cost of an e-error communication protocol for F' in this model. The canonical
quantity to study is R, ,3(F), where the choice of 1/3 is largely arbitrary since the error
probability of a protocol can be decreased from 1/3 to any other positive constant at
the expense of increasing the communication cost by a constant factor.

The nondeterministic model is similar in some ways and different in others from
the randomized model. As in the randomized model, one considers a (possibly par-
tial) Boolean function F on 27 x %5 x --- x %}, for some finite sets 271, 25,..., Zk.
An input (z1,22,...,2k) € £1 X Z3 X -+ X Z}, is distributed among the k parties as
before, giving the ith party all the arguments except ;. Beyond this setup, nondeter-
ministic computation proceeds as follows. At the start of the protocol, c¢; bits appear on
the shared blackboard. Given the values of those bits, the parties execute an agreed-
upon deterministic protocol with communication cost at most c2. A nondeterministic
protocol for F is required to output the correct answer for at least one nondeterminis-
tic choice of the ¢; bits when F(x1,29,...,2;) = —1 and for all possible choices when
F(x1,29,...,21) = +1. As usual, the protocol is allowed to behave arbitrarily on inputs
outside the domain of F. The cost of a nondeterministic protocol is defined as ¢; + cs.
The nondeterministic communication complexity of F', denoted N(F), is the least cost
of a nondeterministic protocol for F.

The Merlin-Arthur model [3; 6] combines the power of randomization and nonde-
terminism. Similar to the nondeterministic model, the protocol starts with a nonde-
terministic guess of ¢; bits, followed by ¢ bits of communication. However, the com-
munication can now be randomized, and the requirement is that the error probability
be at most ¢ for at least one nondeterministic guess when F(z1,zs,...,2,) = —1 and
for all possible nondeterministic guesses when F(zq,2s,...,2;) = +1. The cost of a
Merlin-Arthur protocol is defined as c¢; + ¢co. The e-error Merlin-Arthur communication
complexity of F', denoted MA.(F'), is the least cost of an e-error Merlin-Arthur protocol
for F. Clearly, MA.(F) < min{N(F), R.(F)} for every F.

In much of this paper, the input to a k-party communication problem will be an
ordered sequence of matrices X, Xs,...,X,, € {0,1}%* with the understanding that
the ith party sees rows 1,...,7 —1,i+ 1,...,k of every matrix. The main communica-
tion problem of interest to us is the k-party set disjointness problem DISJy, ,,, defined
in (8). In words, the goal in the set disjointness problem is to determine whether a
given k x n Boolean matrix contains an all-ones column, where the ith party sees the
entire matrix except for the ith row. We will also consider the k-party communication
problem UDISJ}, ,, called unique set disjointness, given by (9). Observe that UDISJ}, ,,
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is a promise version of set disjointness, the promise being that the input matrix has at
most one column consisting entirely of ones.

A common operation in this paper is that of composing functions to obtain com-
munication problems. Specifically, let G be a (possibly partial) Boolean function on
21 X Z5 x -+ x 2y, representing a k-party communication problem, and let f be a
(possibly partial) Boolean function on {0,1}". We view the composition f o G as a k-
party communication problem on 27" x Z3" x --- x 2. With these conventions, one
has

DISJ, . = AND, o DISJ}, .
UDISJ,. ., = AND, o UDISJ} ,

for all positive integers r, s.

2.7. Discrepancy and generalized discrepancy

A k-dimensional cylinder intersection is a function y: 27 x 25 x -+ x 2 — {0,1} of
the form

k
x(x1,...,25) = HXi(l’la ey T 1, Tit s - -5 Th)s
=1

where x;: 271 X -+ X Zi-1 X Ziy1 X - X 2 = {0,1}. In other words, a k-dimensional
cylinder intersection is the product of k£ functions with range {0,1}, where the ith
function does not depend on the ith coordinate but may depend arbitrarily on the other
k — 1 coordinates. In particular, a one-dimensional cylinder intersection is one of the
two constant functions 0, 1. Cylinder intersections were introduced by Babai, Nisan,
and Szegedy [7] and play a fundamental role in the theory due to the following fact.

FACT 2.6. LetII: 27 x 25 X --- x 2 — {—1,+1} be a deterministic k-party com-
munication protocol with cost r. Then

2’7‘
= Z a;iXi
i=1
for some cylinder intersections x1, ..., x2r With pairwise disjoint support and some co-

efficients ay, ... ,asr € {—1,+1}.

Since a randomized protocol with cost r is a probability distribution on deterministic
protocols of cost r, Fact 2.6 implies the following two results on randomized communi-
cation complexity.

COROLLARY 2.7. Let F be a (possibly partial) Boolean function on 27 X X3 X -+ X
L If R.(F) = r, then

[F(X) - T(X)| <

, X € dom F,
1—¢

IX)| <

, XeZix - x %,
1—¢

where I1 = }° a,x is a linear combination of cylinder intersections with 3 |ay| <

2 /(1 — e).
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COROLLARY 2.8. Let Il be a randomized k-party protocol with domain 27 x 25 X
<o X 2. If 11 has communication cost r bits, then

PII(X)=—1] =) ax(X), X e x Xyx-x L,
X

where the sum is over cylinder intersections and ) |a,| <2".

For a (possibly partial) Boolean function F on 27 x 25 x --- X %} and a probability
distribution P on 27 x 25 x - -+ X Z}, the discrepancy of F with respect to P is given by

discp(F) = Y P(X) + max > F(X)P(X)x(X)],
X¢dom F Xedom F

where the maximum is over cylinder intersections. The least discrepancy over all dis-
tributions is denoted disc(F) = minp discp(F). As Fact 2.6 suggests, upper bounds on
the discrepancy give lower bounds on communication complexity. This technique is
known as the discrepancy method [22; 7; 36].

THEOREM 2.9 (Discrepancy method). Let F be a (possibly partial) Boolean func-
tionon 1 X Xy x -+ x Z;,. Then

1—2¢
9R(F) > .
disc(F)

A more general technique, originally applied by Klauck [33] in the two-party quantum
model and subsequently adapted to many other settings [46; 40; 48; 39; 21], is the
generalized discrepancy method.

THEOREM 2.10 (Generalized discrepancy method). Let F be a (possibly partial)
Boolean function on 21X ZaXx- - -x Zj. Then for every nonzeroV: Z1x Zox-+--xZ — R,

1—e€ €
QRE(F)>HMX|<M< Y O FX)¥(X) - > I\IJ(X)I—I_ell\Ile),

Xedom F Xd¢dom F

where the maximum is over cylinder intersections x.

Complete proofs of Theorems 2.9 and 2.10 can be found in [49, Theorems 2.9, 2.10]. The
generalized discrepancy method has been adapted to nondeterministic and Merlin-
Arthur communication. The following result [24, Theorem 4.1] gives a criterion for
high communication complexity in these models.

THEOREM 2.11 (Gavinsky and Sherstov). Let F be a (possibly partial) k-party com-
munication problem on & = 21 X Z3 X -+ x 2. Fix a function H: & — {-1,+1} and
a probability distribution P on dom F. Put

a=P(FH(-1)nH™}(-1)),
B=PF(-1)NH(+1)),

@=log B +discp(H)
Then
N(F) 2 Q,
MA, ;3(F) > min {Q(\/@), Q <1Ogg/a)> } .
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Theorem 2.11 was stated in [24] for total functions F, but the proof in that paper
applies to partial functions as well.

3. DIRECTIONAL DERIVATIVES AND APPROXIMATION

Directional derivatives are meaningful for any function on the Boolean hypercube
with values in a ring R. The directional derivative of f: {0,1}” — R in the direction
S C{1,2,...,n} is usually defined as the function (9f/95)(z) = f(z)— f(z®1s). Direc-
tional derivatives of higher order are obtained by differentiating more than once. As a
special case, partial derivatives are given by (0f/0{i})(z) = f(z)— f(x®e;). Directional
derivatives have been studied mostly for the field R = 5, motivated by applications to
circuit complexity and cryptography [54; 1; 26; 27; 53; 23]. In particular, the uniformity
norm U< of Gowers [26; 27] is defined in terms of a randomly chosen order-d directional
derivative for R = IF». To a lesser extent, directional derivatives have been studied for
R a finite field [25] and the field of reals [13]. In this work, derivatives serve the pur-
pose of determining how well a given function f: {0,1}" — R can be approximated by
a polynomial p € R[zy,29,...,2,] of given degree d. Consequently, we work with the
field R = R.

3.1. Definition and basic properties

Let d be a positive integer. For a given function f: {0,1}" — R and sets S1,5s,...,5; C
{1,2,...,n}, we define the directional derivative of f with respect to Sy, Ss,...,Sq to be
the function 9%f/95; 8S, --- 9S4: {0,1}" — R given by

d
(—=1)l#lf (z@@zilsi>]. (13)

The order of the directional derivative is the number of sets involved. Thus, (13) is a
directional derivative of order d. We collect basic properties of directional derivatives
in the following proposition.

o f
97 = E
95,95, . 95, ef01)d

PROPOSITION 3.1 (Folklore). Let f: {0,1} — R be a given function,
S1,89,...,8¢ C {1,2,...,n} given sets, and o: {1,2,...,d} — {1,2,...,d} a permuta-
tion. Then

(i) 01/08,08; - --0Sy is a linear transformation of R®1}" into itself;
(i) 0%f/08108, - 98, = 001 f/081085 - DS4_1)/0Sy;
(iii) 07f/05108s - 0Sa = 0 f/9S,1)0Sx(2) * - OSo(ay;
i) [|07f /081082 -+ Salloe < || floo
(v) 09f/08,085 - -- 0S4 = 0 whenever S; = @ for some i;
(vi) 09f/05,085 - -- 0S4 = 0 whenever Sy, Ss,...,S; are pairwise disjoint and deg f <
d—1.

PROOF. Items (i)-(iv) follow immediately from the definition. Since df/0@ = 0 for
any function f, item (v) follows directly from (ii) and (iii). To prove (vi), we may assume
by (i) that f = xr with |T| < d — 1. For such f, observe that 9f/95; = 0 whenever
TNS; =@.Since |T| < d—1and Sy, S, ..., S, are pairwise disjoint, we have TN S; = &
for some i, thus forcing df/0S; = 0. That 09f /95, dSs --- 0S; = 0 now follows from (ii)
and (iil). O

Item (vi) in Proposition 3.1 provides intuition for why directional derivatives might be
relevant in characterizing the least error in an approximation of f by a real polynomial
of given degree. This intuition will be borne out at the end of Section 3. The disjointness
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assumption in Proposition 3.1(vi) cannot be removed, even when 1g,,1s,,...,1s, are
linearly independent as vectors in F%. For example, 82z, /0{1,2} 0{1,3} =z, — 3 £ 0.
We now define the key complexity measure in our study.

Definition 3.2. Let f: {0,1}" — R be a given function. For d = 1,2,... n, define

A(f,d) = max oy
’ o S1,-059d 851 852 an 00 ’
where the maximum is over nonempty pairwise disjoint sets Si,5:,...,5; C
{1,2,...,n}. Define A(f,n+1)=A(f,n+2)=---=0.

It is helpful to think of A(f,d) as a measure of smoothness. Our ultimate goal is to
understand how this complexity measure relates to the approximation of f by polyno-
mials. As a first step in that direction, we have:

THEOREM 3.3. For all functions f: {0,1}" - Randalld=1,2,...,n,
B(f.d—1) > A(f,d).
Furthermore,
E(AND?,d — 1) > 2¢(1=9(3)) -1 A(AND?, d).

PROOF. Write f = p+ &, where p is a polynomial of degree at most d — 1 and ||¢]|o <
E(f,d—1). Then

A(f,d) < A(p,d) + A€, d)
= A(&,d) by Proposition 3.1(vi)
< E(f,d—1) by Proposition 3.1(iv).

To prove the second part, note that A(AND),d) = 2¢ since AND, is supported on
exactly one point and takes on 1 at that point. At the same time, Buhrman et al. [15]

show that E(AND?,d — 1) > 2-1-©@/n) g

Thus, A(f,d) is always a lower bound on the least error in an approximation of f by
a polynomial of degree less than d, and the gap between the two quantities can be
considerable. Our challenge is to prove a partial converse to this result. Specifically,
we will be able to show that

E(f,d—1) < KA(f,d) + KTUA(f,d +1) 4 -+ KTA(f,d +4) + -+, (14)
where K > 2 is an absolute constant.

3.2. Elementary dual functions

The proof of (14) requires considerable preparatory work. Basic building blocks in it
are the linear functionals to which partial derivatives correspond. We start with their
formal definition.

Definition 3.4 (Elementary dual function). For a string w € {0,1}" and nonempty
pairwise disjoint subsets Si,...,S5¢ C {1,2,...,n}, let ¥, 5,.....5,: {0,1}" — R be the
function that has support

d
SUpp Yuw,s,....S0 = {w S @zilsi 1z € {0,1}d}

i=1
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and is defined on that support by
" (-1 y
ww,sl,...,sd w@@21131 = 2d ’ S {Oal} .
i=1

An elementary dual function of order d is any of the functions v, s, ... s,, Where w €
{0,1}" and S1,...,S4 C {1,2,...,n} are nonempty pairwise disjoint sets.

An elementary dual function can be written in several ways using the above nota-
tion. For example, ¥, s,,...5, = Yuw.5,0.....5, O any permutation o on {1,2,...,d}.
One also has Yu,5,17 = Yuweise1r,s,r and more generally Yue:, 15, 0--@2415,,51,....5¢ =
(—1)‘2‘1/}% $1.....S.- We now establish key properties of elementary dual functions, moti-
vating the term itself and relating it to directional derivatives.

THEOREM 3.5 (On elementary dual functions).

(i) For every f: {0,1}" — R, one has {f,w.s,....5,) = (0 f /051052 - - 0S4)(w).

(i1) The negation of an order-d elementary dual function is an order-d elementary
dual function.

(iii) If p is @ polynomial of degree less than d, then (., s,.. s,,p) = 0. Equivalently,
Yuw,s1,...5q € span{xs : [S] > d}.

(iv) Every xs with |S| > d is the sum of 2" elementary dual functions of order d. In
particular, every function in span{xs : |S| > d} is a linear combination of order-d
elementary dual functions.

(v) For every function f: {0,1}" — R and d = 1,2,...,n, one has A(f,d) =
max(f, Yw.s,,. 5,0 = max|(f,Vw.s,.. s.)|, where the maximum is taken over
order-d elementary dual functions ¥, s,.... s,-

PROOF. Item (i) is immediate from the definitions, and (ii) follows from
—Vw,S1,....55 = ¢w@151 S1,....8,- Item (iii) follows from (i) and Proposition 3.1(vi).

For (iv), it suffices by symmetry to consider x5, . py for D = d,d +1,...,n. For
every u € {0,1}"~¢

_ 2_dX{l ..... d} () if (Zaq1,- . Tn) = u,
deu’{l}W’{d}(x) a {0 otherwise.
Therefore,
X{l ..... D}(l’) = 2(1 Z (_1)“1"""""'“’3*‘1’(/J()du,{l} ____ {d}(;)g)
uG{O,l}”*d

By (ii), each of the functions in the final summation is an order-d elementary dual
function, so that x;, .. py is indeed the sum of 2" elementary dual functions of order d.
Finally, (v) is immediate from (i) and (ii). O

Definition 3.6. Ford=1,...,n, define ¥, ; C R{®1}" to be the convex hull of order-

d elementary dual functions, ¥,, 4 = conv{xw.s,... s,}.- Define ¥, 11, ¥, nio,... C
RO by U, i1 = Uy pyg =+ = {0}.
By Theorem 3.5(ii), the convex sets ¥, 1, ¥, 2,..., ¥, , are all closed under negation

and hence contain 0. As a result, we have ¢V, ;, C CU,, ; for all C > ¢ > 0. We will
use this fact without mention throughout this section, including Lemmas 3.7, 3.11,
and 3.12 and Theorems 3.8 and 3.13. The next lemma establishes useful analytic prop-
erties of ¥,, 4.

LEMMA 3.7. Letd e {1,2,...,n}and f,v: {0,1}" — R be given. Then

Journal of the ACM, Vol. V, No. N, Article A, Publication date: January YYYY.



A:22 Alexander A. Sherstov

() ¥ € 27|p]1V,0.a C 27|0]|1 V. whenever i € span{xs : |S| > d};
(i) (f *Yu,si,...8.)(x) = (07f/051085 - - Sa)(x ® w);
(iii) ||f *Y]leo < A(f,d) whenever ¢ € U, 4.

PROOF. (i) Recall from Theorem 3.5(iv) that xs € 2"V, 4 for every subset S C
{1,2,...,n} with |S| > d. Therefore, i) € 2"||¢||;¥,, 4 by convexity. The containment
2|1 ¥ p.q € 27||90]|1 W, g is immediate from Proposition 2.2(ii).

(ii) Writing out the convolution explicitly,

(f * ¢w,sl,.<.,sd)($) = Z f(y)lﬂw,sl,...,sd(lf D y)

ye{0,1}"

= <fa ,l/)m@w7sl ,,,,, Sd>

of
= (8518S2 - .-asd> (& w),

where the final step uses Theorem 3.5(i).
(iii) It is a direct consequence of (ii) that ||f * 1y 5,.. 5,0 < A(f,d) for every ele-
mentary dual function v, g, .. s,. By convexity, (iii) follows. O

Recall that our goal is to establish a partial converse to Theorem 3.3, i.e., prove
that functions with small derivatives can be approximated well by low-degree poly-
nomials. To help the reader build some intuition for the proof, we illustrate our
technique in a particularly simple setting. Specifically, we give a short proof that
E(f,d —1) < 2"A(f,d). We actually prove something stronger, namely, that every f
can be approximated pointwise within 2" A(f,d) by its truncated Fourier polynomial

ZI S|<d—1 f (S)xs. We do so by expressing the discarded part of the Fourier spectrum,
> f(9)xs(@), (15)

|S|=d

as a linear combination of order-d directional derivatives of f at appropriate points,
where the absolute values of the coefficients in the linear combination sum to at most
2™. Since the magnitude of an order-d derivative of f cannot exceed A(f,d), we arrive
at the desired upper bound on the approximation error.

THEOREM 3.8. For all functions f: {0,1}" - Randalld=1,2,...,n,

E(f7d_1>< Z f(S)XS <2HA(f7d)'

|S|=d

PROOF. Define v: {0,1}" — R by ¢(z) =27" Z|S|>d Xs- Then by Lemma 3.7(i),
1/) S 2n\I/n’d. (16)
As a result,

S HSxs| =1f*Ylw by (11)
|S|>d N

<o / - 1

Jax |1f ] by (16)
< 2"A(f,d) by Lemma 3.7(iii). O
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{0, 1}"

{0, ;™

Fig. 1. Extending a symmetric function from {0, 1} to {0, 1}™.

Theorem 3.8 serves an illustrative purpose and is of little interest by itself. To obtain
the actual result that we want, (14), we will need to consider directional derivatives of
all orders starting at d. Specifically, we will express the discarded portion of the Fourier
spectrum, (15), as a linear combination of directional derivatives of f of orders d, d +
1,...,n, where each derivative is with respect to pairwise disjoint sets S, Ss, S3, ...
and the sum of the absolute values of the coefficients of the order-i derivatives is K’
for some absolute constant K > 2.

To find the kind of linear combination described in the previous paragraph, we will
express the function ¢ = 27" 2‘3‘2 1 Xs as a linear combination of elementary dual
functions of orders d,d + 1,...,n with small coefficients. This project will take up the
next few pages. Once we have obtained the needed representation for ¢, we will be
able to complete the proof using a convolution argument, cf. Theorem 3.8.

3.3. Symmetric extensions

Consider the operation of extending a symmetric function g: {0,1}" — R to a larger
domain {0, 1}", illustrated schematically in Figure 1. The extended function G is again
symmetric, supported on m+1 equispaced levels of the hypercube, and normalized such
that the sum of G on each of these levels is the same as for g. Here, we relate the metric
and Fourier-theoretic properties of the original function to those of its extension.

LEMMA 3.9. Let n,m, A be positive integers, mA < n. Let g: {0,1}" — R be a given
symmetric function. Consider the symmetric function G: {0,1}" — R given by

ny—1 m |z|/A ; _
Gla) = {(|r) (477a)9(117V/200..0) i |s] = 0,2, 2, mA, an
0 otherwise.

Then:

(i) the Fourier coefficients of G are given by

m

G(s)=27" Z (T)g(liom_i) me{O,l}]g’), |m|:iA[Xs(x)];

=0

(ii) G € span{xs : |S| = d} if and only if g € span{xs : |S| = d};
(iii) G € ¥,, 4 whenever g € U,, 4.
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PRrROOF. (i) By the symmetry of ¢ and G,

Gs) =23 ()60 B lxsto)]

i=0 zl=i
=23 (7)ot B pusto

(ii) Since g is symmetric, g ¢ span{xs : |S| > d} if and only if
S g@)p(or e+ Tm) £ 0
ze{0,1}™
for some univariate polynomial p of degree less than d. Analogously, G ¢ span{xs :
|S| > d} if and only if
Y Ga)glar 4+ an) #£0
z€{0,1}m

for some univariate polynomial ¢ of degree less than d. Finally, the definition of G

ensures that
S gl ) = Y Gl (P

ze{0,1}m z€{0,1}m

for every polynomial p, regardless of degree.

(iii) For nonempty pairwise disjoint subsets T1,75,...,T, C {1,2,...,n}, define
Ly, .1, to be the linear transformation that sends a function ¢: {0,1}"* — R into
the function Ly, 7, ¢: {0,1}" — R such that

(Lry,...1,.0)(uily & Bunly,) = é(u), u € {0,1}™,
and (Lr,,... 1, ¢)(x) =0 whenever z # u;1p, @ --- @ uy 17, for any u. We claim that
G = ﬂyﬁﬂn [L1y,...T,, 9] (18)
where the expectation is over pairwise disjoint subsets 71, 75,..., T, € {1,2,...,n} of
cardinality A each. Indeed, the right-hand side of (18) is a function {0, 1} — R that is
symmetric, sums to ("7')g(1°0™~*) on inputs of Hamming weight iA (i = 0,1,2,...,m),

and vanishes on all other mputs There is only one function that has these three prop—
erties, namely, the function G in the statement of the lemma.

In view of (18) it suffices to show that under L, . 1, the image of an elementary
dual function {0,1}"* — R is an elementary dual function {0,1}™ — R of the same
order. By definition, the elementary dual function ¢, 5, s,: {0,1}™ — R satisfies

(-1~
2d
and vanishes on the remaining 2™ —2¢ points of {0, 1}". Thus, Ly, .1, %w.s:,....8, Obeys

m d
—1)l=l
(L7y,. T Vw5100, 50) (@ w;lr, ® @2i1m> = 23 . ze{0,1}4,
i=1 =1

and vanishes on the remaining 2" — 2¢ points of {0, 1}” where Ry,...,R; C{1,2,...,n}
are the nonempty pairwise disjoint sets R; = | . Therefore, LT1 ,,,,, T w8y ,....8, 18

an order-d elementary dual function. O

¢w7517--~75d(w@21151 SRR @Zdlsd) = z € {Ovl}da

jGS
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The next lemma takes as given the Fourier coefficients of the extended symmetric
function and solves for the values of the original symmetric function.

LEMMA 3.10. Let F: {0,1}" — R be a symmetric function and m € {1,2,...,n}.
Then there exist reals gg, g1, - . - , gm Such that

m

Z B K@) = F(S) (IS] < m), (19)
=0 |z|=iln/m)]

> gil < (8™ = 1) Fllos- (20)
1=0

PROOF. Abbreviate A = |n/m], so that mA < n < 2mA. The expectation in (19)
depends only on the cardinality of S. As a result, it suffices to prove the lemma for
S=o,{1},{1,2},{1,2,3},...,{1,2,...,m}. To that end, consider the matrix

where 7,7 = 0,1,2, ..., m. Then the sought reals gg, g1, . .., g are given by

go AF(Q)
g1 AF( )
92| = A7t F({ ) })
9 F({,2,...,m})

whenever A is nonsingular. Consequently, the proof will be complete once we show that
the inverse of A exists and obeys

[A7Y < 8™ —1. (21)

We will calculate A~! explicitly. Consider polynomials pg, p1, ..., pm: {0,1}" — R, each
of degree m, given by

_ =y 2 -
pj(x) = m'Am H)M—ZA ji=0,1,...,m
i#
Then
1 if |z| = jA,
pj(a?)={ ol =
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It follows that
0isj = |m£m[pj (@)
=> p({1,2,....k}) B > xs@)

k=0 5C{1,2,...,n}
|

=S a2 ) () B )0

Z@({l,Q,...,k})(Z)Ak,i (i,j =0,1,...,m),
k=0

where the second and third steps use the symmetry of p; and the symmetry of the
expectation operator, respectively. This gives the explicit form

A= [(Z)m({l,z...,k}>Lk,

showing in particular that A is nonsingular. It remains to prove (21). Applying Propo-
sition 2.2(ii1)-(iv),

. 1 m\ 1o ——
50 < e () TN =0,
’ =0

/

7/
i#j
1 m\  /n n
- sels )
m!Am(j)H)(2+‘2 !
i#j
1 " /omA | 2mA
<o ()L (57|57 ia)) - sineen<oma
i#j

Hence,
m 2m\ < /m 2m
A‘1II1=ZﬁjI1<( )Z(.)zzm( )<sm—1. .
=0 m - j m

j=0

3.4. Bounding the global error

At this point, we have all the tools at our disposal to express ¢ = 27" Z‘ s|>d4 Xs as a
linear combination of elementary dual functions of orders d,d + 1, ...,n with small co-
efficients. We do so by means of an iterative process that can be visualized as “chasing
the bulge,” to borrow the metaphor from linear algebra. Originally, the Fourier spec-
trum of ¢ is supported on characters of degree d or higher. In the ith iteration, the
smallest degree of a nonzero Fourier coefficient grows by a factor of ¢, and the magni-

tude of the nonzero Fourier coefficients grows by a factor of at most 8¢, In this way,
each iteration pushes the Fourier spectrum further back at the expense of a controlled
increase in the magnitude of the remaining coefficients, which results in a growing
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M\ 80d +c2d

8Cd

1

Y

d cd c?d

Fig. 2. Chasing the bulge.

“bulge” of Fourier mass on characters of high degree. This process is shown schemati-
cally in Figure 2. The next lemma corresponds to a single iteration.

LEMMA 3.11. Let D be a given integer, 1 < D < n. Let F: {0,1}" — R be a sym-
metric function with F € span{xs : |S| = D}. Then for every integer m > D, there is a
symmetric function G: {0,1}" — R such that

G € 2" 16™||F|| 0o ¥, p, (22)
F — G e span{xs : |S| > m + 1}, (23)
IF =Gl < 8™|F |- (24)

PROOF. When m > n, Lemma 3.7() shows that F e 2"|F|,¥,p C
2" 2| F||0o¥pp C 2" 16™| F|o¥,.p. As a result, the lemma holds in that case with
G=F.

In the remainder of the proof, we treat the complementary case m < n. Define A =
[n/m] > 1. By Lemma 3.10, there exist reals gg, ¢1,...,9n that obey (19) and (20).
Let g: {0,1}™ — R be the symmetric function given by g(z) = 2"(‘?‘)_1%0‘. Then (19)
and (20) can be restated as

Fs) =23 (T)aon) B D] (5] < m) 25)
=0 |z|=iA
gl <2"(8™ = D[ F|oo- (26)
Now define G: {0,1}" — R by (17). Then Lemma 3.9(i) gives
F(S)=G(S), IS| < m. 27

Since the Fourier spectrum of F' is supported on characters of order D or higher (where
D < m), we conclude that G € span{xs : |S| > D}. This results in the following chain
of implications:

G € span{xs : |S| = D},

g € span{xs : |S| = D} by Lemma 3.9(ii),

g€ 2™9l1¥m.p by Lemma 3.7(i),

g€ 2" 16™||F || 0o Upn. b by (26),

G € 2"16™||F|| 0oV p by Lemma 3.9(iii). (28)
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Finally,
IF = Glloo < [|1F ]l + |Gl
<N Flloo 4+ 279l by Lemma 3.9()
< 8™(|Floo by (26). (29)

Now (22)—(24) follow from (28), (27), and (29), respectively. O

By iteratively applying the previous lemma, we obtain the desired representation for
27" 2 is)za XS+

LEMMA 3.12. Let F: {0,1}" — R be a symmetric function with F € span{xs : |S| >
d}, where d is an integer with 1 < d < n. Then for every real ¢ > 1,

A °© 402—6 Cid

Fe2|flnY (255) e 30)
i=0
PrROOF. We will construct symmetric functions Fy, Fs,..., F;,...: {0,1}" — R,
where
A 462—c Ciild
F; € QnHFHoo (2 =1 ) \Ilnﬁl'czfld'l’ (31)
F—F —F,—--—F, €span{xs : |S| > [¢'d]}, (32)
ctld—cd A

| F=Fr—Fy = = Fi oo <8 T [[Flo. (33)

Before carrying out the construction, let us finish the proof assuming the existence of
such a sequence. Since c'd > n for all i sufficiently large, (31) implies that only finitely
many functions in the sequence {F;}{°, are nonzero. The series ) -, F; is therefore
well-defined, and (32) gives F' = ) ;2| F;. Property (31) now settles (30).

We will construct Fy, Fs,..., F;,... by induction. The base case i = 0 is immediate
from the assumed membership F € span{xs : |S| > d}. For the inductive step, fixi > 1
and assume that the symmetric functions F, F5, ..., F;_; have been constructed. Then
by the inductive hypothesis,

F—F —---—F_ espan{xs : |S| > [¢d]},
cld—cd A~
IF=Fi— = Fiotlloo <877 || loo- (34)
There are two cases to consider. In the degenerate case when [¢!~!d] = [cid], one

obtains (31)—~(33) trivially by letting F; = 0. In the complementary case when [¢'~'d] <
[¢'d], we have [¢""!d] < [¢'d]. As a result, Lemma 3.11 is applicable with parameters
D = [¢"=1d] and m = |c'd] to the symmetric function F — F} — F, —---— F;_; and yields
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a symmetric function F; such that

Fe2M 16| F—Fy = = Fiy oW feim1a,
(F—Fi—-- = Fi1) - F; € span{xs : |S| > |¢'d]| + 1},
I(F—Fi— = Fii) = F oo <8 F—Fy = — Fi_y | .

These three properties establish (31)—(33) in view of (34). O
We have reached the main result of Section 3, stated earlier as (14).

THEOREM 3.13. Let ¢ > 1 be a given real number. Then for every d = 1,2,...,n and
every function f: {0,1}" — R,

E(f.d=1)< | > f(S)xs

1S>d

< f: (2) dA(f7 [éd)). (35)

In particular, -
E(f,d—1) <Z561A f.4), (36)
Z (214) Z9A(f,2'd). (37

=0

PROOF. The function ¢ +— 2(4<*~9)/(c=1) attains its minimum on (1,00) at the
point ¢ = 1 + \/ 3/4 = 1.8660.... Substituting this value in (35) and noting that

[(1+ w/ [(1+ /3/4)""1d] gives (36). For the alternate bound (37), let ¢ = 2
1n(

It remains to prove (35). Abbreviate K = 2(4e*=e)/(e=1) gnd define ¥:{0,1}"™ - R by
¥(z) =27" 37 5/54 Xs- Then by Lemma 3.12,

P e ZKCid\I/ny(cid". (38)
1=0
As a result,

S FS)xs|| =1 Yl by (11)
|S|>d .

<Y K9 max . by (38)

; e A y
< TKCIA(S [ed)). by Lemma 3.7(iii). O

Journal of the ACM, Vol. V, No. N, Article A, Publication date: January YYYY.



A:30 Alexander A. Sherstov

4. REPEATED DISCREPANCY OF SET DISJOINTNESS

Let G be a multiparty communication problem, such as set disjointness. The classic
notion of discrepancy, reviewed in Section 2, involves fixing a probability distribution
7 on the domain of G and challenging a communication protocol to solve an instance
X of G chosen at random according to 7. If some low-cost protocol solves this task
with nonnegligible accuracy, one says that G has high discrepancy with respect to .
In this paper, we introduce a rather different notion which we call repeated discrep-
ancy. Here, one presents the communication protocol with arbitrarily many instances
X1, X5, X3,... of the given communication problem G, each chosen independently from
7 conditioned on G(X;) = G(X3) = G(X3) = --- . Thus, the instances are either all pos-
itive or all negative, and the protocol’s challenge is to tell which is the case. The formal
definition given next is somewhat more subtle, but the intuition is exactly the same.

Definition 4.1. Let G be a (possibly partial) k-party communication problem on
X =21 X %5 x -+ x 2 and 7 a probability distribution on the domain of G. The
repeated discrepancy of G with respect to 7 is

1/d
E

',Xi,jv"'

rdisc,(G) = sup max
dyrezt X -

d
X( .. ,X@j, .. ) HG(X171)]

i=1

where the maximum is over k-dimensional cylinder intersections x on 29" = 2% x
X x -+ x 2,9 and the arguments X;; (i = 1,2,...,d, j = 1,2,...,r) are chosen
independently according to 7 conditioned on G(X; 1) = G(X;2) = --- = G(X, ;) for each
1.

We focus on probability distributions 7« that are balanced on the domain of G, meaning
that negative and positive instances carry equal weight: 7(G~1(-1)) = 7n(G~1(+1)).
We define

rdisc(G@) = inf rdisc,(G),

where the infimum is over all probability distributions on the domain of G that are
balanced. Our motivation for studying repeated discrepancy comes from the approxi-
mation theoretic contribution of this paper, Theorem 3.13. Using it, we will now prove
that repeated discrepancy gives a highly efficient way to approximate multiparty pro-
tocols by polynomials.

THEOREM 4.2. Let G be a (possibly partial) k-party communication problem on
X =21 x Xy x -+ x Xy For an integer n > 1 anc% a balanceid probability distribution
7 on dom G, consider the linear operator L, ,,: R*" — RO} given by

(Lrnx)(x) = . E . E  x(Xy,...,X,), x € {0,1}",

1T gy n~Txy,

where my and w are the probability distributions induced by ™ on G~'(+1) and
G~1(—1), respectively. Then for some absolute constant ¢ > 0 and every k-dimensional
cylinder intersection xy on 2" = Z" x 23" x --- x 27,

E(Lynx,d—1) < (crdisc,(G))?, d=1,2,...,n.

PROOF. Put A; = max, A(Ly,nX,d), where the maximum is over k-dimensional
cylinder intersections. In light of (36), it suffices to prove that

Ag < (2rdisc,(G))?, d=1,2,...,n. (39)
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Fix w € {0,1}" and pairwise disjoint sets S1,Ss,...,54 C {1,2,...,n} such that

0% (L nx)
95, 9Sy --- 05y

A, = max
X

(w)‘ , (40)

where the maximum is over k-dimensional cylinder intersections. Then by the defini-
tion of directional derivative,

E E X1, Xo, .., X)) (1)
2€{0.1}4 X1, Xz, X, X( 1, A2, s )( )

Ay = max , (41)

X

where

Tw; 21 ifi € Sl,
7Tw71@22 lfl c 52,

’/T’wa‘,@zd lfl (S Sd,
Tw. otherwise.

i

In other words, the cylinder intersection x receives zero or more arguments distributed
independently according to 7., , zero or more arguments distributed independently ac-
cording to 7z, zero or more arguments distributed independently according to ,,
and so on, for a total of n arguments. To simplify the remainder of the proof, we will
manipulate the input to y as follows.

(i) We will discard any arguments X; whose probability distribution does not de-
pend on z, simply by fixing them so as to maximize the expectation in (41) with
respect to the remaining arguments. This simplification is legal because after
one or more arguments X; are fixed, y continues to be a cylinder intersection
with respect to the remaining arguments.

(i1) We will provide the cylinder intersection with additional arguments drawn inde-
pendently from each of the probability distributions =, , 7%, . .., 7., 7z, so that
there are exactly n arguments per distribution. This simplification is legal be-
cause the cylinder intersection can always choose to ignore the newly provided
arguments.

Applying these two simplifications, we arrive at

Ay < max E E e E
X |2€{0,1}¢ Xi11,.,X1,n~T2g Xd, 15 Xd,n ™~z
Y11, Y1, 0~ Ya1,..,Ya,n~mzg

X( .. ,Xi,l, . 7Xi,na5/;,17 N ,Y;"n, .. ) (—1)‘2‘ . (42)
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It remains to eliminate 74, . . ., 7z;. Rewriting (42) in tensor notation,

d
Ad<2*dm)?x Z < @ ®"®7T®”>

z€{0,1}4

d
=2 %max <X,®( & @ aPn ﬂ?”@wgf’")>‘
X

i=1

d
=279 max <X7 ®(7T8§" @™ — " @ "

i=1

@S + " @ WY )>|

d
:2_dm>?X Z (—1)|U| Z < ® z/\y zl/\yl)>

ye{0,1}4 z€{0,1}4

d
< . 43
B DI L) @

z€{0,1}4

For every y € {0,1}%, the probability distribution ®f:1( Tong: ® T2%,,) is the same as

(8@ @) @ (7" @ - - @™, up to a permutation of the coordinates. The inner
maximum in (43) is therefore the same for all y, namely,

z€{0,1}4 X3 1,...,X1,n~T2 Xda1,Xa,n~Tzy

2% max
X

E X(o oy Xi g, Yig, ) (=DFNL

Y1,1,-,Yd,n~To

The variables Y; ; can be discarded, as argued in (i) at the beginning of this proof. This
leaves us with

Ag < 29 max
X

E E E X(s X, [T G(Xa0)] -

2€{0,1}¢ X1,1,.., X1, n VT2 Xa1sHXdn~Tzy,

Since 7 is balanced, (39) follows immediately. O

Theorem 1.1 gives a highly efficient way to transform communication protocols for
composed problems f o GG into approximating polynomials for f, as long as the base
communication problem G has repeated discrepancy smaller than a certain absolute
constant. This result is centrally relevant to the set disjointness problem in light of its
composed structure: DISJy s = AND,. o DISJ}, ; for any integers r, s. In the remainder
of this section, we will establish a near-tight upper bound on the repeated discrepancy
of set disjointness (Theorem 4.27 below), which will allow us to prove the main result
of this paper.

4.1. Key distributions and definitions

Let F, be the k x 2¥~! matrix whose columns are the 2¢~! distinct columns of the
same parity as the all-ones vector 1*. Let T}, be the k& x 2¥~! matrix whose columns are
the 2°—1 distinct columns of the same parity as the vector 01*~!. Thus, the columns
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of T}, and F}, form a partition of {0,1}*. We use T} and F}, to encode true and false
instances of set disjointness, respectively, hence the choice of notation. Let Hy, be the
k x 2F matrix whose columns are the 2% distinct vectors in {0,1}*, and let H] be the
k x (2% — 1) matrix whose columns are the 2% — 1 distinct vectors in {0,1}* \ {1¥}. The
choice of letter for H;, and Hj, is a reference to the hypercube. For definitiveness one
may assume that the columns of T}, Fj, Hy, H,, are ordered lexicographically, although
the choice of ordering is immaterial for our purposes. For an integer m > 1, we define
shorthands

Hym=|Hy, Hy ... Hl, Hy,.=[H, H, ... H].

m m

For a Boolean matrix A, we define

11---1
00---0
A=A |00 0
00...0

When A is a Boolean matrix of dimension 1 x 1, this notation is consistent with our ear-
lier shorthand @ = a @ 1 for a € {0, 1}. Observe that for any matrices A, Ay, As, ..., Ay,

A=A, (44)
(A A A=A A o A (45)
Moreover,
Hym =0 Hims (46)
Ty = Fi, 47)
Fy =¢) Ty (48)

In this section, we will encounter a variety of probability distributions on matrix
sequences. Describing them formulaically, using probability mass functions, is both
tedious and unenlightening. Instead, we will define each probability distribution algo-
rithmically, by giving a procedure for generating a random element. We refer to such a
specification as an algorithmic description. We will often use the following shorthand:
for fixed matrices A1, Ao, ..., A, the notation

(AT, AT, ..., AD) (49)

stands for a random tuple of matrices obtained from (4;, As, ..., A;) by permuting the
columns in each of the ¢t matrices independently and uniformly at random. In other
words, (49) refers to a random tuple (01 A1,0249,...,0:4;), where 01,09, ...,0, are col-
umn permutations chosen independently and uniformly at random. We will also use
(49) to refer to the resulting probability distribution on matrix tuples, which will en-
able us to use shorthands like B ~ A® and (B, Bs, ..., B;) ~ (A?7 A% e Ato) As an
important special case, the O notation applies to row vectors, which are matrices with
a single row. On occasion, it will be necessary to apply the O notation to a submatrix
rather than the entire matrix. For example, [ [0m1™]©® 0 0 1] refers to a random
row vector whose last three components are 0,0,1 and the first 2m components are a
uniformly random permutation of the row vector 0™ 1.

We say that a probability distribution i on matrix sequences (41, As, ..., A;) is in-
variant under column permutations if (A, As, ..., Ay) = p(o1A1,0244,...,0:4;) for
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Algorithm 1: Alternate algorithmic description of yy, ., for k& > 2
(i) Choose f € {0, 1} uniformly at random.

(ii) Choose 2* row vectors agi—1,bgi-1,...,a1x-1,b;r—1 independently according to
A1k—1 ~ [02771 f]oa
a, ~ [02m127n f@z—l@ . .@m]()’ Py ;é 1]6—1’
b, ~ 01" fome---e%]°, ze {01}

(iii) Define A., B, for z € {0,1}F~1 by

21 21 2 21 21 2
Z9 Zo e 29 zZ2 Z2 ot 22
AZ = . . . ) BZ = . .
Zh—1 k=1 " Zk—1 Zh—1 k=1 " Zk—1
a: ] L b. ]
(lV) Output ([Aok—l s A1k71]o, [Bok—l s Blk—l}o).
every choice of column permutations oy,09,...,0;. Most of the randomized proce-
dures in this section involve choosing (A;, A, ..., A;) by some process and outputting
(A, A9, ..., AD), so that the resulting probability distribution on matrix sequences is

invariant under column permutations.

We now define the main probability distribution of interest to us, which we call
tk.m- Nearly all of the work in this section is devoted to understanding various metric
properties of yy, », and of probability distributions derived from it.

Definition 4.3. For positive integers k,m, let uy ., be the probability distribution
whose algorithmic description is as follows: choose M € {T}, F}.} uniformly at random
and output ([M  Hj,,, |19 [M  Hj,n]°).

We will need to establish an alternate procedure for sampling from gy, ,,,, whereby one
first chooses rows 1,2, ..., k—1 and then the remaining row according to the conditional
probability distribution. Such a procedure is given by Algorithm 1.

PROPOSITION 4.4. Algorithm 1 is a valid algorithmic description of yy, , for k > 2.

PROOF. By inspection, the output distribution of Algorithm 1 has the following
properties: (i) it is invariant under column permutations; (ii) with probability 1/2,
the output is a matrix pair (4, B) with A =¢ [T} Hj,,] and B =¢ [T, Hyml;
(iii) with probability 1/2, the output is a matrix pair (A, B) with A =¢, [Fy  Hj ,,]
and B =¢, [F, Hy ] There is only one probability distribution with these three prop-
erties, namely, yif . O

We now define a key probability distribution ) ,, derived from py, ,, .

Definition 4.5. For integers k£ > 2 and m > 1, define Ay, to be the probability
distribution with the following algorithmic description:

(i) pick a matrix pair (4, B) € {0,1}*~1* x {0,1}*~1* according to the marginal
distribution of y ., on the first £ — 1 rows;
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Algorithm 2: Alternate algorithmic description of A ,,

(i) Choose f, f' € {0, 1} uniformly at random.
(ii) Choose 2**! row vectors a,,a’,b,,b., for = € {0,1}*~!, independently according

to
A1k—1 ~ [02m f]o,
a‘/l’“*1 ~ [02m f/]ov
a, ~ [02m12m f@z—l@ . .@K]C)’ Py 75 11c—17
a, ~ 01" feme-- oz, z# 1k
b, ~[0m™M1™  fome --©Z1]°, z e {0,1}F 1,
v~ [0mM1™ flome- -0z, z e {0,1}F1,
(iii) Define A, B, for z € {0,1}*~! by
21 21 z21 Z1 Z1 21
29 29 29 29 ) Z2
a—| o 0 S B s (50)
Zk—1 Rk—1 Zk—1 Zk—1 Rk—1 "' Zk—1
a. J b. J
a b
(lV) Output ([Aok—l ce Alk—l]o, [Bol«—l e Blk,—l]o).

(ii) consider the probability distribution induced by jx ,, on matrix pairs of the form
([2].[Z]) . and choose ([2],[7]).([] . [’]) independently according to that dis-

* a’

tribution;
(iii) output (P} , {ED .

By symmetry of the columns, A ., is invariant under column permutations. To reason
effectively about ) ,,,, we need a more explicit algorithmic description.

PROPOSITION 4.6. Algorithm 2 is a valid algorithmic description of Ay m.
PROOF. Immediate from the description of yy, ,,, given by Algorithm 1. O

In analyzing the repeated discrepancy of set disjointness, we will need to argue that
the last two rows of a matrix pair drawn according to Ay, do not reveal too much
information about the remaining rows. We will do so by showing that ) ,, is close in
statistical distance to certain probability distributions v, , v} . in which no informa-
tion is revealed.

Definition 4.7. For integers k > 2 and m > 1, define v, and v} ,, to be the proba-
bility distributions whose algorithmic descriptions are given by Algorithm 3.

Comparing Algorithms 2 and 3, we see that the new distributions v ,, and v}, differ
from Ay ., exclusively in step (ii) of the algorithmic description. An alternate, global
view of ) . and v, is given by the following proposition.

PROPOSITION 4.8. Algorithm 4 is a valid algorithmic description of vy ,,, and v, .
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Algorithm 3: Definition of v} ,, (i =0,1)

(i) Choose f, f’ € {0,1} uniformly at random.
(ii) Choose 2**! row vectors a,,a’,b,,b., for z € {0,1}*~1, independently according
to

ape—1 = [0*""1f 0],
allk,—l — [02m—1 0 f/],

a, ~ [ 0> 11210 1 feme---oma 0], z#1F71,
alz ~ [ [02m—112m—1]o 1 0 f/@zil@' . .@HL - 75 1k—17
b, ~[ [0 11O G fome---emT i), z e {0,1}F1,
Vo~ [[0m 1™ feme-- e, z e {0,1}F L,

(iii) Define A, B, for z € {0,1}*~! by (50).
(lV) Output ([Aok—l o Alk—l]o, [Bok—l s Blk—l}C)).

Algorithm 4: Alternate algorithmic description of V};Jn (i=0,1)

(i) Choose 2**! row vectors a.,a’,b.,b., for = € {0,1}*~! independently according

to
A1k—1 = (lek,l = 02m71,
a a/ ~ [02m—112m—1]0 P 7& 1k—1
zy Wy ) 9
b, b, ~ [0m 1m0 z e {0,1}* L.

(ii) Define A., B, for z € {0,1}¥~1 by (50).
(iii) Choose My, My € {T}_1, F;_1} uniformly at random and output the matrix pair

(H, | My, | L | My | DR 1°¢
11...1[11...1/00...0[00...0/00...0|Ags—1 -+ Agx—1 |
| 11...1/00...0[00...0]/11...1/00...0 |

— — 6]

[ Hi—1 M, M, M, M,
11...1/00...0|4i...4 | di...7 |Bos—1 -+ Bir—
it...4 | di...5|11...1]00...0

PRrROOF. Algorithm 4 is obtained from Algorithm 3 by reordering the columns prior
to the application of the ¢ operator. Specifically, in the notation of Algorithm 3, the last
two columns of A1 and the last three columns of each A, (z # 1*~!) are moved up
front and listed before any of the remaining columns; likewise, the last three columns
of each B, (z € {0,1}*~!) are moved up front and listed before any of the remaining
columns. The subsequent application of the O operator in both algorithms ensures that
the output distributions are the same. O

0 1 ctribut 0 1
Closely related to v}, and v ,, are the distributions v p  p andv; p  p ,defined
next.

Definition 4.9. Let Pi,...,Ps € {0,1}*~1*. The probability distribution v} ,
on matrix pairs is given by choosing M, My € {T}_1, F;—1} uniformly at random and
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outputting the pair

M, P|My, P|M, M; Py| P |°
111...1/000...0/00000000...0(11...1 ,
000...0|111...1/00000000...0(11...1

M, P|M, Ps|M, M, Pi| B |°
111...1]000...0[00000000...0[11...1 ) (51)
000...0(111...1{00000000...011...1

The probability distribution V,i, ... p, ON Matrix pairs is given by choosing My, M> €
{T)-1, Fr—1} uniformly at random and outputting the pair

M, P [M, P,|M; M, P;| P ©
111...1]000...0]/00000000...0/11...1| ,
000...0/111...1 00000000...0‘11...1
M; P|M, Ps| P |My M, P
111...1]000...0]00...0(11111111...1
000...0/111...1 00...0‘11111111...1

It is not hard to see, as we will soon, that v} is a convex combination of probability
distributions v} 5 p , and analogously for v .. This will enable us to replace v},
and ”li,m in our arguments by particularly simple and highly structured distributions.
Definition 4.10. A matrix pair (A, B) is (k,m, o)-good if
Hl/c—l,2m’ ‘Hllcfljm’ Hy—12m0
I1...1 [ 00...000...0 |EA
00...0 11...1 | 00...0

and Hyy1,,,» C B, where m’ = [152 . m]. A matrix pair (4, B) is (k,m, a)-bad if it is not
(k, m, a)-good.

It will be necessary to control the quantitative contribution of bad matrix pairs in the
analysis of set disjointness. In the definition that follows, we give a special name to
probability distributions v}, 5 p supported on good matrix pairs.

Definition 4.11. Let 4, denote the set of all probability distributions v p  p,
that are supported on (k, m,a)-good matrix pairs. Analogously, let %kl’m’a denote the

set of all probability distributions u,i’ p,....p, that are supported on (k, m, a)-good matrix
pairs.

,,,,,

The following proposition gives a convenient characterization of probability distribu-
tionsin %2 _ and ¢!

k,m,« k,m,a"

PROPOSITION 4.12. Let k > 2 and m > 1 be integers, m’ = (1_7“ -m|. Fix matri-
ces Py,...,Ps € {0,1}*""* and i € {0,1}. Then v} p  p € 9., if and only if the
following three conditions hold:

(1) Hllv—172m’ c P17P2,

(ii) Hp—1,2m C Ps,
(iii) Hy—1,m C Ps, Ps, Pr, Ps.

m,a

.....

Journal of the ACM, Vol. V, No. N, Article A, Publication date: January YYYY.



A:38 Alexander A. Sherstov

PROOF. Immediate from the definitions of v} p  p and (k,m,a)-good matrix
pairs. 0O

4.2. Technical lemmas

We now establish key properties of the probability distributions introduced so far. Our
main result here, Theorem 4.17, will be an approximate representation of A ,, out of
the convex hulls of % and ¢! with careful control of the error term. We start

km,o k,m,a?

with an auxiliary lemma which we will use to show the proximity of Ay ,, yg,m, and
Vi in statistical distance.

LEMMA 4.13. For an integer m > 1, consider the probability distributions
am,la a7n,27 5m on {1a 27 e, M + 2} given by

m \2/2m\
m,j 1) = . . s = 17 2,
.5 (1) (Z_J> (m) !
, m+2\ (m+1\ /2m+3\ "
Bm (i) = . , .
) 1—1 m—+ 1
Then there is an absolute constant ¢ > 0 such that

C .
H(am,jaﬁm)gﬁ; 7 =1,2.

That the functions oy, 1, am 2, B are probability distributions follows from Vander-
monde’s convolution, (4).

PRrROOF OF LEMMA 4.13. For j = 1,2, elementary arithmetic gives

c ci— % amj() c ci— % .
— — : <1+ —+ —= 1=1,2,....m+2
m Bm(i) m m ( )

3|

for some absolute constant ¢ > 0, so that [1 — \/a,, ;(i)/Bm (i) < S(1+ i — %|). Asa
result,

2

i~Bm Pm (1)
2 g2}
7;22{1+2 BE[( TgﬂjLEn[(z—T;)g]} (52)
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where we used the fact that E X < \/E[X?] for a real random variable X. Furthermore,

p= () () ()

i=1

(e e S (1))
(

=1
2om + 3 1 2m + 2
m+2)
m—+1 m+1
_ m+2
T 2m+3

—~

and

whence

E {(2”21)2] - m;f(mq) Bi] + B [i(i ~ 1)] = O(m).

In view of (52), the proof is complete. O

A fairly direct consequence of the previous lemma is that the probability distributions
Akms Vp > and v are within O(2% /\/m) of each other in statistical distance. In what

follows, we prove the better bound O(4/2%/m), which is tight. The analysis exploits the
multiplicative property of Hellinger distance.

LEMMA 4.14. There is a constant ¢ > 0 such that for all integers k > 2 and m > 1,

, 2k .
[ Akym = Vimllt < o 1=0,1.

PROOF. Throughout the proof, the term “algorithmic description” will refer to Algo-
rithm 2 in the case of ., and Algorithm 3 in the case of v}, and v} . As we have
noted earlier, the algorithmic descriptions of these three distributions are identical
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except for step (ii). In particular, observe that

Nem=7 S AL

1.f7€{0,1}

. ]_ . ’ 3

Vim =7 D Vim i=0,1,
F.17efo,1}

where /\Jkc fn, 1/2 f;f z/,i fnf are the distributions that result from i ., 1} ., ¥} ,,,, respec-

tively, when one conditions on the choice of f, f' in step (i) of the algorithmic descrip-
tion. Therefore,

H>\k:m Vk m||1 =X maXHAk m Vl?,{;,f H
<mﬁ?%ﬂ(gg,gf) i=0,1, (53)

where the second step uses Fact 2.1.

In the remainder of the proof, we consider f, f’ fixed. Define the column histogram
of a matrix X € {0,1}**1* to be the vector of 2**! natural numbers indicating how
many times each string in {0, 1}’“r1 occurs as a column of X. If D; and D, are two
probability distributions on {0, 1}*+!* that are invariant under column permutations,
then the Hellinger distance between D; and Ds is obviously the same as the Hellinger
distance between the column histograms of matrices drawn from D; versus Ds;. An
analogous statement holds for probability distributions D;, D> on matrix pairs. As
a result, we need only consider the column histograms of matrix pairs drawn from

)\£ fn, yg fnf Vi'm L1 . Furthermore, for every matrix pair

Lf.f'

km >

(A,B) € supp)\ U supp l/k’f Sy supp v

the column histograms of A and B are uniquely determined by the number of occur-
rences of

<1

Z2

(54)
Rk—1
fOoreRS - ®FH 1
fezmene 0% 1
as a column of A and B, respectively, for each z € {0,1}*~1. Thus, we need 2*~! num-
bers per matrix, rather than 2¢*!, to describe the column histograms of A and B.
With this in mind, for (A, B) ~ )\£ fn, define a, . and b, . (where z € {0,1}*71) to be
the number of occurrences of (54) as a column in A and B, respectively. Analogously,
for (A,B) ~ v, ’ff , define a,: , and b,: , (= € {0,1}*7!) to be the number of occur-
rences of (54) as a column in A and B, respectlvely By the preceding discussion, the
Hellinger distance between )\f fn and 1/ f " is the same as the Hellinger distance be-
tween (...,ax.,bx.,...) and (... ,a,,rlﬁz,b,ﬂ,z, ...), viewed as random variables in N2
By step (ii) of the algorithmic description, the random variables

ay ok—1, b)\’ok—l yeees ) 1k—1, b/\)1k71
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are independent. Similarly, for each i = 0, 1, the random variables
Qi gk—1, bl,i70k—1 yooey Qyi 1k—1, byi’lkq

are independent. Therefore,

H </\£:fn,u,i’£;f) = H((.. . anebres ) ooy by )

< Z H(a)\,z;azﬂ',z)Q + Z H(bA,z,byi,z)Qa (55)

2z€{0,1}k—1 z€{0,1}k—1

where the second step uses Fact 2.1. The probability distributions of these random
variables are easily calculated from step (ii) of the algorithmic description. From first
principles,

2 2
1 1 1 1
H(ay oo a o) <al=[1—1/1— “lo—
(ax 18-t @ 1) 2( 2m—|—1> +2<0 2m—|—1>

1
=0(—=]). 56
() %0
In the notation of Lemma 4.13, the remaining variables are governed by
a/\,z ~ 62177,—17 } p # 1k—17
Qi 5 ~ Q2m—1,1 OF Qi ~ QA2m—1,2
bA z ™ /Bmflv k1
’ 0,1
blﬂ,z ~ Qm-1,1 O bl,m’z ~ Q1,2 z € { ) } ’

where the precise distribution of a,: , and b,: , depends on f, f'. By Lemma 4.13,

H(G’)\,Z’G‘Vi’,z) < \/m? z # ]-k_l, (57)
C/
H i < 111
(bA,Z7bl/ ,Z) \/ﬁa z e {07 } ) (58)

for an absolute constant ¢’ > 0. By (53) and (55)—(58), the proof is complete. O
Our next result shows that ) ., is supported almost entirely on good matrix pairs.

LEMMA 4.15. For 0 < o < 1, the probability distribution ., places at most

g—ca’mtk probability mass on (k,m,«)-bad matrix pairs, where ¢ > 0 is an absolute
constant.

PROOF. Define m’ = [(1 — a)m/2]. Throughout the proof, we will refer to the de-
scription of ) ,,, given by Algorithm 2. We may assume that m > 2, in which case
2m — 1 > 2m’ and the matrix A;»-: in the algorithm is guaranteed to have at least 2m’
occurrences of the column

(59)

o O
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As a result, the output of the algorithm is (k, m, a)-good provided that the four vectors

21 21 21 21

22 22 22 22

S I I O R (60)
Zk—1 Zk—1 Zk—1 Zk—1

0 0 1 1

0 1 0 1

each occur at least 2m/’ times as a column of A, (for z € {0,1}*~! 2 # 1¥~1) and at least
m’ times as a column of B, (for z € {0,1}*7!). Let E4_ and Ep_ be the events that A,
and B,, respectively, enjoy this property. Then

am+ 1\ PESY fom)N f2m + 1
P[-E, | <
eas () 12 (TR
2m
2m 2m + 1
R Ican]
1=2m—2m’+1
am+ 1\ " 2m + 1\ | PESY om 2m 2m
<
(M) e ) 2 (0

i=0 1=2m—2m’+1
< 2—Q(o¢2m)’
where the final step uses Stirling’s approximation and the Chernoff bound. Similarly,
2m +1\ " w2 m+1 - m\ [m+1
P|-FEp. | =
~eal=(M0) 15 (D02 ()0
< Q—Q(azm).
Applying a union bound over all z, we find that a (k, m, «)-bad matrix pair is generated
with probability no greater than 2-<®"™m+* for some constant ¢ > 0. O

We now prove an analogous result for the probability distributions v}, and v, ,,, show-
ing along the way that l/,i’m can be accurately approximated by a convex combination
of probability distributions in %/, ..

LEMMA 4.16. For 0 < a < 1 and any integers k > 2 and m > 1, one has
Vhm = Vi Vi (i =0,1), (61)
where:

(i) 1,2 is a conical combination of probability distributions v/ » p € %
such that P, P», P, do not contain an all-ones column,

Gi) ||l <1,

k.,m

m,o

i,bad

2
o l1 < 274 m+k for an absolute constant ¢ > 0.

(iii) |v

- PROOF. Fix i € {0,1} for the remainder of the proof and consider the description of
Vk.m 8iven by Algorithm 4. Conditioned on the choice of matrices A., B; in steps (1)—(ii)
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of the algorithm, the output is distributed according to 1/};7 p,...p, for some P, ... Py
such that P, P,, Py do not contain an all-ones column. This gives the representa-
tion (61), where I/k’gmd and z/ bad 4re conical combinations of probability distributions
Vi py...ps € 9o and Vk,Pl’_“’PS ¢ 9 . o» respectively, for which Py, P,, P, do not con-
tain an all-ones column.

It remains to prove (iii). Define m’ = [(1 — a)m/2]. We may assume that m > 2,
in which case 2m — 1 > 2m’ and the vector (59) is guaranteed to occur at least 2m’
times as a column of A;x—1 in Algorithm 4. We infer that, conditioned on steps (i)—(ii)
of the algorithm, the output is (k, m, a)-good whenever the four vectors (60) each occur
at least 2m/ times as a column of A, (for z € {0,1}*~1 2 # 1¥71) and at least m’ times
as a column of B, (for z € {0,1}*~!). The 2% — 1 matrices A, B, simultaneously enjoy
this property with probability at least 1 — 2-<*m+k for an absolute constant ¢ > 0, by
a calculation analogous to that in Lemma 4.15. It follows that

Il = 1= ity <27+ g

We have reached the main result of this subsection, which states that A ,,, can be
accurately approximated by a convex combination of probability distributions in %,?ma
or ¢} with the statistical distance supported almost entirely on good matrix pairs.

k,m,a

THEOREM 4.17. Let ¢ > 0 be a sufficiently small absolute constant. Then for every
€ (0,1), the probability distribution A ., can be expressed as

Mem = b 4+ N5+ N (i=0,1), (62)
where:
() X is a conical combination of probability distributions v p  p € Y. ., such

that Pi, Py, Py do not contain an all-ones column, and moreover | \i||; < 1;

(i) N, is a real function such that |\a||; < +/2F/(cm) + 27<*"m+k with support on
(k, m, a)-good matrix pairs;
(i) X is a real function with ||\, < 2-¢@ m+k,

PROOF. Decompose
i _ 7, good i,bad
Vllc,m - +v k m
as in Lemma 4.16, so that
2
||V’L badH1 < < 9—ca m+k (63)

for some absolute constant ¢/ > 0. Analogously, write

)\k — )\good 4 )\bad

k,m>

where )\g°°d and Aﬁaﬁl are nonnegative functions supported on (k,m,a)-good and

(k,m a)-bad matrix pairs, respectively. Then

||)\bad Hl < 2—c’azm+k (64)
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by Lemma 4.15. Letting
A =it

i __ ygood i,good
)‘2 - /\k,m " Ykm o
i __ ybad
A=A

k,m>

we immediately have (62). Furthermore,

: bad -  bad
X2l = [1(Akm = A50) = Whm = Viin ) ln

k,m km
i bad i,bad
< Aem = Vil + Il + v 1
2k
<\ o + 227l mr (65)
c'm

for an absolute constant ¢’ > 0, where the final step uses (63), (64), and Lemma 4.14.
Now items (i)—(iii) follow from Lemma 4.16(i)—(ii), (65), and (64), respectively, by taking
c=c(c,") > 0 small enough. O

We close this subsection with a few basic observations regarding k-party protocols.
On several occasions in this manuscript, we will need to argue that a communication
problem does not become easier from the standpoint of communication complexity if we
manipulate the protocol’s input in a particular way. The input will always come in the
form of a matrix sequence (X1, Xo,...,X,), and manipulations that we will encounter
include discarding one or more of the arguments, reordering the arguments, applying a
uniformly random column permutation to one of the arguments, adding a fixed matrix
to one of the arguments, and so on. Rather than treat these instances individually as
they arise, we find it more economical to address them all at once.

Definition 4.18. Let (X1, Xs, ..., X,,) be a random variable with range {0, 1}**™ x
{0,1}Fxm2 x ... x {0,1}¥>*m=_The following random variables are said to be derivable

from (X1, Xs,...,X,,) in one step without communication:
1) (Xa,...,X,);
(ll) (Xl, e ,Xn, Xl);
(iii) (Xy(1),.--5 Xo(n)), where o € S,, is a fixed permutation;
@iv) (01X1,...,0n,Xy), where o1, ..., 0, are fixed column permutations;
) (X1,...,X,,0X4), where o is a uniformly random column permutation, indepen-

dent of any other variables;
(vi) (Xy,...,X,,A), where A is a fixed Boolean matrix;
(vii) ([X71 Ai],...,[Xn A,]), where A,,..., A, are fixed Boolean matrices;
(viii) (X7 ® 44,...,X, ® A4,,), where Ay, ..., A, are fixed Boolean matrices;
(ix) (X1,...,Xn,0[X1 A]), where A is a fixed Boolean matrix and o is a uniformly
random column permutation, independent of any other variables.

A random variable (Y7,...,Y,) is said to be derivable from (X1,...,X,,) with no com-
munication, denoted (Xi,...,X,) ~ (Y1,...,Y;), if there exists a finite sequence of
random variables starting with (X,..., X,,) and ending with (Y1, ...,Y,), where every
random variable in the sequence is derivable in one step with no communication from
the one immediately preceding it.

If (Y1,...,Y,) is arandom variable derivable from (X1, ..., X, ) with no communication,
then the former is the result of deterministic or randomized processing of the latter.
The following proposition shows that there is no advantage to providing a communica-
tion protocol with (Y71,...,Y,) instead of (Xy,...,X,).
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PROPOSITION 4.19. Consider random variables
X = (X1,..., Xpn) €{0, 1} x - x {0, 1},
X' = (X,..., X)) € {0,117 x ... x {0, 1}FXm,
X" = (X, X)) € {0, 11 o {0, 11Rmar
where X ~» X' ~» X". Then for every real function f,
max [Bx(X") f(X)] < max [Bx(X) f(X)] (66)

where the maximum is over k-dimensional cylinder intersections .

PROOF. By induction, we may assume that X" is derivable from X’ in one step
with no communication. In other words, it suffices to consider cases (1)—(ix) in Defini-
tion 4.18. In what follows, we let v denote the right-hand side of (66).

Cases (i)—(iv) are trivial because as a function family, cylinder intersections are
closed under the operations of removing, duplicating, and reordering columns of the
input matrix. For (v), we have

max
X

E B (X, {,/,JX{)f(X)‘gEmax
o X, X’ . o X

E X,...,. X, o X)) f(X)].
B K X XD 00)

The final expression is at most ~, by a combination of (ii) followed by (iv). For (vi),

/ !/
/ <
X]g(/x(Xl, , X, ,A)f(X)‘ max

! l
m)?x X]E(/X(Xlu"an’)f(X)‘
because with A fixed, x is a cylinder intersection with respect to the remaining argu-
ments X{,...,X/),. The proof for (vii) is analogous. Case (viii) is immediate because
as a function family, cylinder intersections are closed under the operation of adding a
fixed matrix to the input matrix. Finally, (ix) is a combination of (ii), (vii), and (v), in
that order. O

4.3. Discrepancy analysis

Building on the work in the previous two subsections, we will now prove the desired
upper bound on the repeated discrepancy of set disjointness. We start by defining the
probability distribution that we will work with.

Definition 4.20. For positive integers k,m, let 7 ,,, be the probability distribution
whose algorithmic description is as follows: choose M € {T}, F).} uniformly at random
and output [M  Hj, ,1°.

In words, we are interested in the probability distribution whereby true and false
instances of set disjointness are generated by randomly permuting the columns of
[Ty Hj,,] and [Fy, Hj ], respectively. For our purposes, a vital property of 7y ., is

the equivalence of the following tasks from the standpoint of communication complex-
ity:
(i) for X drawn according to 7 ,,,, determine DISJ(X);

(ii) for X, X,,...,X,,... drawn independently according to = ,, conditioned on
DISJ(X;) = DISJ(X5) = --- = DISJ(X;) = -- - , determine DISJ(X}).

Thus, it does not help to have access to additional instances of set disjointness with
the same truth status as the given instance. This is a very unusual property for a
probability distribution to have, and in particular the probability distribution used in
the previous best lower bound for set disjointness [49] fails badly in this regard.
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This property of 7 ,,, comes at a cost: the columns of X ~ 7, are highly interde-
pendent, and the inductive analysis of the discrepancy is considerably more involved
than in [49]. As a matter of fact, 7 ,,, is not directly usable in an inductive argument
because it does not lead to a decomposition into subproblems with like distributions.
(To be more precise, forcing an inductive argument with 7, ,,, would result in a much
weaker bound on the repeated discrepancy of set disjointness than what we prove.)
Instead, we will need to analyze the discrepancy of set disjointness under a distribu-
tion more exotic than ry ,,,, which provides the communication protocol with additional
information.

A description of this exotic distribution is as follows. We will analyze the XOR of sev-
eral independent instances of set disjointness, rather than a single instance. Fix a non-
negative integer d and subsets 71, Zs, ..., Z, C {0,1}¢. Given matrix pairs (4, ., B;..),
wheret =1,2,...,n and z € Z,, the symbol

enc(..., At 2, Bt sy .. .)
shall denote the following ordered list of matrices:

(i) the matrices A; ., listed in lexicographic order by (¢, z);
(ii) followed by the matrices [B;, B ./]forallt¢andall 2,2’ € Z, such that |z ®2'| =
1, listed in lexicographic order by (¢, z, 2’);
(iii) followed by the matrices [B;. B, /| foralltandall 2,2’ € Z; such that |z®2/| =
1, listed in lexicographic order by (¢, z, z’).

The abbreviation enc stands for “encoding” and highlights the fact that the communi-
cation protocol does not have direct access to the matrix pairs A; ., B; .. In particular,
for d = 0 the matrices B; , do not appear on the list enc(..., A; ., By ,,...) at all. The
symbol

oenc(..., A2, Bisy...) (67)

shall refer to the result of permuting the columns for each of the ma-
trices in the ordered list enc(...,A;.,B;.,...) according to o, where o =
(v oy Otzy e s Otz ary - 7ag7z,z,, ...) is an ordered list of column permutations, one for
each of the matrices on the list. In our analysis, o will always be chosen uniformly
at random, so that (67) is simply the result of permuting the columns for each of the
matrices on the list independently and uniformly at random. With these notations in
place, we define

T(k,m,d, Zy,. ... Zy)

= max E E X(UGHC(---7At,z7Bt,Z7-~-))H H DISJ(A,.)|,

..ii(At 2Bt 2),... O
X ,( t, t, ) t=1zeZ;

where: the maximum is over k-dimensional cylinder intersections x; the first expecta-
tion is over the matrix pairs (A, ., B, ) distributed independently according to ik m;
and the second expectation is over column permutations chosen independently and
uniformly at random for each matrix on the list enc(..., A; ., Bt -, ...). This completes
the description of the “exotic” distribution that governs the input to .

For nonnegative integers ¢, /s, ..., ¢,, we let
L(k,m,d, ty,...,£,) = max --- max D(k,m,d, Z,...,2Z,),
|Z1|=£1 |Zn|=Ln
where the maximum is over all possible subsets Z;,Z,,..., 7, C {0,1}? of cardi-

nalities ¢1,0s,...,£,, respectively. Observe that T'(k,m,d,{1,...,¢,) is only defined
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for ¢1,...,4, € {0,1,2,3,...,2%}. The only setting of interest to us is d = 0 and

ly =4y =---=4{,=1,in which case enc(..., A4y ;, B} »,...) = (..., A :,...) and
L(k,m,0,1,...,1) = max E X(X1,..., X HDISJ (68)
N—— X leu-:XnNTrk,zm
However, the inductive analysis below requires consideration of I'(k, m, d, ¢4, ..., ¢, ) for

all possible parameters. We start by deriving a recurrence relation for I'.

LEMMA 4.21. Let ¢ > 0 be the absolute constant from Theorem 4.17. Then for k > 2
and 0 < a < 1, and the quantity T'(k,m,d, (1, ..., ¢,)? does not exceed

4y 2 n gt ét . it 2k Qk 1t 2k: Jt
Z o z H 7 1 % + 2cam 2ca?m
1120 ingn=0 | =1 \'* Jt

1 —
X max F(k—l, d-am 7d+17£/17--~7%)'
£1>2max{0,01—i1 —(d+1)j1} 2

¢, >2 max{0,£, —in—(d+1)jn}
Moreover,

0 ifly+---+0,>0,

(1,m,d, by, ..., ¢,) {1 otherwise.

PROOF. The claim regarding I'(1,m,d, ¢4, ...,¢,) is obvious because the probability
distribution uy ., places equal weight on the positive and negative instances of set
disjointness. In what follows, we prove the recurrence relation.

Abbreviate I' = T'(k,m,d,¢y,...,0,). Let Zy,...,Z, C {0,1}¢ be subsets of cardi-
nalities /¢y,...,£,, respectively, such that I'(k,m,d,Z;,...,Z,) = T. Let x be a k-
dimensional cylinder intersection for which

A;.] [Be. Ay
I R G B ) B 0V

t=1z2€7;

b

where the inner expectation is over the independent permutation of the columns for
each of the matrices on the encoded list, and the outer expectation is over matrix pairs

(|:At,z:|’|:Bt7z:|>’ t=1,2,...,n, 2 € Z,
Qg btz

each drawn 1ndependently according to uy ., (as usual, a; . and b, , denote row vec-
tors). The startlng point in the proof is a reduction to (k - 1)- -dimensional cylinder
intersections using the Cauchy-Schwarz inequality, a technique due to Babai, Nisan,
and Szegedy [7]. Rearranging,

I'<E E E X(Jenc<...,{At’z},{Bt’z],..))
o AL 2Bt s, |, at,z,bt z,... at,z bt,z

« H [] piss {At ]

t=1zeZ;

5 (69)
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where the second expectation is over the marginal probability distribution on the pairs
(A2, Be,2), and the third expectation is over the conditional probability distribution on
the pairs (a;,, b, ) for fixed (A4, ., B, .). Recall that x is the pointwise product of two
functions xy = ¢ - X/, where ¢ depends only on the first £ — 1 rows and has range {0, 1},
and y’ is a (k — 1)-dimensional cylinder intersection with respect to the first £ — 1
rows for any fixed value of the kth row. Since the innermost expectation in (69) is over
(.. a4,2,btz,...) for fixed (..., As ., Bt s, .. .), the function ¢ can be taken outside the
innermost expectation and absorbed into the absolute value operator:

I'<E E E X (Uenc(...,{At’z],{Bt’z}7...>)
0 At 2,Bt s | N PR PR Atz bt,z

« H [] piss [2‘;} .

t=1z2€Z;

Squaring both sides and applying the Cauchy-Schwarz inequality,

I’ <E E E X <aenc(...,[At’Z},[Bm},...))
0 yAt 2Bt s N PR P at,z bt,z

t=1zc2Z,
— / At,z Bt,z
= AWEBW ]3) X <Uenc(...,{at’z},[bt’z],...)>><
[l
/ At,z Bt,z S At,z At7z
Y (Uenc ( {%z] , {bg,z] ))Eg DISJ [at’z DISJ a ]

where the outer expectation is over matrix pairs drawn according to Ay ,,. Since the
product of two cylinder intersections is a cylinder intersection, we arrive at

At,z Bt,z
I? < LB E X' |oenc| ..., aez]|,|bez],...
t=] Lbh=
< At,z At,Z
X H1 1‘; DISJ {%J DISJ [ad , (70
t=1z2€7, ’

where x” is a (k — 1)-dimensional cylinder intersection with respect to the first £ — 1
rows for any fixed values of the kth and (k + 1)st rows. This completes the promised
reduction to the (k — 1)-dimensional case.

Theorem 4.17 states that

Aem = AL+ s + A (i=0,1), (71)

where: )| is a conical combination of probability distributions v}, p,  p € %/, , for

m,x

which P;, P,, P; do not contain an all-ones column; )} is a real function supported on
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(k, m, a)-good matrix pairs; and furthermore

Al <1 (i=0,1), (72)
. 2k: 21€ )
2]l < \/%‘FW (i=0,1), (73)
. ok
A3l < yeatm (i=0,1). (74)
Define
At,z Bt,z At7z Btyz
S| ... az|,|bez]|,... | =E X" |oenc|...,|a-|,|bez],-..
ap. | | b 7 ap. | | b
: A A
DISJ |7t#| DISJ |© 7] .
% tl;[l th |:at7z:| |:a;,z:|

CLAIM 4.22. Fix functions t;: Z; — {1,2,3} (t = 1,2,...,n). Define i; = |1; *(2)| and
§e = |t; 1(3)|. Then

n n 3 it jt
PARITY" (=) | 2k 2k 2k
<(I)7® ® )\Lt(z) > < t];[l ( % + 2ca2m 20a2m

t=1 z€Z;

1 _
X max F(k_l’ Pa)m-‘ﬂ—'_l?g/lw”’%)'
07 >2max{0,01—i1—(d+1)j1} 2

¢, >2 max{0,, —in—(d+1)jn}

Before settling the claim, we will finish the proof of the lemma:

I < <<I>, é) X Ak,m> by (70)

t=1 z2€7;
_ <<I>, ® ® (AfARITY*(z) + /\g’ARITY*(z) + )\ISDARI’I‘Y*(z))> by (71)
t=1 27,
n
_ PARITY* (z)
- ¥ (2@,
L1502,y ln t=1 2€Z;
where the sum is over all possible functions ¢q, ¢, ...,t, with domains 73, Z,, ..., Z,,

respectively, and range {1, 2,3}. Using the bound of Claim 4.22 for the inner products
in the final expression, one immediately arrives at the recurrence in the statement of
the lemma. O

PROOF OF CLAIM 4.22. For t = 1,2,...,n, define Y; to be the collection of all z €
11 (1) for which {2’ € Z; : |z @ /| = 1} N+; *(3) = @. This set Y; C Z; has the following
intuitive interpretation. View Z; as an undirected graph in which two vertices z, 2’ € Z;
are connected by an edge if and only if they are neighbors in the ambient hypercube,
i.e., |2@2'| = 1. We will refer to the verticesin ¢; (1), ¢, (2), and +; *(3) as good, neutral,
and bad, respectively. In this terminology, Y; is simply the set of all good vertices that
do not have a bad neighbor. Since the degree of every vertex in the graph is at most d,
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we obtain

Vel = | (1)] = dleg (3)]

= (1Z:] = e @) = i7" B)]) — dleg " (3)]
:gtflt*(d+1)jt, t:1,2,,TL (75)

Now, consider the quantity

"
v = max E E x'|oenc|...;|at-|,|bez]|,-..
Ay, By, o a .
|z || v | t,z t,z

At z
X H 11 DISJ{ tz] DISJ[ tJ , (76)
t=1z2¢€7; ’
where: the maximum is over all matrix pairs
At,z Bt,z
arz |, | bz |, t=1,2,...,n, z€ ;7 (1)\Y) Ui (2) (77)
i | | b
that are (k,m, «)-good and over all possible matrix pairs
At,z Bt,z
agz |, | bz |, t=1,2,...,n, z€i7(3), (78)
/ /
at,z bt,z
and the outer expectation is over the remaining matrix pairs
At,z Bt,z
at,z | btvz ’ t= 1727"'7”’ S }/t (79)
ai. || b
which are distributed independently, each according to some distribution V,I:A,fITYZSZ) €
PARITY" (2) PARITY" (2) .
om.cx such that P, P>, P, do not contain an all-ones column. Since X, is

supported on (k, m, «)-good matrix palrs and since )\PARITY*(Z) is a conical combination

of probability distributions VPARITY (2) %PARIQTY (*) such that P,, P, P, do not contain

an all-ones column, it follows by cénvex1ty that

<¢ QR ApAmTY*(z)> S0 I

t=1 z€Z; t=1z2€Z;
i‘[, ¥
L / 2k 2k 2k It
< 2 2 b
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where the second step uses the estimates (72)—(74). As a result, the proof will be com-
plete once we show that

v < max L(k—1,m' ,d+1,01,...,0), (80)
£1>2max{0,01 —i1—(d+1)j1}

£ >2max{0,£n, —in—(d+1)jn}

where m’ = [(1 — a)m/2]. In the remainder of the proof, we will fix an assignment
to the matrix pairs (77) and (78) for which the maximum is achieved in (76). The
argument involves three steps: splitting the input to x” into tuples of smaller matrices,
determining the individual probability distribution of each tuple, and recombining the
results to characterize the joint probability distribution of the input to x”.

Step I: partitioning into submatrices. Think of every matrix M on the encoded
matrix list in (76) as partitioned into four submatrices M0, MO M0 Mt € {0, 1}F+Lx
of the form

* * * *

00---0/ {[00--0] {11 ---1] |11---1
00---0] [t1--1] [00---0] [11--1

respectively, with the relative ordering of columns in each submatrix inherited from
the original matrix M. A uniformly random column permutation of M can be realized
as

v [O’OOMOO 001M01 JIOMIU 011M11] ;

where 0%, ..., o!! are uniformly random column permutations of the four submatrices

and v is a uniformly random column permutation of the entire matrix. We will reveal
v completely to the cylinder intersection (this corresponds to allowing the cylinder
intersection to depend on v) but keep ¢%°, ..., c'! secret.

In more detail, define

A?)OZ = At’z|m/\m’ Bgoz = Bt’Z|KAK,
A?}Z = At,z|@/\a;,za Bto,lz = Bt,Z|m/\b;,z7
Atlg = At,z|at’2/\ma Btlg = Bt;z|bt,z/\m,
A%,lz - At,z|at,z/\a;qza Btl,lz = Btsz|bt,z/\b;,z’
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where t =1,2,...,n and z € Z;. Then by the argument of the previous paragraph,

- At7z At,z
< L E B E IT I] p1sg [at,Z]DISJ [a; }x

t,z , yeens - - z
etz |, ] btz ... t=1zeZ;
al b
t,z t,z

xx"(c% enc(. . .,Agg,ng, c )y
o enc(.. .,A?}Z,Bglz, )
o'%enc(.. .,A%g,Btlg S,
o't enc(.. .,Atl}Z,Btljlz7 )

where 0%, 5%, 510 o1 are permutation lists chosen independently and uniformly at

random, v is a joint column permutation from an appropriate probability distribution,
and each y/ is a (k — 1)-dimensional cylinder intersection. Note that the final property
crucially uses the fact that x” is a (k¥ — 1)-dimensional cylinder intersection for any
fixed value of the bottom two rows. Taking the expectation with respect to v outside
the absolute value operator, we conclude that there is some (k—1)-dimensional cylinder
intersection ' such that

- At,z At-,Z
v < Atz E Bt 600,001}»‘:3710,‘711 H H DISJ |:at72:| DISJ I:CL/ :l .

’ t,z
{tH”t} t=12€2;
ay . btz

s

Xx'"(aooenc(...,AgOZ,B?g,...),
Uolenc(...,zﬁltt)}Z,Bg}z’n_)7 . (81)
Uloenc(...,A%g,Btlg,...),

M ene(..., AL B )

Step II: distribution of the induced matrix sequences. We will now take a
closer look at the matrix sequence (A{", AL AlY All B BPL B!Y Bll)and charac-
terize its distribution depending on ¢, z. In what follows, the symbol * denotes a fixed
Boolean matrix, and the symbol x denotes a fixed Boolean matrix without an all-ones
column. We will use * and  to designate matrices whose entries are immaterial to the
proof. It is important to remember that * and x are semantic shorthands rather than
variables, i.e., every occurrence of x and x may refer to a different matrix.

(a) Sequences witht = 1,2,...,n, z € (1; *(1)\ Y;)Us; 1 (2). For such ¢, z, the matrices
(Ay,z, By,») are fixed to some (k, m, a)-good matrix pairs, which by definition forces

A, =¢ [+ Hi—1200], By =o [* He—1,m],
Ag}z =0 [* Hllc—l,zm/] ) Bto,lz =0 [x Hi—1,m],
A =0 [* Hy_q o], B =o [* Hy—1m],
AL =0 [+, B;: =0 [* Hi—1m/]
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(b) Sequences with t = 1,2,...,n, z € :=1(3). Each such sequence is fixed to some
unknown tuple of matrices over which we have no control:

Ag,oz = [*] ) Bw?,g = [*]’
AL =, By, =[],
Atl,oz = [*] ) Btl,g = [*]7
Al =, By, = [#]
(c) Sequences with t = 1,2,...,n, z € Y;. Each such sequence is distributed in-

dependently of the others. The exact distribution of a given sequence depends on the
parity of z and is given by the following table, where M, .o, M; .1 refer to independent
random variables distributed uniformly in {7}, F—1}.

Distribution for |z| even Distribution for |z| odd

A(t),oz [* Hy_19m M0 My © [* Hy_19m: My 0 M ©

A(tnz [* Hllc—l,Qm’ Mtyzo} © [* H//<:—1,2m’ Mt,zl] ©

A%,(.)z [* Hj o My zl} © [* Hy o Mt-,zo] ©

Ajl [+ © [*]

! — 5710

B?g [* Hk—l,m’ Mt,zO OMt,zl] [* Hkrfl,m’}o

Bglz [* Hk—l,m’ Mt720] [* kal,m’ Mt,zO] o

B, (¢ Hy—1mr My21)” [« Hy—1m M .1]©

Btllz [* kal,m’]o [ Hy—1,m M0 M a]©
To verify, recall that each matrix pair in (79) is distributed independently according to
uffgil’?% P(;) € %: éfflw =) for some Py, ..., P, where P,, P5, P, do not contain an all-ones

column. The stated description is now immediate by letting

(M 21, My .0) if |z| is even,
My, M) = ’ .
(41, 33) {(Mt,z07 M; 1) if|z|is odd
in Definition 4.9 and recalling that Py, ..., Ps have submatrix structure given by Propo-
sition 4.12.

An important consequence of the newly obtained characterization is that

At,z

t,z

DISJ[ }DISJ [’;h} — DISJ [A[% A!]DISJ [A%L All]
t,z '

= DISI (M, .o) DISI(M; .1)
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for all z € ;. Since for z ¢ Y; the values A; ., a; ., ag’z are fixed, (81) simplifies to

n

<l B B [T I] DISI(M; -0)DISI (M .1)x
..‘,|:at:z:|,|:bt,yz:|,... t=1zeY;
a‘é.z bé,z
xx" (6% enc(..., A}, B9, ...),
oV enc( ..,Aglz,Bglz,...), . (82)
o'%enc(..., A;OZ, Btlg, ),
o'enc(... ,At{lZ, Btl’lz7 .)

Step III: recombining. Having examined the new submatrices, we are now in a
position to fully characterize the probability distribution of the inPut to x” in (82). To
start with, x"”’ receives as input the matrices A?go, A?}ZO, A;OZO, A;ZO. If z € V4, then by

Step II(c) each of them is distributed according to one of the distributions

[« Hi—12m My .0 M .1] o, (83)
[ Hj_ 1 9p Miz0]©, (84)
[* Hj i om Mt,zl] o (85)
(4. (86)

If = ¢ Y;, then each of the matrices in question is distributed according to (86). The
only other input to x'” is

[Bts,lzm Bs1ez]o7 [Bf,lzsz BE162]O’ (87)

’ ’
t,z t,z

where 1,65 € {0,1} and the strings z,2’ € Z,; satisfy |z ® 2/| = 1. If 2,2’ € Y}, then
Step II(c) reveals that each of the matrices in (87) is distributed according to one of
the probability distributions

[* Hk—l,Qm’ Mt,w Mt,w’}oy (88)
(% Hi—yomr My M) ©, (89)
[ Hi—12m My My ©, (90)

where w,w’ € ¥; x{0, 1} are some Boolean strings with [w@w’| = 1.If 2 ¢ Y; and 2’ ¢ Y3,
then each of the matrices in (87) is distributed according to (86). In the remaining case
when 2 € Y; and 2’ ¢ Y;, we have by definition of Y; that 2’ € (¢;;/ (1) \ ;) U¢; '(2), and
therefore by Step II (a)(c) each of the matrices in (87) is distributed according to one of
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the probability distributions

4, 91)
(¢ Hp—1om Mizo Mya]”, (92)
[ Hy_19m Mo Mya)”, (93)
(¢ Hy—10m M0, (94)
[ Hy 1.9m M), (95)
¢ Hi—1om Miaa]”, (96)
(¢ Hivom Mia]” . 97)

In the terminology of Definition 4.18, each of the random variables (83)—(86),
(88)—(97) is derivable with no communication from

)

[Mtw Hk 12m']O
[Mt,w kal,m’ Mt,w’ kal,m’ ]Oa
[Mt,w Hk—l,m/ Mt,w’ Hk:—l,m’]o

where t = 1,2,...,n and w,w’ range over all strings in ¥; x {0,1} at Hamming dis-
tance 1. This follows easily from (44)—(48). As a result, the input to x”’ in (82) is deriv-
able with no communication from oenc(...,[M;,, H,’€_1,2m,]7 [Miw Hi—1m],--.),

where t = 1,2,....,n, w € Y; x {0,1}, and o is chosen uniformly at random. Then
by Proposition 4.19,

~v < max E ];3 H H DISJ (M)

X M-
o t=1 wey; x{0,1}

x x(oenc(..., [ M. H,'%LQW,],[M“U Hi_1m]s--2))] s

s

where the maximum is over (k — 1)-dimensional cylinder intersections y. The right-
hand side is by definition I'(k — 1,m/,d + 1,Y7 x {0,1},...,Y, x {0,1}). Recalling the
lower bound (75) on the size of Y7, ...,Y,,, we arrive at the desired inequality (80). O

This completes the proof of Lemma 4.21. To solve the newly obtained recurrence for I",
we prove a technical result.

LEMMA 4.23. Fix reals p1,p2,... > 0and q1,q2,... > 0. Let A: ZT x N"*1 — [0, 1] be
any function that satisfies

0 ifly+lo+---+1, >0,

AL d, by, b,y n) = {1 otherwise
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and for k > 2,

£y 2%

DO (G — i\
T o o113 P P
=1 t t

i1,51=0 in,jn=0

y sup Ak —1,d+1,01,...,0).
¢1>2max{0,01—i1—(d+1)j1}

0 >2 max{U,[n'*in*(dJrl)jn}
Then

K % L1tlot--+ln
Ak, d, 0y, 0, .. 0y) < (Zp,» +8Zq3/<d+’”“>> . (98)
=1 =1

PROOF. The proof'is by induction on k. In the base case k = 1, the bound (98) follows
immediately from the definition of A(1,d, ¢1,¥¢s,...,£,). For the inductive step, fix k > 2
and define

k—1 k—1
1/(d+k—i+1
a=Y pi+8Y ¢/,
=1 =1

We may assume that ¢ < 1 since (98) is trivial otherwise. Then from the inductive
hypothesis,

Ak, d, b1,0o, ..., 0n)>

41 Lr, n .
O\ (e — i\ 4, N (06— .
<Y Y {H (;)(t t)pktqit }az“ (0.t —(d+1)50)

=0 ingn=0 \i=1 Jt

L R AN/ . ,

t=1 | i,5=0

CLAIM 4.24. For any integers £ > 0and D > 1 and a real number 0 < ¢ < 1,

£
Z <£> jamax{O,Z—Dj} < (a+8q1/D)€.
J

=0
PROOF.
N . N /D] N ,
Z(.)qgamax{o,e—m}: 3 (.)qj_kaf—DLf/DJ 3 (_)CIJ(GD)[Z/DJ—J
=0 M i>1e/D)+1 M - M
L/D
< 2£q£/D +aZ—D[Z/DJ LtJ (\_g/'l)J>(Zqu)j(aD)[Z/DJ—j
=0

— 20gt/D 4 q!=P/DI(qD 4 96 Dg)lt/P)

< 20g!/D 4 a!=PLUDI (4 4 (26Dg)t/P)PL/D]
< 2'4"P + (a + (2eDq)"/P)*

< (2¢"P +a+ (2eDq)"/P)*

< (a+8¢"P)" O
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We may assume that ¢, < 1 since (98) is trivial otherwise. Invoking the above claim
with ¢ = ¢, — i, ¢ = qx, D = d+ 1, we have from (99) that

n Ly L

t=1 \i=0

n 0,
= H (a + Pk + Sqi/(dﬂ)) ,

t=1

N

completing the inductive step.
Using the previous two lemmas, we will now obtain a closed-form upper bound on I'.

THEOREM 4.25. There exists an absolute constant C > 1 such that

(Lr+--+Ln)/2
[ K22k m
I'(k d,ly,...,0,) < -
( ,m,a,ty, ) ) C m JrCeXp{ CQk(d-i-k‘)}

PRrROOF. It follows from Proposition 4.19 that I" is monotonically decreasing in the
second argument, a fact that we will use several times without further mention. Let m
be an arbitrary positive integer. Set ¢ = 3/4 and define

2km
= k=1,2,3,...
e [<1—e><1—e2>-~-<1—ek>w I
2k 2k
Pk = %—’_W’ k:172,3,...,
2k
Qk = 2C€2k7n/k’ k = 17273?"'7

where ¢ > 0 is the absolute constant from Theorem 4.17. Consider the real function
A: 7T x Nt — [0, 1] given by

D(k,mp,d,01,...,0,) ifly,... 0, €{0,1,...,29},

A =
(k,d,l1,...,0) {0 otherwise.

Taking o = ¢* in Lemma 4.21 shows that A(k,d,¢1,...,¢,) obeys the recurrence in
Lemma 4.23. In particular, on the domain of I" one has

D(k,my,d, 01,...,0,) = A(k,d, ty,...,¢0,)

k k (C1t-4-Ln)/2
< (Zpi +8>_a;’ “”’“‘””) (100)
=1 =1

by Lemma 4.23. ‘ _
One easily verifies that p; < (cm)~1/2 4 27¢m(9/8)'+i and ¢; < 27¢™(9/8)"+, Substitut-
ing these estimates in (100) gives

k 'm (1t +Ln)/2
r < | — / e s
(k7mkadagla 7&1) (\/%—‘FCGXP{ d+k })

for some absolute constants ¢/, ¢’ > 0. Since m;, = ©(2*m), the proof is complete. O
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COROLLARY 4.26. For every n and every k-dimensional cylinder intersection Y,

20K\ N/4
< (Ck 2 ) : (101)

m

i=1

X1y X~ m

where ¢ > 0 is an absolute constant.

PROOF. By Proposition 4.19, the left-hand side of (101) cannot decrease if we replace
Tk,m With 75 ,,—1. As a result, we may assume that m is even (if not, replace 7y, ,,, with
Tr,m—1 in what follows). As we have already pointed out in (68), in this case the left-
hand side of (101) does not exceed

F(k,m,0,1,1,...,1>.
2 ——

n

The claimed bound is now immediate from Theorem 4.25. O

We have reached the main result of this section, an upper bound on the repeated dis-
crepancy of set disjointness.
THEOREM 4.27. For some absolute constant ¢ > 0 and all positive integers k, m,
1ok /2
rdisc(UDIST ) < [ 2= ) .
9 \/m

PRrROOF. We will prove the equivalent bound

(102)

ck29k 1/4
m ) ’

rdiSC(UDISJka) < (

where ¢ > 0 is an absolute constant and M = m(2* — 1) + 2¢~1. We will work with the
probability distribution 7y, which is balanced on the domain of UDISJ, 5;. By the
definition of repeated discrepancy,

n 1/n
rdiscy, ,, (UDISdy, ar) = sup max| E  x(...,X;,...) H DISJ(X; 1) , (103)
o n,reZt X s X e i=1
where X; ; (1 =1,2,...,n, j =1,2,...,r) are chosen independently according to 7 ,,
conditioned on DISJ(X; 1) = DISJ(X;2) = --- = DISJ(X; ) for all i. Recall that 7y, ,, is

a convex combination of [T}, Hj , ]° and [F. Hj ,]°. In particular,
Xi,2a Xi,3a cee 7Xi,r ~ Xz?l

for each i. This means that the input to y in (103) is derivable with no communication
from (X;1,X2,1,...,Xn,1). As a result, Proposition 4.19 implies that

rdiscy, ,, (UDISJ} ar) < sup

ne€zZ+t
n 1/n
max E X(X11, X2, .., X 1) [[ DISI(Xi)

X [ X1,1,X2,1,, X0, 15Tk m ]
i=

The claimed upper bound (102) is now immediate by Corollary 4.26. O
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5. RANDOMIZED COMMUNICATION

In the remainder of the paper, we will derive lower bounds for multiparty communica-
tion using the reduction to polynomials given by Theorems 4.2 and 4.27. The proofs of
these applications are similar to those in [49], the main difference being the use of the
newly obtained passage from protocols to polynomials in place of the less efficient re-
duction in [49]. We start with randomized communication, which covers protocols with
small constant error as well as those with vanishing advantage over random guessing.

5.1. A master theorem

We will derive most of our results on randomized communication from a single “mas-
ter” theorem, which we are about to prove. Following [49], we present two proofs for it,
one based on the primal view of the problem and the other, on the dual view. The idea
of the primal proofis to convert a communication protocol for f o UDISJy, ,,, into a low-
degree polynomial approximating f in the infinity norm. The dual proof proceeds in
the opposite direction and manipulates explicit witness objects, in the sense of Fact 2.3
and Theorem 2.10. The primal proof is probably more intuitive, whereas the dual proof
is more versatile. Each of the proofs will be used in later sections to obtain additional
results.

THEOREM 5.1. Let f be a (possibly partial) Boolean function on {0,1}". For every
(possibly partial) k-party communication problem G and all €,5 > 0,

1 1
> | — _
R.(f o G) > degs(f) log (crdisc(G)> 10g6—26’ (104)
where ¢ > 0 is an absolute constant. In particular,
deg;(f) Vm
> _
R (f o UDISJ} ) > 5 log I log 5o (105)

for some absolute constant ¢ > 0.

PROOF OF THEOREM 5.1 (primal version). Abbreviate F' = f o G. Let 7 be any bal-
anced probability distribution on the domain of G and define the linear operator L, ,
as in Theorem 4.2, so that L, ,F' = f on the domain of f. Corollary 2.7 gives an ap-
proximation to F' by a linear combination of cylinder intersections Il = > a,x with
> lay| <28 /(1 — €), in the sense that ||TT]|o < 1/(1—¢) and |[F —TI| < /(1 —¢) on
the domain of F. It follows that || L, ,JI||cc < 1/(1—€) and |f — L ,II| = | Ly (F —1I)| <
€/(1 — ¢) on the domain of f, whence

E(f.d=1) < 7— + E(Ly,Ld - 1)
— €

for any positive integer d. By Theorem 4.2,

R (F)

E(Lrpll,d = 1) <Y |ay|E(Lxnx,d — 1) < - (crdisc, (G))?
X

for some absolute constant ¢ > 0, whence

E(f,d—1 e 220
~1<

(f: )< 1—ce¢ + 1—ce¢

For d = deg;(f), the left-hand side of this inequality must exceed ¢, forcing (104). The

other lower bound (105) now follows immediately by Theorem 4.27. O

(crdisc, (G))<.
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We now present an alternate proof, which is based directly on the generalized dis-
crepancy method.

PROOF OF THEOREM 5.1 (dual version). Again, it suffices to prove (104). We closely
follow the proof in [49] except at the end. Let 2" = 27 x 25 x --- x %} be the input
space of G. Let 7 be an arbitrary balanced probability distribution on the domain of G,
and define d = deg;(f). By Fact 2.3, there exists a function ¢: {0,1}" — R with

S f@@) - > @) >, (106)
z€dom f r¢dom f
] =1, (107)
P(S) =0, 15| < d. (108)

Define ¥: 2" — R by

(X1, Xn) = 2"(G*(X0), ..., G* (X)) [ w(X0)

i=1
and let F' = f o G. Since 7 is balanced on the domain of G,

[lh=2" B ()] =1 (109)

and analogously

S OP(Xy, . Xp)U(X LX) = Y (XL X))
dom F dom F

= Y fw@ - Y @)

r€dom f z¢dom f
> 0, (110)

where the final step in the two derivations uses (106) and (107). It remains to bound
the inner product of ¥ with a k-dimensional cylinder intersection y. We have

<W7X> =2" Xy.. ];‘( [1/J(G*(X1)7 . '7G*(Xn))X(X1a v 7Xn)]

= Z w(aj‘) XlPﬁml ...Xﬂ’Pﬂmn X(Xl,,Xn)
z€{0,1}"
= <11Z13L7r,nX>7

where 7y and 7; are the probability distributions induced by 7 on G~!(+1) and
G~1(—1), respectively, and L, ,, is as defined in Theorem 4.2. Continuing,

(¥, )| < [Pl E(Lapnx,d—1) by (108)
< (crdisc, (G))? by (107) and Theorem 4.2, (111)

where ¢ > 0 is an absolute constant. Now (104) is immediate by (109)—(111) and the
generalized discrepancy method (Theorem 2.10). O

5.2. Bounded-error communication

Specializing the master theorem to bounded-error communication gives the following
lower bound for composed communication problems in terms of 1/3-approximate de-
gree.
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THEOREM 5.2. There exists an absolute constant ¢ > 0 such that for every (possibly
partial) Boolean function f on {0,1}",

Ry/3(f o UDISJy, cyrp2) = degy j5(f).

PROOF. Take ¢ = 1/7, § = 1/3, and m = ¢/4¥k? in the lower bound (105) of Theo-
rem 5.1, where ¢’ > 0 is a sufficiently large integer constant. O

As a consequence we obtain the main result of this paper, stated in the Introduction as
Theorem 1.1.

COROLLARY 5.3.

01830 > D10 < ().

PROOF. Recall that UDISJy, ,,,, = A/N]/)n o UDISJy, ., for all integers n, m. Theo-

rem 2.5 shows that deg, /3(A/1\\I]/)n) = Q(y/n). Thus, taking f = A/NT)H in Theorem 5.2

gives Ry /3(UDISd), .4rj2,,) = Q(y/n) for some absolute constant ¢ > 0, which is equiva-
lent to the claimed bound. O

Remark 5.4. As shown by the dual proof of Theorem 5.1, we obtain the Q(y/n/2k)
lower bound for set disjointness using the generalized discrepancy method. By the
results of [38; 14], the generalized discrepancy method applies to quantum mul-
tiparty protocols as well. In particular, Corollary 5.3 in this paper gives a lower
bound of Q(y/n/2%k) — O(k*) on the bounded-error k-party quantum communication
complexity of set disjointness. This lower bound nearly matches the well-known up-
per bound of [/n/2%]10g®") n due to Buhrman, Cleve, and Wigderson [16]. For the
reader’s convenience, we include a sketch of the protocol. Let G be any k-party com-
munication problem and f: {0,1}" — {—1,+1} a given function. An elegant simula-
tion in [16] shows that f o G has bounded-error quantum communication complex-
ity O(Q1/3<f)D(G)k2 logn), where Q,,3(f) and D(G) are the bounded-error quantum
query complexity of f and the deterministic classical communication complexity of
G, respectively. Letting DISJ; ,, = AND,, /5x o DISJ}, 5+, we have Q/3(AND,, jor) =
O(y/n/2*) by Grover’s search algorithm [29] and D(DISJ; 5+) = O(k?) by Grolmusz’s
result [28]. Therefore, set disjointness has bounded-error quantum communication

complexity at most [1/n/28] log®™) n.

Theorem 5.2 gives a lower bound on bounded-error communication complexity for com-
positions f oG, where G is a gadget whose size grows exponentially with the number of
parties. Following [49], we will derive an alternate lower bound, in which the gadget G
is essentially as simple as possible and in particular depends on only 2k variables. The
resulting lower bound will be in terms of approximate degree as well as two combina-
torial complexity measures, defined next. The block sensitivity of a Boolean function
f:{0,1}" — {-1,+1}, denoted bs(f), is the maximum number of nonempty pairwise
disjoint subsets 51, 52, S55,... C {1,2,...,n} such that f(z) # f(z® 1s,) = f(z B 1s,) =
fx®1g,) = --- for some string = € {0,1}". The decision tree complexity of f, denoted
dt(f), is the minimum depth of a decision tree for f. We have:

THEOREM 5.5. Forevery f: {0,1}" — {—1,+1},

Ri3(f o (ORgx vV ANDy)) > Q< bS(f)> 2 Q(dt(f)1/6> N Q<deg1/3(f)1/6>

2k 2k 2k
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and

max{R;/3(f o ORy), Ryi/3(f o ANDy)}

bs(f)1/* do(f)1/*2 deg, /5(f)"/*2
29( 2k )>Q< 2k >>Q< 2k '

Here OR; and ANDj refer to the k-party communication problems z — \/i.“:1 x; and

T /\f’:1 z;, where the ith party sees all the bits except for z;. Analogously, OR;, Vv
ANDy, refers to the k-party communication problem « — 1 V -+ V2 V (g1 Ao A
x9k) in which the ith party sees all the bits except for z; and z,;. It is clear that
the composed communication problems f o OR;, f o ANDy, and f o (OR; vV ANDy)
each have a deterministic k-party communication protocol with cost 3dt(f). The above
theorem shows that this upper bound is reasonably close to tight, even for randomized
protocols. Note that it is impossible to go beyond Theorem 5.5 and bound R, /3(f o
ANDy) from below in terms of the approximate degree of f: taking f = AND,, shows
that the gap between R,/3(f o ANDy) and deg, ,3(f) can be as large as O(1) versus

©(y/n). Theorem 5.5 is a quadratic improvement on the lower bounds in [49].

PROOF OF THEOREM 5.5. Identical to the proofs of Theorems 5.3 and 5.4 in [49],
with Corollary 5.3 used instead of the earlier lower bound for set disjointness
in[49]. O

5.3. Small-bias communication and discrepancy

We now specialize Theorem 5.1 to the setting of small-bias communication, where the
protocol is only required to produce the correct output with probability vanishingly
close to 1/2.

THEOREM 5.6. Let f be a (possibly partial) Boolean function on {0,1}™. For every
(possibly partial) k-party communication problem G and all e, > 0,

Ry (0 G) > deg (o (o) ~log 112)
Ri_(foG) = deg.(f)log (crdlslc(G)) flog%, (113)
where ¢ > 0 is an absolute constant. In particular,
Ry_(f o UDISJy caxp2) > degy_ (f) —log - i ~ (114)
Ry g(f o UDIST, cyuye) > e (1) — log - 115)

for an absolute constant ¢ > 0.

PROOF. One obtains (112) by taking § = 1 — v in (104). Letting v \, 0 in (112)
gives (113). The remaining two lower bounds are now immediate in view of Theo-
rem 4.27. O

The method of Theorem 5.1 allows one to directly prove upper bounds on discrepancy,
a complexity measure of interest in its own right.
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THEOREM 5.7. For every (possibly partial) Boolean function f on {0,1}", every (pos-
sibly partial) k-party communication problem G, and every v > 0, one has

disc(f o G) < (crdisc(G))de81-+(FH) 4~ (116)
disc(f o G) < (crdisc(G))des= ), (117)
where ¢ > 0 is an absolute constant. In particular,
L deg, ., (f)/2
)
L deg (f)/2
)

disc(f o UDISTj,.m) < ( 1, (118)

disc(f o UDISTj,.m) < ( (119)

for an absolute constant ¢ > 0.

PROOF. The proof is virtually identical to that in [49], with the difference that we
use Theorems 4.2 and 4.27 in place of the earlier passage from protocols to polynomials.
For the reader’s convenience, we include a complete proof.

Let 27 = 27 x 25 x --- x Z} be the input space of GG, and let = be an arbitrary
balanced probability distribution on the domain of G. Take § =1 — v, d = degs(f), and
define ¥: 2™ — R as in the dual proof of Theorem 5.1. Then (109) shows that ¥ is the
pointwise product ¥ = H - P, where H is a sign tensor and P a probability distribution.
Abbreviating F' = f o G, we can restate (110) and (111) as

> FP(X)H(X)P(X) - P(domF) >1-7, (120)
dom F
discp(H) < (crdisc,(G))?, (121)

respectively, where ¢ > 0 is an absolute constant. For every cylinder intersection y;,

=[(H-Pox)+ Y (F(X) = HX)PX)X(X) — > H(X)P(X)x(X)

dom F dom F
Sdiscp(H) + Y |F(X X)|P(X) + P(dom F)
dom F
= discp(H) + P(dom F) — Y F(X )P(X) + P(dom F)
dom F
< discp(H) + P(dom F) — 1 + 7, (122)

where the last step uses (120). Therefore,

discp(f o G) = max Y F(X)P(X)x(X)|+ P(dom F)
dom F

< discp(H) + v
< (erdisc, (G)? + 7,

where the second step uses (122) and the third uses (121). This completes the proof
of (116). Letting v ~\, 0, one arrives at (117). The remaining two lower bounds (118)
and (119) are now immediate by Theorem 4.27. O
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COROLLARY 5.8. Consider the Boolean function

n 4%k%n?
Fin@) =\ N\ @igaiVaaV-Va),
i=1 j=1

viewed as a k-party communication problem in which the rth party (r = 1,2,...,k) is
missing the bits x; ; » for all i, j. Then

disc(F.,) < 279%™

1
R%fg(Fk,n) ZQ(n)—log; (v >0).

PROOF. Let MP,, be given by Theorem 2.4, so that deg, (MP,,) = n. Let ¢ > 0 be
the constant from (119). Since MP,, 0 DISJ}, .24x+12 is a subfunction of F}, r4c1,(7), The-
orem 5.7 yields the discrepancy bound. The communication lower bound follows by
Theorem 2.9. O

Corollary 5.8 gives a hard k-party communication problem computable by an AC® cir-
cuit family of depth 3. This depth is optimal because AC® circuits of smaller depth have
multiparty discrepancy 1/n°(), regardless of how the bits are assigned to the parties.
Quantitatively, the corollary gives an upper bound of exp(—(n/4*k?)'/3) on the dis-

crepancy of a size-nk circuit family in AC’, considerably improving on the previous
best bound of exp(—Q(n/4%)1/7) in [49], itself preceded by exp(—Q(n/231%)1/29) in [10].
Corollary 5.8 settles Theorem 1.4 from the Introduction.

6. ADDITIONAL APPLICATIONS

We conclude this paper with several additional results on communication complexity.
In what follows, we give improved XOR lemmas and direct product theorems for com-
posed communication problems, as well as a quadratically stronger lower bound on
the nondeterministic and Merlin-Arthur complexity of set disjointness. Lastly, we give
applications of our work to circuit complexity.

6.1. XOR lemmas
In Section 5, we proved an Q(,/n/2%k) communication lower bound for solving the set
disjointness problem DISJ}, ,, with probability of correctness 2/3. Here we consider the
communication problem DISJ} ,,®¢. As one would expect, we show that its randomized
communication complexity is /-Q(y/n/2"k). More interestingly, we show that this lower
bound holds even for probability of correctness %+2_Q(€). We prove an analogous result
for the unique set disjointness problem and more generally for composed problems
f oG, where G has small repeated discrepancy. Our proofs are nearly identical to those
in [49], the main difference being the use of Theorems 4.2 and 4.27 in place of the
earlier and less efficient passage from protocols to polynomials.

We first recall an XOR lemma for polynomial approximation, proved in [50, Cor. 5.2].

THEOREM 6.1 (Sherstov). Let f be a (possibly partial) Boolean function on {0,1}".
Then for some absolute constant ¢ > 0 and every ¢,

degy_o-r-1 (fw) 2l deg1/3(f)'

Using the small-bias version of the master theorem (Theorem 5.6), we are able to im-
mediately translate this result to communication.
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THEOREM 6.2. For every (possibly partial) Boolean function f on {0,1}™ and every
(possibly partial) k-party communication problem G,

L (24 > . 76
R%_(%>Z+ ((f © G) ) = Ogdegl/?)(f) log rdiSC(G)7 (123)
where ¢ > 0 is an absolute constant. In particular,
R%f(%)m((f o UDISJ), carg2)®") = € deg, /5(f) (124)

for an absolute constant ¢ > 0.

PROOF. Theorem 6.1 provides an absolute constant ¢; > 0 such that
deg)_o-e-1(f¥Y) > c1€deg, j3(f). Applying Theorem 5.6 to f©“ o G = (f o G)®* with
parameters e = 2~ ‘ and v = 27!, one arrives at

Ry (47061 ey o) 1o -1

1
o rdisc(G) )

for some absolute constant c; > 0. This conclusion is logically equivalent to (123). In
view of Theorem 4.27, the other lower bound (124) is immediate from (123). O

COROLLARY 6.3.

R,y (UDISI,, %) > (-0 <ﬁ> :

-(3 2k

PROOF. Theorem 2.5 shows that deg; /3(A/NT)”) > Q(y/n). Thus, letting f = A/NT),L
in (124) gives

N|=

Ry_ ()1 (UDIST cyugen ™) > £ (V)

1
2 2
for a constant ¢ > 0, which is equivalent to the claimed bound. O

The above corollary settles Theorem 1.2(i) from the Introduction. It is a quadratic
improvement on the previous best XOR lemma for multiparty set disjointness [49]. As
a consequence, we obtain stronger XOR lemmas for arbitrary compositions of the form
f o (ORg vV ANDy,), improving quadratically on the work in [49].

THEOREM 6.4. Let f: {0,1}" — {—1,+1} be given. Then the k-party communica-
tion problem F = f o (OR; vV ANDy,) obeys

R e+1(F®Z)>€~Q< bs(f)>>£~9(w)>e.g<w>.

3=(3)

PROOF. The argument is identical to that in [49, Theorem 5.3]. As argued there,
any communication protocol for f o (OR; vV ANDy) also solves UDISJ), 1,q(5), so that
the first inequality is immediate from the newly obtained XOR lemma for unique set
disjointness. The other two inequalities follow from general relationships among bs( f),
dt(f), and deg; ;3(f); see [49, Theorem 5.3]. O

2k 2k 2k

N|=

6.2. Direct product theorems

Given a (possibly partial) k-party communication problem F on 2" = 27 x 23 x -+ X
Z, consider the task of simultaneously solving ¢ instances of . More formally, the
communication protocol now receives ¢ inputs Xi,..., X, € 2 and outputs a string
{—1,+1}*, representing a guess at (F(X),..., F(X/)). An e-error protocol is one whose
output differs from the correct answer with probability no greater than e on any given
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input Xi,..., X, € dom F. Welet R.(F, F,..., F) denote the least cost of such a protocol
for solving ¢ instances of F', where the number of instances will always be specified
with an underbrace.

It is also meaningful to consider communication protocols that solve almost all ¢
instances. In other words, the protocol receives instances X1, ..., X, and is required to
output, with probability at least 1 — ¢, a vector z € {—1, +1}* such that z; = F(X;) for
at least £ — m indices i. We let

stand for the least cost of such a protocol. When referring to this formalism, we will
write that a protocol “solves with probability 1 — ¢ at least ¢ — m of the ¢ instances.”
The parameter m, for “mistake,” should be thought of as a small constant fraction of £.
This regime corresponds to threshold direct product theorems, as opposed to the more
restricted notion of strong direct product theorems for which m = 0. All of our results
belong to the former category. The following definition from [50] analytically formalizes
the simultaneous solution of ¢ instances.

Definition 6.5 (Sherstov). Let f be a (possibly partial) Boolean function on a finite
set 2. A (o, m,()-approximant for f is any system {¢.} of functions ¢.: 27¢ — R,
z € {—1,+1}*, such that

Z |¢z(‘r17"'71’l)|<17 1’1,...,%@6%,
ze{—1,+1}*¢

Z Qs(zlf(wl),...,zlgf(w[))(:Cla“wxf) = 0o, T1,...,2Tp € dom f.
ze{—1,4+1}*

[{i:z;=—1}|<m

The following result [50, Corollary 5.7] on polynomial approximation can be thought
of as a threshold direct product theorem in that model of computation.

THEOREM 6.6 (Sherstov). There exists an absolute constant o > 0 such that for ev-
ery (possibly partial) Boolean function f on {0,1}" and every (2~%¢, o, {)-approximant
{¢} for .

deg .} > ald .
e {deg g} > aldeg, s(f)
We will now translate this result to multiparty communication complexity. Our proof
is closely analogous to that in [49, Theorem 6.7], the main difference being our use of
Theorems 4.2 and 4.27 in place of the earlier and less efficient passage from protocols
to polynomials.

THEOREM 6.7. There is an absolute constant 0 < ¢ < 1 such that for every (possibly
partial) Boolean function f on {0,1}" and every (possibly partial) k-party communica-
tion problem G,

c
R1—27CZ,C€ (f o G, ceey f 9] G) 2 cl degl/g(f) . log m (125)
—_—

In particular,

R1_27c27c£ (f o UDISJk’[M" ey f OUDISJk7(4kk2"‘ > = €deg1/3(f)

c c
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for some absolute constant 0 < ¢ < 1.

PROOF. Let 27 = 271 x Z5 x --- x 2} be the input space of G. Let o > 0 be the
absolute constant from Theorem 6.6, and let ¢ € (0, «) be a sufficiently small absolute
constant to be named later. Consider any randomized protocol IT which solves with
probability 27 at least (1 — ¢)¢ from among / instances of f o G, and let r denote the
cost of this protocol. For z € {—1,+1}*, let [T, denote the protocol with Boolean output
which on input from (2")¢ runs II and outputs —1 if and only if II outputs z. Let
¢.: (Z™)¢ — [0,1] be the acceptance probability function for II,. Then ¢, = Y a, x by
Corollary 2.8, where the sum is over k-dimensional cylinder intersections and ) |a, | <
27,

Now let m be any balanced probability distribution on the domain of G and define
the linear operator L s,: R(* ™" — RUO1}™" ag in Theorem 4.2. By Theorem 4.2 and
linearity,

rdisc, (G)) ”
C/

E(Lfr,ﬁn ¢Z7D - ]-) < 2" (

for every 2 and every positive integer D, where ¢’ > 0 is an absolute constant. Abbre-
viate d = deg; ;(f) in what follows. Letting D = [ald], we arrive at

. [ced]
E(Lzm ¢z, [odd] —1) <27 <rdISCT(G)) (126)
C
for every z. On the other hand, we claim that
Q—CE _ 2—a£
E(Ly n ¢z, [ald] — 1) (127)

2 B
2¢(1 +272f)

for at least one value of 2. To see this, observe that {¢.} is a (27, o/, {)-approximant
for f o G, and analogously {L, ., ¢.} is a (27¢, o/, ()-approximant for f. As a result,
if every function L, ¢, ¢, can be approximated within e by a polynomial of degree less
than a/d, one obtains a ((27 — 2%) /(1 + 2%), o/, {)-approximant for f with degree less
than a/d. The inequality (127) now follows from Theorem 6.6, which states that [ does
not admit a (27, o/, {)-approximant of degree less than a/d.

Comparing (126) and (127) yields the claimed lower bound (125) on r, provided that
¢ = ¢(d,a) > 0 is small enough. The other lower bound in the theorem statement
follows from (125) by Theorem 4.27. O

Theorem 6.7 readily generalizes to compositions of the form f o (OR; vV ANDy), as
illustrated above for XOR lemmas.

COROLLARY 6.8. For some absolute constant 0 < ¢ < 1 and every ¢,

Ry_g-ct o(UDIS, .. ..., UDISJ},,.) > (- (2{;) .

4

PROOF. Theorem 2.5 shows that deg1/3(mn) > Q(y/n). As a result, Theorem 6.7
for f = A/Nﬁn gives

Ry_gp-cr.og (UDISJWW] . ,UDISJkﬁn[W]) = 0-Q(v/n),

c

‘
which is equivalent to the claimed bound. O
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This settles Theorem 1.2(ii) from the Introduction.

6.3. Nondeterministic and Merlin-Arthur communication

We now turn to the nondeterministic and Merlin-Arthur communication complexity
of set disjointness. The best lower bounds [49] prior to this paper were Q(n/4%)/* for
nondeterministic protocols and Q(n/4%)!/® for Merlin-Arthur protocols, both of which
are tight up to a polynomial. In what follows, we prove quadratically stronger lower
bounds in both models. The proof in this paper is nearly identical to those in [24; 49],
the only difference being the passage from communication protocols to polynomials.
We use Theorems 4.2 and 4.27 for this purpose, in place of the less efficient passage in
previous works.

THEOREM 6.9. There exists an absolute constant ¢ > 0 such that for every (possibly
partial) k-party communication problem G,

1
> P —
N(AND,, o G) > Q (\/ﬁlog crdisc(G)) , (128)
1 1/2
> _ .
MA, /35(AND,, 0 G) > Q (\/ﬁlog crdiSC(G)) (129)
In particular,
Vvn
> -~
N(DISJy.,) = Q (2’% ,

/2
Jn 1
. > — .

MA, /3(DISdy ) > Q <2kk

PROOF. Define f = AND,,, I' = f oG, and d = deg; 5(AND,,). As shown in [24]
and [49, Theorem 7.2], there exists a function «: {0,1}" — R that obeys (107), (108),
and

W(1,1,...,1) <—%. (130)

Now fix an arbitrary balanced probability distribution 7 on the domain of G and define

V(X ., X)) = 2"(G(X0), ..., G (X)) [ (X0,
=1

as in the dual proof of Theorem 5.1. Then (109) shows that ¥ is the pointwise product
U = H - P for some sign tensor H and probability distribution P. In particular, (111)
asserts that

discp(H) < (crdisc,(G))? (131)
for an absolute constant ¢ > 0. By (130), we have ¢ (z) < 0 whenever f(x) = —1, so that
P(FY(-1)nH Y(+1))=0. (132)

Also,
1
P(FTY(-1)NH™Y(-1)) = P(F1(-1)) = [¢(1,1,...,1)[ > 5
where the first step uses (132), the second step uses the fact that 7 is balanced on the
domain of G, and the final inequality uses (130). By Theorem 2.5,

d=Q(v/n). (134)

(133)
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Now (128) and (129) are immediate from (131)—(134) and Theorem 2.11.
Taking G' = DISJ}, 4142 in (128) for a sufficiently large integer constant ¢’ > 1 gives

> Q(Vn),

1
N(DISIpcanpon) > O (\/ﬁlog crdisc(DISJ,, /4kk.2)>

where the second inequality uses Theorem 4.27. Analogously MA,,3(DISdy, r4xp2,) =

Q(n'/*). These lower bounds on the nondeterministic and Merlin-Arthur complexity of
set disjointness are equivalent to those in the theorem statement. O

This settles Theorem 1.3 from the Introduction.

6.4. Circuit complexity

Circuits of majority gates are a biologically inspired computational model whose study
spans several decades and several disciplines. Research has shown that majority cir-
cuits of depth 3 already are surprisingly powerful. In particular, Allender [2] proved
that depth-3 majority circuits of quasipolynomial size can simulate all of AC’, the class
of {A, V, —}-circuits of constant depth and polynomial size. Allender’s result prompted a
study of the computational limitations of depth-2 majority circuits and more generally
of depth-3 majority circuits with restricted bottom fan-in. Most of the results in this
line of work exploit the following reduction to multiparty communication complexity,
where the shorthand MAJ ¢ SYMM o ANY refers to the family of circuits with a major-
ity gate at the top, arbitrary symmetric gates at the middle level, and arbitrary gates
at the bottom.

PROPOSITION 6.10 (Hastad and Goldmann). Let f be a Boolean function com-
putable by a MAJ o SYMM o ANY circuit, where the top gate has fan-in m, the middle
gates have fan-in at most s, and the bottom gates have fan-in at most k — 1. Then the
k-party number-on-the-forehead communication complexity of f obeys

(f) < k[log(s + 1)1,

i1
27 3(mt1)
regardless of how the bits are assigned to the parties.

Using Hastad and Goldmann’s observation, a series of papers [17; 47; 48; 19; 10; 49]
have studied the circuit complexity of AC® functions, culminating in a proof [49] that
MAJ o SYMM o ANY circuits with bottom fan-in (1 — €) log n require exponential size to
simulate AC® functions, for any ¢ > 0. This circuit lower bound comes close to matching
Allender’s simulation of AC® by quasipolynomial-size depth-3 majority circuits, where
the bottom fan-in is log®) n. Table III gives a quantitative summary of this line of
research. We are able to contribute the following sharper lower bound.

THEOREM 6.11.  There is an (explicitly given) read-once {A,V}-formula
Hy.n: {0,1}"% — {—1,+1} of depth 3 such that any circuit of type MAJ o SYMM o ANY
with bottom fan-in at most k — 1 computing Hy, ,, has size

o {i2(5)"}

PROOF. Define
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Table IIl. Lower bounds for computing functions in AC® by circuits of type MAJ o SYMM o ANY with
bottom fan-in k£ — 1. All functions are on nk bits.

Depth Circuit lower bound Reference
3 exp{Q(nt/3)}, k=2 Buhrman, Vereshchagin, and de Wolf [17]
Sherstov [47; 48]
1/(6k2F
3 exp {Q (l) /" )} Chattopadhyay [19]
4k
1 1/29
6 exp {E .Q <23%> / } Beame and Huynh-Ngoc [10]
1 n\1/7
3 exp {E Q (47) } Sherstov [49]
1 1/3
3 exp{% 9(4:?) / } This paper
n 4FE2n?
Fen(z)=\/ N @ijaVaijoV-Vai).
i=1 j=1

We interpret Fj, ,, as the k-party communication problem in Corollary 5.8. Let C be a
circuit of type MAJ c SYMM o ANY that computes Fj, ,,, where the bottom fan-in of C is
at mos(t }f )— 1. Let s denote the size of C. The proof will be complete once we show that
s> 2Q n/k .

Since C has size s, the fan-in of the gates at the top and middle levels is bounded by
s, which in view of Proposition 6.10 gives
(Fr.n) < k[log(s +1)].

i1
27 2(s+D)

By Corollary 5.8, this leads to the desired lower bound: s > 2%(*/¥) O
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