HALFSPACE MATRICES

ALEXANDER A. SHERSTOV

Abstract. We introduce the notion of a halfspace matriz, which is a
sign matrix A with rows indexed by linear threshold functions f, columns
indexed by inputs x € {—1,1}", and the entries given by As, = f(x).
We use halfspace matrices to solve the following problems.

In communication complexity, we exhibit a Boolean function f with
discrepancy Q(1/n*) under every product distribution but O(y/n/2"/*)
under a certain non-product distribution. This partially solves an open
problem of Kushilevitz and Nisan (1997).

In learning theory, we give a short and simple proof that the
statistical-query (SQ) dimension of halfspaces in n dimensions is less
than 2(n + 1)2 under all distributions. This improves on the n®®)
estimate from the fundamental paper of Blum et al. (1998). We
show that estimating the SQ dimension of natural classes of Boolean
functions can resolve major open problems in complexity theory, such
as separating PSPACE®® and PH®C.

Finally, we construct a matrix A € {—1, 1}V*N “#" with dimension
complexity log N but margin complexity Q(N'/4/\/logN). This gap
is an exponential improvement over previous work. We prove several
other relationships among the complexity measures of sign matrices,
complementing work by Linial et al. (2006, 2007).
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1. Introduction

A linear threshold function, or halfspace, is a Boolean function f representable
as f(z) = sign(d_1_, a;x; — 0) for some reals ay,...,a,,0. We introduce the
notion of a halfspace matriz, which is a £1-valued matrix A with rows indexed
by halfspaces, columns indexed by inputs € {—1, 1}", and the entries given by
A;, = f(z). We demonstrate the potential of halfspace matrices in the study
of complexity. Specifically, we use halfspace matrices to answer nontrivial open
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questions in communication complexity, the complexity of sign matrices, and
the complexity of learning.

Our work is inspired by Forster’s groundbreaking result (2002) on the sign-
representation of Boolean matrices by real ones. Forster’s work has had exciting
applications, including a linear lower bound on communication complexity
in the unbounded-error model (Forster 2002), extremal results on Euclidean
embeddings (Forster 2002; Forster et al. 2003; Forster & Simon 2006), and lower
bounds for depth-2 threshold circuits (Forster et al. 2001). This paper builds
on Forster’s discovery and related work to illustrate the power of halfspace
matrices.

1.1. Communication complexity. Among the primary models in commu-
nication complexity is the randomized model (Kushilevitz & Nisan 1997, Chap-
ter 3). Two parties, Alice and Bob, have access to disjoint parts z,y € {—1,1}"
of the input to a fixed function f : {—1,1}" x {—1,1}" — {—1,1} and must
therefore communicate to evaluate f(x,y). They are allowed to use shared
random bits. On every input, the players must compute the correct value with
probability at least 2/3. The cost of a protocol is number of bits exchanged in
the worst case. The randomized complezity Rﬁ’?g (f) of a function f is the cost
of the best protocol for f.

The standard approach to proving lower bounds on RPUb( f) is to analyze

1/3
the distributional complexity DY /3( f) instead. One defines a probability dis-
tribution p on {—1,1}" x {-1,1}" and argues that the cost D} (f) of the

best deterministic protocol with error at most 1/3 under p must be high.
Yao’s well-known Minimax Principle states that le?g (f) = max, {D{,(f)}.
The main design question, then, is what distribution g to consider. While
product distributions u(x,y) = px(x)uy(y) are easier to analyze, they do
not always yield the optimal lower bounds. A standard example of this

phenomenon is the set disjointness function DISJ: every product distribu-
tion p has DY 5(DISJ) = O(y/nlogn) (Kushilevitz & Nisan 1997), although

R?;;(DISJ) = O(n) (Kalyanasundaram & Schnitger 1992; Razborov 1992).
This motivates the following intriguing question in communication complexity,
due to Kushilevitz and Nisan.

ProBLEM (Kushilevitz & Nisan 1997, page 37). Can restricting the distribu-
tion u to be a product distribution affect the resulting lower bound on R‘f;l; (f)
by more than a polynomial factor? Formally:

Rt = (mae {ona0})

w product
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Since its formulation 10 years ago, this problem has seen little progress.
The only work known to us is due to Kremer et al. (1999), who study the
restriction of this problem to one-way protocols. They obtain a separation
of O(1) vs. Q(n) for the “greater than” function GT, in the one-way model.
Unfortunately, a function can have vastly different communication complexity
in the one-way and normal (two-way multi-round) randomized models. Such is
the case of GT, whose one-way randomized complexity is €(n) but normal
randomized complexity O(logn). Therefore, new techniques are needed to
answer the Kushilevitz-Nisan question in its original formulation.

This motivates us to pursue a different approach. The chief source of lower
bounds on distributional complexity D/ /3( f) and thus randomized complexity

Rﬁ’?g (f) is the so-called discrepancy method. The method lower-bounds DY ;(f)
in terms of a quantity called discrepancy, disc,(f). (Small discrepancy implies
high communication complexity.) A natural question to ask is whether there
can be a large gap between the discrepancy under product and non-product
distributions. Our first main result states that, in fact, this gap can be

exponential:

THEOREM 1.1 (Discrepancy gap). There exists an (explicitly given) function
fo{=1,1}" x {=1,1}" — {=1,1} for which disc,(f) = Q(1/n*) under every
product distribution p but discy(f) = O(y/n/2"/*) under a certain non-product
distribution \.

We thus establish that discrepancy-based methods can yield exponentially
worse lower bounds on randomized complexity R?%D (f) if restricted to product
distributions. This is the first nontrivial discrepancy gap obtained for any

function.

Recent progress. Building on the ideas in this manuscript, the author has
recently solved (Sherstov 2007) the Kushilevitz-Nisan problem in its original
formulation. Namely, we have shown the existence of a function f: {—1,1}" x
{-1,1}" — {=1,1} for which max, proavet {D*(f)} = O(1) but RYL(f) =
Q(n), where € > 0 is an arbitrary constant. Furthermore, the function f in
question has discrepancy O(27™1/279)) which is almost the smallest possible.
In particular, f is a hardest function for every major model of communication.
Yet, the distributional method restricted to product distributions can certify
at best an (1) communication lower bound for f.

The work in (Sherstov 2007) also yields an essentially optimal separation,
Q(1) vs. O(27"(1/279) between discrepancy under product and nonproduct

distributions, improving on Theorem 1.1 above.
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However, the results of Sherstov (2007) do not supersede Theorem 1.1.
Specifically, the Kushilevitz-Nisan problem and the optimal discrepancy gap
are settled there using the probabilistic method, for a nonexplicit function. All
functions in this work, on the other hand, are given explicitly.

1.2. Complexity of sign matrices. A sign matriz is any matrix with
+1 entries. A systematic study of sign matrices from a complexity-theoretic
perspective has been recently initiated by Linial et al. (2006). Apart from the
inherent interest of this subject as a new area of complexity, Linial et al. observe
that several major problems in theoretical computer science are questions about
sign matrices. Indeed, research into sign matrices has already yielded excellent
complexity results (Forster 2002; Forster et al. 2001).

Our paper continues this investigation, focusing on the two main complexity
measures of a sign matrix: dimension and margin complexity. Their formal def-
inition is as follows. A Euclidean embedding of a sign matrix A € {—1, 1}V
is a collection of unit-length vectors uy,...,uy € R*¥ and vy,...,vy € RF (for
some k) such that (u;,v;) - A;; > 0 for all ¢, j. The integer k is the dimension
of the embedding. The quantity v = min,;|(w;, v;)| is the margin of the
embedding. The dimension complexity dc(A) is the smallest dimension of an
embedding of A. The margin complexity mc(A) is the minimum 1/ over all
embeddings of A.

Both dimension complexity and margin complexity have drawn much in-
terest (Ben-David et al. 2003; Forster 2002; Forster et al. 2001, 2003; Forster
& Simon 2006; Linial et al. 2006). In addition to their roles as complexity
measures, dimension complexity is a key player in the unbounded-error model of
communication (Alon et al. 1985; Paturi & Simon 1986), and margin complexity
is the central notion in the highly successful kernel methods of machine learning
(Burges 1998; Vapnik 1995).

Using the random projection technique of Arriaga & Vempala (2006), it is
straightforward to show (Ben-David et al. 2003) that

dc(A) = O(mc(A)?log(M + N))

for every M x N sign matrix. This observation has had important algorithmic
applications, such as the algorithm of Klivans & Servedio (2004) for learning
certain intersections of halfspaces. In this paper, we ask the opposite question:
Can one place an upper bound on margin complexity in terms of dimension com-
plexity? A suitable upper bound of this type would establish the distribution-
free weak learnability of unrestricted intersections of two halfspaces, leading to
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a major breakthrough in the area (Klivans & Sherstov 2007). Unfortunately,
we give a strong negative answer to this question (Theorem 1.2 below).

This problem of estimating the gap between dimension and margin com-
plexity has been studied by several researchers. Forster et al. (2003) con-
structed a family of matrices A € {—1,1}*¥ for which dc(A4) = O(1) but
mc(A) = O(log N). Srebro & Shraibman (2005) amplified this separation,
obtaining dc(A4) < 27 and mec(A) = (log N)®® for any choice of the parameter
1 < p < (log N)'7¢. Our second main theorem is an exponential improvement
over these results.

THEOREM 1.2 (Margin vs. dimension). There is an (explicitly given) matrix
A e {—1, 1N for which dc(A) < log N but mc(A) = Q(N'V4/\/log N).

Note. An exponential separation between margin and dimension complexity
was independently obtained by Buhrman, Vereshchagin & de Wolf (2007)
and appeared in the same conference proceedings as this paper. The proof
by Buhrman et al. features a different matrix and completely different
techniques (approximation theory and quantum communication complexity).
Buhrman et al. phrase their result as a separation between the classes PP
and UPP® in communication complexity.

The exponential separation in Theorem 1.2 is quite close to optimal since
every matrix A € {—1,1}*N has 1 < dc(A) < min{M, N} and 1 < mc(A) <
min{v/M,v/N} (see Section 2).

As an application of our analysis in Theorem 1.2, we consider a problem
from circuit complexity (Goldmann et al. 1992). Fix d arbitrary functions
fi,o fa: {=1,1}" — {—1,1}. Assume that every halfspace can be computed
as a majority vote of gates from among fi,..., f;. We prove that there are
halfspaces that require circuits of size €(2"/*/(d/n)) in this model. This
generalizes the well-known fact (Hastad 1994; Siu & Bruck 1991) that some
halfspaces require exponentially large weights, and complements a result due
to Goldmann et al. (1992). See Section 6.1 for details.

We prove a number of additional results (see Section 7). In particular,
we show that the standard complexity measures (dc(A), mc(A), and a new
complexity measure sq(A) that we introduce) form an ordered sequence that
spans the continuum between disc*(A)~! and disc(A)~!. Here disc*(A) is the
discrepancy under product distributions, and disc(A) is general discrepancy.
This close interplay between linear-algebraic complexity measures (dc(A) and
mc(A)) and those from communication complexity (disc*(A) and disc(A)) is
further evidence that the study of sign matrices has much to contribute to
complexity theory.
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1.3. Learning theory. We adopt the statistical query (SQ) model of learn-
ing, due to Kearns (1993), which is a restriction of the standard PAC learning
model (Valiant 1984). Fix a set C of Boolean functions {—1,1}" — {—1,1} (a
concept class) and a distribution p over {—1, 1}". For each choice of an unknown
function f € C, the learner in the SQ model must be able to construct an
approximation to f by asking queries of the form, “What is E,., [G(z, f(z))],
approximately?” Here G : {—1,1}" x {—1,1} — {—1,1} is any polynomial-
time computable predicate of the learner’s choosing, distinct for each query.
Extensive research has established the SQ model as a powerful and elegant
abstraction of learning (Blum et al. 1994, 2003; Kearns & Vazirani 1994; Klivans
& Sherstov 2007; Yang 2005). In particular, essentially all known PAC learning
algorithms can be adapted (Kearns & Vazirani 1994) to work in the SQ model.
Furthermore, SQ algorithms are inherently robust to random classification noise
since they use statistics instead of individual labeled examples.

A measure of the learning complexity of a given concept class C under
a given distribution y is its statistical query (SQ) dimension, sqdim,, (C). This
complexity measure captures both the running time and the sample complexity
required to weakly learn C in the SQ model. Informally, sqdim,,(C) is the size
of the largest subset F C C of (almost) mutually orthogonal functions in C

under p. We put sqdim(C) & max,, {sqdim,(C)}. We delay the technical details
to Section 2.

Our next result concerns the concept class of halfspaces. This concept
class is arguably the most studied one (Klivans et al. 2004; Klivans & Servedio
2004; Klivans & Sherstov 2006, 2007; Kwek & Pitt 1998; Vempala 1997) in
computational learning theory, with applications in areas as diverse as data
mining, artificial intelligence, and computer vision. In a fundamental paper,
Blum et al. (1998) gave a polynomial-time algorithm for learning halfspaces in
the SQ model under arbitrary distributions. It follows from their work that
the SQ dimension of halfspaces is O(n¢), where ¢ > 0 is a sufficiently large
constant. We substantially sharpen this estimate:

THEOREM 1.3 (SQ dimension of generalized halfspaces). Fix arbitrary func-
tions ¢1,...,¢r : {—1,1}" — R. Let C be the set of all Boolean functions
f representable as f(x) = sign(3.~_, a;¢s(x)) for some reals ay, ..., ay. Then
sqdim,,(C) < 2k* under all distributions fu.

COROLLARY 1.4 (SQ dimension of halfspaces). Let C be the concept class of
halfspaces in n dimensions. Then sqdim,,(C) < 2(n + 1)* under all distribu-
tions L.
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Prior to our work, Simon (2006, Cor. 8) proved the special case of Theorem 1.3
for p uniform. We generalize his result to arbitrary distributions .

The SQ dimension of halfspaces is at least n + 1 under the uniform dis-
tribution (consider the functions xq,xs, ..., z,, 1). Thus, the quadratic upper
bound of Corollary 1.4 is not far from optimal. In addition to strengthening
the estimate of Blum et al., Theorem 1.3 has a much simpler, one-page proof
that builds only on Forster’s self-contained theorem (2002). The proof of Blum
et al. relies on nontrivial notions from computational geometry and requires
a lengthy analysis of robustness under noise. That said, our result gives only
a nonuniform SQ algorithm for weakly learning halfspaces under an arbitrary
(but fixed and known) distribution, whereas Blum et al. give an explicit SQ
algorithm for strongly learning halfspaces under arbitrary distributions.

To best convey the importance—outside of learning theory—of studying the
SQ dimension of natural classes of functions, we establish the following final
result.

THEOREM 1.5 (On the conjecture that [P € PSPACE® \ PH). Let C be the
class of functions {—1,1}" — {—1,1} computable in AC°. If sqdim(C) <

@) (22(10gn)6> for every constant € > 0, then IP € PSPACE® \ PH*.

Thus, a suitable upper bound on the SQ dimension of AC’ circuits would
separate the communication-complexity analogues of the polynomial hierarchy
(PH) and polynomial space (PSPACE). This latter problem is a major unre-
solved question in theoretical computer science that dates back to a paper by
Babai et al. (1986). Viewed from a different standpoint, Theorem 1.5 explains
the lack of progress in designing learning algorithms for AC’: a distribution-free
SQ algorithm for weakly learning AC” in reasonable time would settle a major
open question in complexity theory.

The SQ upper bound, exp (2(1°g”)0(1)> , for AC? assumed in Theorem 1.5

grows faster than any quasipolynomial function but more slowly than any
exponential one (2"). In particular, any quasipolynomial upper bound on
the SQ dimension of AC® would separate PH® and PSPACE®. At present,
however, no upper bounds better than 20('") are known on the SQ dimension
of polynomial-size DNF formulas, let alone AC® circuits. We hope that our
observations will draw the community’s attention to the SQ dimension as an
important notion in complexity theory.

1.4. Our techniques. A common theme of this paper is the use of halfspace
matrices to answer the extremal questions at hand. Our first technical tool is
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Forster’s work (2002), which we show constrains the sign patterns of halfspace
matrices in an important way. These structural constraints allow us to
prove an upper bound on the SQ dimension of halfspaces (Theorem 1.3).
Another technical tool that we use is a theorem of Goldmann et al. (1992)
in communication complexity. We apply it to show that halfspace matrices
still do possess some structural complexity. Together, these contrasting results
lead to the discrepancy gap (Theorem 1.1) and the margin-dimension gap
(Theorem 1.2).

To prove Theorem 1.2, we use a technique for lower-bounding margin
complexity based on communication complexity. By contrast, all previous lower
bounds (Forster 2002; Forster et al. 2001, 2003; Linial et al. 2006) for explicit
matrices have been based solely on linear algebra. Most of these previous
techniques yield identical bounds on dimension and margin complexity, and
thus cannot yield the gap of Theorem 1.2.

Finally, our proof of Theorem 1.5 regarding PSPACE® \ PH® builds on a
manuscript of Razborov (1989) and a combinatorial observation due to Lokam
(2001).

Organization. After some technical preliminaries, we first prove the SQ
dimension upper bound (Theorem 1.3) and then use it to establish the dis-
crepancy gap and margin-dimension gap (Theorems 1.1 and 1.2). Additional
results on the complexity of sign matrices come next. We conclude the paper
with observations concerning PSPACE® \ PH® (Theorem 1.5).

2. Preliminaries

This section provides relevant background on communication complexity, sign
matrices, and learning theory.

2.1. Communication complexity. We consider Boolean functions [ :
X xY — {-1,1}. Typically X =Y = {—1,1}", but we also allow X and
Y to be arbitrary finite sets, possibly of unequal cardinality. We identify a
function f with its communication matriz M = [f(x,y)],.. € {—1, 1} <X In
particular, we use the terms “communication complexity of f” and “commu-
nication complexity of M” interchangeably (and likewise for other complexity
measures, such as discrepancy). The two communication models of interest to
us are the randomized model and the deterministic model, both reviewed in
Section 1. The randomized complexity R‘f%’_7 /2( f) of f is the minimum cost of
a randomized protocol for f that computes f(x,y) correctly with probability
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at least %+ 1 (equivalently, with advantage 7y) for each input (x,y). The

distributional 2complem'ty D’f 9y /2( f) is the minimum cost of a deterministic
protocol for f that has error at most % — 2 (equivalently, advantage ~) with
respect to the distribution u over the inputs.

A distribution g over X x Y is called a product distribution if it can be
represented as 1 = px X py (meaning that u(x,y) = px(x)py (y) for all z,y),
where px and py are distributions over X and Y, respectively. A rectangle of
X xYisany set R=Ax B with A C X and B CY. For a fixed distribution

wover X x Y, the discrepancy of f is defined as

discu(f):mgx Z w(z,y) f(z,y)|,

(z,y)ER

where the maximum is taken over all rectangles R. We define disc(f) =
min,, disc,(f). We let disc*(f) denote the minimum discrepancy of f under
product distributions. Clearly, disc(f) < disc™(f), and we will show that there
can be an exponential gap between these quantities.

The discrepancy method is a powerful technique that lower-bounds the
randomized and distributional complexity in terms of the discrepancy:

PropoSITION 2.1 (Kushilevitz & Nisan 1997, pp. 36-38). For every Boolean
function f(x,y), every distribution p, and every v > 0,

pub I 7
R1/2—w/2(f) > D1/2—7/2<f) > logZW'

2.2. Discrepancy under product distributions. We now recall a useful
technique from the literature for estimating the discrepancy under a product
distribution. Our starting point is an important observation that arises as
a special case in the work of Ford & G4l (2005, Thm. 3.1) on multiparty
communication complexity. It is also implicit in an article by Raz (2000,
Lem. 5.1).

LEMMA 2.2 (Ford & Gél 2005; Raz 2000). Let M € {—1, 1} XXV and let u
be a probability distribution over X xY. Then there is a choice of signs o, 3, €
{—1,1} for allx € X, y € Y such that

disc, (M) < Z@xﬁy/ﬁ(%y)Mxy

I7y
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PRrROOF (adapted from Raz 2000). Let R = A x B be the rectangle for which
the discrepancy is achieved. Fix a, =1 for all z € A, and likewise 3, = 1 for
all y € B. Choose the remaining signs o, 3, independently and at random.
Passing to expectations,

E Z awﬁy“(xv y)Mxy]

=| Y ElwBu@y) My + Y BElouf,) ple,y) M,

(r,y)GR =1 (I y)QR =0

= | D wla,y)M,,

(z,y)ER

= disc,, (M).

In particular, there exists a setting «,, 5, € {—1, 1} for all z, y with the desired
property. 0

Ford and Gal used Lemma 2.2 in an elegant way to relate discrepancy to
the pairwise correlations of the matrix rows:

LeEmMMA 2.3 (Ford & Gél 2005). For every Boolean function f(x,y) and every
product distribution y = pux X fy,

E [f(z,y)f(z,y)]

TYRX

discu(f)g\/ E {
Yy’ ~py

ProoFr (adapted from Ford & Gal 2005). By Lemma 2.2, there is a choice of
values oy, 3, € {—1,1} for all x and y such that

E E [ouf,f(z,9)]].

discu
TP x Y~y

w(z, y)ow By f(z,y)
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Thus,
disc, (f (x LB cx;,cﬁyj”(:w)])2
<E | (Bl s >])2]

];J‘ o [ 25@/5@1 f( )f(x,y')}

E[f(2,9)f(,y)]] since o2 = 4,6,/ = 1. O

< E

vy

/

2.3. Sign matrices. We frequently use “generic-entry” notation to specify
a matrix succinctly: we write A = [F'(4,7)];; to mean that the (7, 7)th entry
of A is given by the expression F'(i,j). We denote vectors by boldface letters
(u,v,e;, etc.) and scalars by plain letters (u;, z;, etc.) A (Euclidean) embedding
of a matrix A € {—1,1}*¥ is a collection of vectors uy,...,uy € R* and
vi,...,vy € R¥ (for some k) such that (u;, v;)- A;; > 0 for all 4, j. The integer
k is the dimension of the embedding. The quantity

[(ui, v;)

v = mln
[[will - v

is the margin of the embedding. The dimension complexity dc(A) is the smallest
dimension of an embedding of A. The margin complezity mc(A) is the minimum
1/~ over all embeddings of A.

Let e; denote the vector with 1 in the ¢th component and zeroes elsewhere.
The following is a trivial embedding of a sign matrix A = [a;| ... |ay] €
{—=1,1}M*N : Tabel the rows by vectors ey,...,ey € RM and the columns by

vectors \/Lﬂal, ey \/LMaN. It is easy to see that this embedding has dimension

M and margin 1/+/M. By interchanging the roles of the rows and columns, we
see that

1 <de(A) < min{M,N}, 1< mc(A) <min{vM,VN}

for every matrix A € {—1,1}M*N. We say that a matrix R € RM*N sign-

represents a matrix A € {—1,1}M*N if A;;R;; > 0 for all 7, j. In this case, we

symbolically write A = sign(R). Observe that the dimension complexity of a

sign matrix is the minimum rank of any real matrix that sign-represents it.
The spectral norm of R € RM*N is defined as

I = max | Rall,
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where the vector norm || - || is the Euclidean norm. The Frobenius norm of R

is defined as
IRIlF = |> R
2
For all R € RM*N we have

IRllF > IRl = VIRRT|| = V| RTR].

A fundamental result, due to Forster, gives a lower bound on the dimension
complexity of a matrix in terms of its spectral norm:

THEOREM 2.4 (Forster 2002). Let A € {—1,1}**N. Then

VMN

de(A) > Y20
1Al

Using the random projection technique of Arriaga & Vempala (2006), it
is straightforward to show the following relationship between dimension and
margin complexity.

PROPOSITION 2.5 (Ben-David et al. 2003). Let A € {—1,1}*N_If A has
an embedding with margin « (in arbitrarily high dimension), then A has an
embedding with margin /2 and dimension 0(712, log(N + M)). In particular,

de(A) < O(me(A)?log(N + M)).

2.4. SQ dimension. A concept class C is any set of Boolean functions
{—=1,1}" — {—1,1}. Let pu be a probability distribution over {—1,1}". The
statistical query (SQ) dimension of C under i, denoted sqdimu(C), is the largest
N for which there are N functions fi,..., fxy € C with

1

E [fi@) )| <5

for all i # j. We denote sqdim(C) & max, {sqdim,(C)}. The SQ dimension of
a concept class fully characterizes its weak learnability in the statistical query
model: a low SQ dimension implies an efficient weak-learning algorithm, and a
high SQ dimension rules out such an algorithm; see Blum et al. (1994) and Yang
(2005, Cor. 1). A folklore fact is that when the SQ dimension of concept class C
is low, it is possible to select a small number of functions that, collectively, will
approximate every function in C. For completeness, we state this observation
with a proof.
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PROPOSITION 2.6 (SQ dimension and approximation). Let sqdim,(C) = N.
Then there is a set H C C with |H| = N such that each f € C has
|E,[f-h]| >1/(N+1) for some h € 'H.

PROOF. For a set F C C, define

Y(F) = flgl]géfﬂEu Lf1- fal I}

the largest correlation between any two functions in F. Let v* be the minimum
v(F) over all N-element subsets F C C. Let ‘H be a set of N functions in C
such that v(H) = +* and the number of function pairs in ‘H with correlation
~* is the smallest possible (over all N-element subsets F with v(F) = v*).

We claim that each f € C has [E, [f-h|| > 1/(N + 1) for some h € H. If
f € H, the claim is trivially true. Thus, assume that f ¢ H. There are two
cases to consider.

v(H) < 1/(N +1). Then f must have correlation more than 1/(N + 1) with
some member of H: otherwise we would have y(H U {f}) < 1/(N +1)
and sqdim,,(C) > N + 1.

v(H) > 1/(N +1). Again, f must have correlation more than 1/(N + 1) with
some member of H: otherwise we could improve on the number of

function pairs in ‘H with correlation v* by replacing a suitably chosen
element of H with f. ([l

When analyzing the SQ dimension of a concept class under arbitrary
distributions, it is often helpful (Klivans & Sherstov 2007) to consider a
modified concept class in order to keep the distribution in the analysis uniform:

ProposITION 2.7 (Distribution change by composition). LetC = {fi,..., fi}
be a concept class of functions {—1,1}" — {—1,1}. Define a related class
C'"={fiog,...,ft og}, where g : {—1,1}" — {—=1,1}" is an arbitrary
function for some m. Then sqdim(C) > sqdim(C'), where U denotes the
uniform distribution over {—1,1}™.

We omit the simple proof of this fact; see Klivans & Sherstov (2007) for details.

3. SQ dimension of halfspaces

This section establishes an SQ upper bound for halfspaces, which plays a key
role in further development.
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THEOREM 1.3 (Restated from p. 6). Fix arbitrary functions ¢q,...,¢
{—=1,1}" — R. Let C be the set of all Boolean functions f representable as
flz) = sign(XF, a;pi(x)) for some reals ay, ..., a. Then sqdim,,(C) < 2k?
under all distributions p.

COROLLARY 1.4 (Restated from p. 6). Let C be the concept class of halfspaces
in n dimensions. Then sqdim ,(C) < 2(n + 1)* under all distributions fu.

PROOF (of Theorem 1.3). We shall use the same technical tool—Forster’s
work on Euclidean embeddings—as Simon (2006), who proved this claim for p
uniform.

Let i be an arbitrary distribution. Assume for simplicity that p is rational
(extension to the general case is straightforward). Then the weight p(x) of each
point x is an integral multiple of 1/M, where M is a suitably large integer.

Let N = sqdim,(C). Then there is a set 7 C C of |F| = N functions
with |E,[f-g]| < 1/N for all distinct f,g € F. Consider the matrix A €
{—1,1}*M whose rows are indexed by the functions in F, whose columns are
indexed by inputs z € {—1,1}" (an input x indexes exactly u(z)- M columns),
and whose entries are given by A = [f(z)]f,. By Theorem 2.4,

de(A)? [|A]*

1 N <
(3.1) -

We complete the proof by obtaining upper bounds on dc(A) and ||A]|.
We analyze dc(A) first. Recall that each f € F has the form f(z) =
sign(Zf:1 ari¢i(z)), where ayy, ..., azy are reals specific to f. Therefore,

A= [f(x)]. = sign [Z af,i@(x)] = sign (Z[aﬁi@(m)] f,x> .
=1 f.xz =1

The last equation shows that A is sign-representable by the sum of & matrices
of rank 1, i.e.,

(3.2) de(A) < k.
We now turn to ||A]|. The N x N matrix AAT is given by

AAT = |M-B[f-g]] .
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This means that the diagonal entries of AAT are equal to M, whereas the
off-diagonal entries do not exceed M/N in absolute value. As a consequence,

|A]* = [[AAT]|
< M-I+ [|AAT = M - 1|
<M I+ [JAAT = M - I g

N(N 1)
N2

(3.3) <M+ M

Substituting the estimates (3.2) and (3.3) in (3.1) yields the inequality

/ 1
N<E |1 1— —
<+ N)’

1
N < 2k* — =,
4

This completes the proof for rational u. To extend the analysis to irrational
distributions p, one considers a rational distribution g that approximates
i closely enough and follows the same reasoning. We omit these simple
manipulations. U

which leads to

REMARK 3.4. An easy inspection of the proof of Theorem 1.3 reveals the
following stronger result. For a distribution p, let N be the size of the largest set
{f1,..., fn} € C with average (not maximum!) pairwise correlation at most %,
ie, w2z (Bulfi - fi)* < 5. Clearly, N is at least the SQ dimension of
C. Theorem 1.3 establishes an upper bound on this larger quantity: N < 2k?.

We will also need a version of Theorem 1.3 in a slightly different terminology.

THEOREM 3.5 (SQ dimension and dimension complexity). Let A € {—1,1}M*¥
be an arbitrary matrix. View the rows fi,..., far € {—1,1}" of A as Boolean

functions. Then sqdim({f1, ..., fu}) < 2dc(A)%

In stating Theorem 3.5, we implicitly extended the notion of the SQ dimension
from sets of Boolean functions to sets of wvectors with +1 components. This
extension is natural since every Boolean function can be viewed as a vector
with £1 components, and vice versa.
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4. A result from communication complexity

To obtain the discrepancy gap and margin-dimension gap (Theorems 1.1
and 1.2) in the next two sections, we recall a result from communication com-
plexity. Consider the Boolean function GHR : {—1, 1}%" x{—1,1}*" — {—1,1}
given by

n—1

2
GHR(z,y) = sign (1 +
=0

n—1
Y > 2 (wiay + xzﬂjﬂ)) :
i=0

This function was defined and studied by Goldmann et al. (1992) in the context
of separating classes of threshold circuits. Their analysis exhibits a non-
product distribution with respect to which GHR(z,y) has high distributional
complexity:

THEOREM 4.1 (Goldmann et al. 1992, Thm. 6 and its proof). There is an (ex-
plicitly given) non-product distribution A\ such that every deterministic one-
way protocol for GHR with advantage v with respect to A\ has cost at least

log(v2"?//n) — O(1).

A key consequence of Theorem 4.1 for our purposes is the following result.

LEMMA 4.2 (Discrepancy under non-product distributions). There is a non-
product distribution X\ for which discy(GHR) = O(y/n/2"/?).

Proor. Consider the distribution A from Theorem 4.1. Let R be a rectangle
for which the discrepancy discy(GHR) is achieved:

disc,(GHR) = Z Az, y)GHR(z,v)| .
(z,y)eR

We claim that there is a deterministic one-way protocol for GHR(z,y) with
constant cost and with advantage at least discy(GHR) with respect to A.
Namely, define

a = sign Z Mz,y)GHR(z,y) | , b=sign Z Az, y)GHR(z, y)
(z,y)ER (z,y)¢R
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Consider the protocol P that outputs a if the input is in R, and outputs b
otherwise. By definition, the advantage of P with respect to A is

> M, y)P(z,y)GHR(z, y)

=a Y AMz,y)GHR(z,y)+b > A, y)GHR(z,y)

(z,y)eR (z,y)¢R

>| ) Aa,y)GHR(z,y)
(z,y)ER

= disc)(GHR).

But by Theorem 4.1, every one-way constant-cost protocol achieves advantage

at most O(y/n/2"?). Thus, discy(GHR) = O(y/n/2"/?). O

5. Discrepancy gap

Lemma 4.2 of the previous section established that GHR(z, y) has exponentially
small discrepancy under a certain non-product distribution. Using the SQ
upper bound of Section 3, we now prove that the discrepancy of GHR(z,y)
under all product distributions is Q(1/n?).

LEMMA 5.1 (Product distributions). Let y = uy X py be a product distribu-
tion. Then disc,(GHR) = Q(1/n*).

ProOOF. For each fixed x, denote GHR,(y) = GHR(z,y). Since each GHR,
is a halfspace in the 2n variables yq, ..., y2n_1, Theorem 1.3 implies that

sqdim,,, ({GHR, },) < sqdim,,, ({halfspaces in 2n dimensions}) = O(n?).

Thus, by Proposition 2.6, there is a set H C {GHR, }, of |H| = O(n?) functions
such that each GHR, has

1
E [GHR,(y) - > —
JE | (W) - f(y)] T
for some f € 'H.
This yields the following protocol for evaluating GHR(zx,y). Alice, who
knows x, sends Bob the index of the function f € H whose correlation with
GHR, is the greatest (in absolute value). Alice additionally sends Bob the sign
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o € {+1,—1} of the correlation of f and GHR,. This communication costs
[log |[H|| + 1 bits. Bob, who knows y, announces o - f(y) as the output of the
protocol.

For every fixed x, the described protocol achieves advantage greater than
1/(|H|+1) over the choice y. As a result, the protocol achieves overall advantage
greater than 1/(|H| 4+ 1) with respect to any distribution puy on the z’s. Since
only [log|H|] + 2 bits are exchanged, we obtain the sought bound on the
discrepancy by Proposition 2.1:

. 1 1
disc,(GHR) > (THI 1) 2neeTiie — Q <H) . O

Lemmas 4.2 and 4.2 immediately imply the main result of this section:

THEOREM 1.1 (Restated from p. 3). There exists an (explicitly given) func-
tion f: {—1,1}" x {~1,1}" — {=1,1} for which disc,(f) = Q(1/n*) under
every product distribution y but discy(f) = O(y/n/2"/*) under a certain non-
product distribution \.

6. Margin-dimension gap

To exhibit a large gap between margin complexity and dimension complexity,
we consider the function GHR(z,y) from the previous section. We first note
that its dimension complexity is low.

PROPOSITION 6.1. The dimension complexity of [GHR(z,y)|,, Is at most
2n + 1.

PrOOF. By definition of GHR, the sign matrix [GHR(z,y)],, is sign-
represented by the real matrix

2n—1 n—1
M= |1+ Z Yj Z 2 (i2j + Tizjr1)
Jj=0 =0 x

Y

It is easy to verify that M has rank at most 2n + 1. 0

It remains to show that the margin complexity of [GHR(z,y)],, is high.
We do so using the discrepancy estimate for GHR(z,y). By appealing to
Grothendieck’s inequality and linear-programming duality, Linial & Shraibman
(2006) have recently given a short, elegant proof that the margin complexity
and discrepancy of a matrix are equivalent up to a small multiplicative constant:
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THEOREM 6.2 (Linial & Shraibman 2006). For every matrix A € {—1, 1}M*N

1 1
—— < disc(A4) < .
smo(d) S diselA) < T

Lemma 4.2 and Theorem 6.2 immediately yield an estimate of the margin
complexity of [GHR(z,y)]s.,-

LEMMA 6.3. The margin complexity of [GHR(z,y)]., is Q(2"/2/\/n).

Thus, Linial and Shraibman’s subtle result allows us to obtain a particularly
good lower bound on the margin complexity. For completeness, we note that a
slightly worse bound can be obtained using well-known and more elementary
ideas relating margin complexity and discrepancy (Forster et al. 2001; Paturi
& Simon 1986). Proposition 6.1 and Lemma 6.3 readily imply the main result
of this section:

THEOREM 1.2 (Restated from p. 5). There is an (explicitly given) matrix A €
{—1, 1}VN*Y for which de(A) < log N but me(A) = Q(NY4/\/log N).

REMARK 6.4. While Theorem 1.2 exhibits an exponential gap between the
dimension complexity and margin complexity, there can be no such gap between
the dimension complexity and average squared margin. Specifically, a powerful
lemma due to Forster (2002) shows that any k-dimensional embedding of a
given matrix A € {—1,1}*N can be converted into another k-dimensional
embedding uy, ..., uy € S¥ ' and vy, ..., vy € S¥7! of A that has high average
squared margin: i~ > (g, vy)? > . (Here S*=! denotes the k-dimensional
real unit sphere.)

6.1. Application: circuit complexity of halfspaces. As an application
of Lemma 6.3, we study a question from circuit complexity (Goldmann et al.
1992). Recall that every halfspace in n variables can be represented as

sign(ayxy + agxs + -+ - + apx, — 0),

where ay,as,...,a,,0 are integers called weights. A fundamental fact is that
there are halfspaces that require weights of magnitude 2% . This fact can
be deduced by an easy counting argument, since there are 20("*) distinct
halfspaces (Saks 1993). A short and simple 2™ lower bound for an explicit
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halfspace is due to Siu & Bruck (1991). Hastad (1994) improves on that
construction, obtaining an explicit halfspace that requires weight 29(*1°8m) The
20(nlogn) Jower bound is best possible for any halfspace.

Consider now a slightly modified question. Instead of expressing a halfspace
as a weighted sum of the singletons zi,xs,...,2,,1, we get to choose an
arbitrary set of Boolean functions fi,..., fs : {—1,1}" — {—1,1}. We would
like to know if there is a way to choose d = poly(n) such functions such that
every halfspace is expressible as

sign(ay fi(x) + ag fo(z) + - - + aafa(x)),

where aq,as, ..., a4 are integers bounded by a polynomial in n. Unfortunately,
the three approaches above do not yield weight lower bounds in this more
general setting. Lemma 6.3, on the other hand, yields a simple solution to the
problem.

THEOREM 6.5 (Weights of halfspaces over generalized bases). Let fi,..., f;:
{—1,1}" — {—1,1} be arbitrary functions. Assume that each halfspace in
n dimensions can be expressed as sign(Z:f:1 a;fi(x)), where ay,aq,...,aq are
integers bounded in absolute value by w. Then dw > Q(2/*/\/n).

Theorem 6.5 shows a continuous trade-off between the number d of base
functions and the magnitude w of the weights. In particular, the weights cannot
be polynomially bounded unless there are exponentially many base functions.
Goldmann et al. (1992, Cor. 9) proved a related result, in which the set of
base functions can be arbitrarily large but they must have low randomized
communication complexity (e.g., majority gates, modulo gates). Theorem 6.5
complements that result.

PROOF (of Theorem 6.5). It will be convenient to view d = d(n) and w(n) =
w as functions of n, and set D = d(2n) and W = w(2n). Fix the Boolean
functions fi,..., fp satisfying the premise of the theorem. Consider the
function

2n—1 n—1
GHR(z,y) = sign (1 + Z Yj Z 2! (295 + $i,2j+1)> :
j=0 =0

Since for each fixed z, the function GHR,(y) = GHR(z,y) is a halfspace
in the 2n variables yq,...,%2,_1, it is representable as a weighted sum of
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fily), ..., fp(y) with integer coefficients bounded in absolute value by W. This
yields the following embedding of the matrix [GHR(z,y)].,, :

D
A=

?

a;() fi(y)

=1 @y

where each a;(x) is an integer in [—W, W]. This embedding has margin

min |A,,|
> oY
D 2 D 2
mox{ S 0o b ma {2, 07}
1
=
\/Zzgl wz. \/Ziil 12
1
DWW’

At the same time, v < O(y/n/2"%?) by Lemma 6.3. Combining these two
bounds on v yields

DW = d(2n)w(2n) > Q (2”\//;) ,

and thus dw = d(n)w(n) > Q(2V*/\/n). O

7. Complexity measures of sign matrices:
An integrated view

The results of the previous sections can be interpreted, in particular, as a study
of the complexity measures of sign matrices. Our goal here is to unify them
into a coherent picture and better demonstrate how they relate to previous
work. We start by establishing one last fact in Section 7.1. A holistic view of
this research is then given in Section 7.2.

7.1. SQ Dimension and Discrepancy. The SQ dimension, so far viewed
as a complexity measure of concept classes, is just as naturally viewed as
a complexity measure of sign matrices, as follows. Given a matrix A €
{=1,1}M*N view its rows as Boolean functions. We define the statistical-

query complezity sq(A) of A as the SQ dimension of its rows. Formally,

sq(A) o sqdim({ f1, ..., far}), where fi,..., far are the rows of A. We prove

that the SQ complexity of a matrix is essentially equivalent to the minimum
discrepancy of the matrix under product distributions:
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THEOREM 7.1 (SQ complexity vs. discrepancy under product distributions).
Let A € {—1,1}*N_ Then

,/%sq(A) < m < 8sq(A).

Theorem 7.1 establishes a link between learning theory and communication
under product distributions. Another such link was discovered earlier by
Kremer et al. (1999), who showed that the VC dimension of a sign matrix
is asymptotically equal to its maximum one-way distributional communication
complexity under product distributions. The two results can be compared in a
straightforward way: Theorem 7.1 relates small-bias communication to small-
bias learning, whereas Kremer et al. relate high-accuracy communication to
high-accuracy learning. Perhaps surprisingly, the proofs turn out to be quite
different in the two cases.

We split the proof of Theorem 7.1 in two parts: the upper bound on disc* (A)
and the lower bound.

LEMMA 7.2 (Upper bound). Let A € {—1,1}*N. Then

disc*(A) < )

PROOF. Assume sq(A) = d. Then there are d rows fi,..., fs € {—1,1}" of
A and a distribution g on {1,..., N} such that |E,., [fi(z)f;(x)]| < 1/d for
all 7 # j. Let U be the uniform distribution over the d rows fi,..., fq of A. We
prove the lemma by showing that disc,xy(A) < \/2/d :

disc,xv(A) < \/Ez‘,jrvU By [fi(2) 5 (@)]]] by Lemma 2.3
< \/1 1+ E 1
“Vd d d
<\/2 O
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LEMMA 7.3 (Lower bound). Let A € {—1,1}*N_ Then

1

isc*(A) > ——.
disc*(A) > Ssq(A)?

Proor. The proof is closely analogous to that of Lemma 5.1; indeed,
Lemma 5.1 can be deduced from this lemma. Let pux A be an arbitrary product
distribution over [N] x [M]. We will obtain a lower bound on disc,x(A) by
constructing an efficient protocol for A with a suitable advantage.

Let sq(A) = d. Then by Proposition 2.6, there are d rows fi,...,fs €
{—1,1} in A such that each of the remaining rows f has |E,, [f(z)fi(z)] | >
1/(d+1) for some i = 1,...,d. This yields the following protocol for evaluating
A,,. Bob, who knows the row index y, sends Alice the index ¢ of the function
fi whose correlation with the yth row of A is the greatest (in absolute value).
Bob additionally sends Alice the sign o € {41, —1} of the correlation of f; and
the yth row of A. This communication costs [logd| + 1 bits. Alice, who knows
the column index z, announces o - f;(x) as the output of the protocol.

For every fixed y, the described protocol achieves advantage greater than
1/(d+ 1) over the choice x. As a result, the protocol achieves overall advantage
greater than 1/(d + 1) with respect to any distribution A on the rows of A.
Since only [logd]| + 2 bits are exchanged, we obtain the sought bound on the
discrepancy by Proposition 2.1:

1 1
(A4 1)- 22 oed] ~ B

disc,xa(A) >

where the second inequality holds because d is an integer. U

Lemmas 7.2 and 7.3 immediately yield Theorem 7.1.

Since disc*(A) = disc*(AT), Theorem 7.1 has the interesting corollary
that the rows and columns of a matrix have the same SQ dimension, up to
a polynomial factor:

COROLLARY 7.4. Let A € {—1,1}M*N_ Then

o 1/4
<%§>) < sq(AT) < 128sq(A)™.
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7.2. A unified picture. At this point, we can summarize much of this paper
and relevant previous work in the following succinct diagram:

disc*(A)

exponential gap
achievable

1 1
=poly SA(A)  Spoy  de(A)  Spoy  me(A) & disc(A)

The purpose of this schematic is to show that the standard complexity measures
(sq(A), de(A), mc(A)) of sign matrices form an ordered spectrum that extends
from disc*(A)~! to disc(A)~!. In what follows, we let A € {—1,1}*N be
an arbitrary matrix. We shall traverse the diagram from left to right, giving
precise quantitative statements.

o

The smallest discrepancy of a matrix under product distributions,
disc*(A), and the SQ complexity of that matrix, sq(A), are within a
polynomial factor of each other: ©(y/sq(A)) < disc*(A)™! < O(sq(4)?).
We establish this fact in Theorem 7.1.

SQ complexity puts a lower bound on dimension complexity: dc(A) >
\/sq(A)/2. We prove this relationship in Theorem 3.5.

Dimension complexity places a lower bound the margin complexity:
mc(A) > Q(y/dc(A)/log(N + M)). This well-known result is easy to
prove using random projections (Ben-David et al. 2003).

In Theorem 1.2, we show that the gap between dc(A) and mc(A)
can be exponentially large. In particular, we exhibit a matrix A €
{—1, 1}VN*Y for which de(A) < log N but me(A) = Q(NY4//log N).

Margin complexity is within a multiplicative constant of the discrepancy:
mc(A) < disc(A)™! < 8mc(A). This is a recent result due to Linial &
Shraibman (2006).

In summary, this paper refines the current understanding of the complexity
measures of sign matrices by proving new relationships among them and ana-
lyzing the gaps. A particularly interesting fact is that the standard complexity
measures (sq(A), dc(A), sq(A)) form an ordered sequence that spans the
continuum between product-distribution discrepancy and general discrepancy.
This close interplay between linear-algebraic complexity measures (dc(A) and
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mc(A)) and those from communication complexity (disc*(A) and disc(A)) is
further evidence that the study of sign matrices has much to contribute to
complexity theory.

The only piece missing from the above schematic is the gap between
sq(A) and dc(A). This gap, stated as an open problem in the preliminary
version of this work, has been recently settled by the author (Sherstov 2007).
Specifically, for any constant € > 0, we have shown the existence of a matrix
A € {11}V with sq(A) = O(1) and dc(A) = Q(N'~¢). This gap is
essentially the best possible by definition. It completes the above taxonomy to
the following picture:

exponential gap
achievable

arbitrary gap
achievable

1 1
- = < < ~
disc* (A) poly 5A(A)  Spoy  de(A)  <poy  me(A) disc(A)

8. Application of the SQ dimension to
complexity theory

This final section demonstrates that estimating the SQ dimension of natural
classes of Boolean functions is an important task in complexity theory. Specifi-
cally, we show that a suitable estimate of the SQ dimension of AC® would solve
a long-standing problem, that of separating PH* from PSPACE®.

These classes in communication complexity were introduced by Babai et al.
(1986) by analogy with computational complexity. For our purposes, it will be
convenient to view PH and PSPACE® as classes of matrices My € {—1,1}V*N
computed by certain circuits rather than by protocols; cf. Razborov (1989). We
consider only circuits with AND, OR, NOT gates. The inputs to a circuit are
arbitrary matrices A € {—1,1}¥*" whose “—1” entries form a combinatorial
rectangle; this is equivalent to requiring that rank(A — J) < 1, where J is the
all-ones matrix. The output of a circuit is an N x N sign matrix computed
entry-wise from the input matrices (with the usual identification of —1 with
“true,” and 1 with “false”).

[14

DEFINITION 8.1 (Complexity classes PH* and PSPACE®). PH® is the class of
all matrix families {My} computable by circuits of size exp((loglog N)°M)
and constant depth, for some choice of the input matrices. PSPACE® is the
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class of all matrix families {My} that are computable by circuits of size
exp((loglog N)°M) and depth (loglog N)°(M), for some choice of the input
matrices.

The relevance of PH* and PSPACE to communication complexity becomes
apparent when one identifies a sign matrix with its corresponding communica-
tion problem. See Babai et al. (1986) for several other, equivalent definitions
of these classes.

It is clear that PH® C PSPACE®, and separating these classes is a major
open problem (Lokam 2001; Razborov 1989). Razborov (1989, Rem. 3) argues
that “the most natural candidate for PSPACE® \ PH is the INNER PRODUCT
MODULO 2 predicate,” defined as

IPN = [(.f]_ A yl) SZ AR (xlogN A ylogN)]Lye{,l’l}logN.

Indeed, it is easy to see that IP € PSPACE®. However, neither IP nor any other
explicit family of matrices is currently known to be outside PH®. We now show
that a suitable estimate of the SQ dimension of AC® would prove the conjecture

that IP ¢ PH.

THEOREM 1.5 (Restated from p. 7). Let C be the class of functions {—1,1}" —
{—1,1} computable in AC". Ifsqdim(C) < O (22“0”)6) for every constant € > 0,
then TP € PSPACE® \ PH*.

PROOF. It will be convenient to prove the contrapositive: if IP € PH®, then
the SQ dimension of AC? is at least 22°*™" under some distribution.

We start with an insight due to Lokam (2001), restated in a terminology
suitable to our proof. Let C' be the assumed constant-depth circuit of size
s = 2008108 M) that computes IP € {—1,1}¥*¥. Then C has at most s inputs,
which we denote by Ay,..., A, € {—1,1}*V. View the rows of the input and
output matrices as Boolean functions {—1,1}°¢" — {—11}. Since the “—1”
entries in each Ay, ..., A; form a combinatorial rectangle, each A; features at
most one such row function (call it f;) that is not identically false. As a result,
the rth row of the output matrix IP can be computed as C,.(f1(z),..., fs(x)),
where C, is a constant-depth circuit of size s = 2(°81°8N)° " See Lokam (2001)
for interesting other uses of this observation.

We now return to our proof. Since the rows of IP are mutually orthogonal,
the N functions {C,(fi(z),..., fs(x))},=1,.. n that form the rows of the IP
matrix are mutually orthogonal under the uniform distribution on z. By
Proposition 2.7, this implies that the class of constant-depth, size-s circuits
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has SQ dimension at least N. Setting n e 9(loglog N ) we conclude that the
class of constant-depth, size-n circuits (a subclass of AC’) has SQ dimension

oz n 1/c
at least 220%™ O
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