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Interactive theorem provers (ITP) enable programmers to formally verify properties of their software systems.
One burden for users of ITPs is identifying the necessary helper lemmas to complete a proof, for example
those that define key inductive invariants. Existing approaches to lemma synthesis for ITPs have limited,
if any, support for synthesizing implications: lemmas of the form P; A --- A P, = Q. In this paper, we
propose a technique and associated tool for synthesizing useful implication lemmas. Our approach employs a
form of data-driven invariant inference to explore strengthenings of the current proof state, based on sample
valuations of the current goal and assumptions. We have implemented our approach in a Rocq tactic called
dilemma. We demonstrate its effectiveness in synthesizing necessary helper lemmas for proofs from the
Verified Functional Algorithms textbook as well as from prior benchmark suites for lemma synthesis.
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1 Introduction

Interactive theorem provers (ITPs) are powerful tools that allow software engineers to prove
important properties of their code [13, 17, 43]. While these tools have been used to build real
systems that have strong correctness guarantees [27, 35, 36], the time, effort, and expertise required
remains a prohibitive barrier to their broad adoption.

The obvious way to lower the cost of using I'TPs is through forms of automation. Accordingly
there are a variety of tools and techniques for automated proof construction, for example by
integrating external automated solvers (e.g., [5, 12, 31, 32]) and recently by using a machine-
learning model to predict the next proof tactic (e.g., [18, 19, 33, 46]). However, these approaches
have a common limitation: while they make use of lemmas that have already been defined in order
to make progress in the current proof, they do not devise new lemmas that may be required and
will instead get stuck in such cases. It is not reasonable to expect the user to have already defined
all of the lemmas that are required to prove a given theorem. Indeed, determining the required
helper lemmas is often one of the hardest parts in a proof; for example, the theorem’s induction
hypothesis may be too weak, thereby necessitating a stronger lemma that defines the key inductive
invariant to be proven.
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In this paper we present an approach for synthesizing lemmas that are useful for making progress
from a given proof state. Standard approaches to this problem generate candidate lemmas through
a pre-defined set of rewrite rules on the current proof state [6, 8, 14], which is useful but provides
limited expressiveness. A recent approach [48] instead reduces lemma synthesis to a form of data-
driven program synthesis (e.g., [39]), whereby variable valuations from the proof state are used to
define examples for synthesis. While this technique enables a much broader range of candidate
lemmas to be explored, it is restricted to producing atomic lemmas related to the current proof
goal, i.e., lemmas of the form V0.Q(t), where v are variables (e.g., x and y), t are terms over those
variables (e.g., 2 * x + y)and Q is a logical proposition over those terms (e.g., <).

We describe a new approach to lemma synthesis which is data-driven but targets a rich space
of implication lemmas, i.e., lemmas of the form Vo.(A Pi(t;) = Q(%)). In our setting the
implicand Q(%) of a candidate lemma is either the original goal or some generalization of it, and
our core problem is one of implicant synthesis, determining the implicants that are required for
a given implicand. Our approach reduces implicant synthesis to a form of data-driven invariant
synthesis [16, 20, 21, 37, 40, 53], which synthesizes propositions that respect a given set of positive
and negative examples. We describe how to use valuations of the current proof state to derive the
examples for synthesis.

Our approach is based on three key ideas. First, it is natural for the implicants in a candidate
lemma to be based on the assumptions in the current proof state, but there can be many such
assumptions. To reduce the search space for useful implicants, we initially use valuations of the
proof state to isolate the assumptions that are most relevant for proving the goal. We identify a
minimal set S of assumptions such that every sample valuation either falsifies at least one of the
assumptions in S or satisfies the current goal G. While simple, this step already yields a candidate
lemma that can be useful in practice, namely A S = G.

However, often a useful lemma must strengthen the current proof state, in order to provide a
stronger induction hypothesis. As our second contribution, we explore a space of such strengthen-
ings by weakening the relevant assumptions. Intuitively, producing a proposition B that is weaker
than an existing assumption A allows the proof to be decomposed into 1) proving that B and other
relevant assumptions together imply the goal; and 2) proving that A = B. We use a form of
data-driven synthesis to produce candidate propositions that weaken existing assumptions.

Finally, a commonly used form of lemma synthesis is generalization, which strengthens a proof
state by replacing specific terms with fresh universally quantified variables [6]. Our approach also
performs generalization in order to identify candidate lemmas, and we use sample valuations to
identify generalizations that are likely to be valid lemmas. However, in cases where a generalization
is not valid (meaning that the assumptions do not imply the goal), rather than simply discarding
this lemma candidate, we employ data-driven synthesis to produce an additional implicant to make
the lemma valid. Intuitively this process has the effect of re-introducing relevant information from
the original proof state that was abstracted away by the generalization process.

We have implemented our approach as a tactic called dilemma’ for the Rocq prover (formerly
known as the Coq proof assistant) [45]. Users can invoke the tactic at a point in their proof where
they are stuck, and the tool will suggest a ranked list of candidate lemmas to consider. Due to the
large search space that it explores, dilemma takes on the order of minutes to run (average time
of 207 seconds and median time of 100 seconds in our main experiment) and so is not currently
suitable for a tight interaction loop with the user. At the same time, without a tool like dilemma
users are simply on their own to determine what lemma is required in order to make progress in
their proof, so it can be well worth the wait.

Thttps://github.com/ana-brendel/dilemma
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Fig. 1. The overall architecture of dilemma. The approach depends on three black-box functions, which
respectively check for counterexamples to validity of candidate lemmas, sample variable valuations for a
given proof state, and synthesize propositions from examples. Each component of dilemma is labeled with
the black-box functions on which it depends.

We have performed two experimental studies to assess the effectiveness of dilemma. First, we
evaluate dilemma’s ability to synthesize the helper lemmas required for proofs in the Verified
Functional Algorithms book [1], which includes several formally verified data structures. In 43%
of the locations where a helper lemma was used to complete a proof, one of the top-5 lemmas
returned by dilemma is either an exact match to the human-provided lemma or an otherwise useful
lemma for completing the proof. Second, we evaluate dilemma on the benchmark suites used to
evaluate 1find [48], which almost exclusively require atomic equality lemmas. We find that despite
targeting implication lemmas, which 1find is unable to produce by design, dilemma’s implicant
synthesis is also expressive enough to produce an exact match to the human-provided atomic
lemma in nearly 30% of the evaluation locations.

In summary, we present a data-driven technique for synthesizing implication lemmas to complete
an interactive proof. After over viewing our approach and illustrating it through two examples
(Section 2), we detail the algorithms that underlie it (Section 3). We have implemented our approach
in a Rocq tactic called dilemma (Section 4) and have demonstrated its capabilities in practice on
several benchmark suites (Section 5).

2 Motivation and Overview

This section motivates the need for lemma synthesis and overviews dilemma’s approach. After a
general description of the approach, we describe two examples that come from the book Verified
Functional Algorithms (VFA) [1], which contains Rocq implementations of common data structures
and algorithms along with their proofs of correctness.

2.1 Architecture and Key ldeas

Figure 1 shows the architecture of dilemma. The tool is invoked as a Rocq tactic from a particular
proof state, containing a current goal and set of assumptions. After first minimizing the set of
assumptions to consider, dilemma explores two approaches to generating candidate implication
lemmas, via weakening an existing assumption and inferring a new implicant to augment the
existing assumptions. Finally, dilemma filters out invalid and redundant lemmas and rank orders
the remaining lemmas.
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The dilemma architecture is parameterized by three black-box functions. The sample function
is a random input generator, producing sample valuations for a given set of typed variables. The
check function is a property-based tester (e.g., [42]), which samples variable valuations in order to
identify validity counterexamples to a given candidate lemma. Finally, the synthesize function is
a data-driven invariant synthesizer (e.g., [40]), which is given two sets of variable valuations &* and
&7 and returns propositions that satisfy each valuation in &* and falsify each valuation in &~. In
Figure 1, each component of dilemma is labeled with the black-box functions that it invokes. Both
property-based testing and data-driven synthesis are rich areas of research in their own right, and
dilemma can directly leverage any future improvements in these external tools.

Our approach is based on three key ideas for generating useful implication lemmas. First, it is
natural for the implicants in a required implication lemma to be related to the assumptions in the
current proof state, but in proofs of any complexity there are many such assumptions. We observe
that we can use valuations of the current proof state to identify a subset of relevant assumptions:
those that are needed in order to prevent the check function from identifying a counterexample to
the proof state’s validity (i.e., a variable valuation that satisfies the state’s assumptions but falsifies
its goal). This is the role of the Reduce Assumptions component in Figure 1.

Once the assumptions are reduced, the resulting minimized proof state is itself a candidate lemma.
However, a common issue is that the proof state is not directly provable because the induction
hypothesis is too weak. To address this problem, dilemma explores two different approaches to
strengthening the minimized proof state in order to generate candidate lemmas, respectively
represented by the two paths in the figure.

On the top path, dilemma explores a space of weakenings of existing assumptions, which has
the effect of strengthening the overall proof state. dilemma reduces the problem of assumption
weakening to data-driven invariant synthesis, using sample valuations of the proof state to produce
targeted examples for synthesis. On the bottom path through the figure, dilemma explores a space
of generalizations of the proof state, whereby one or more terms are replaced by fresh variables.
This is a standard technique [6], but in many cases the resulting proof state is over-strengthened, to
the point where it is no longer valid. In such cases, dilemma infers additional implicants in order to
rule out the identified validity counterexamples. As with assumption weakening, dilemma reduces
the problem of implicant inference to data-driven invariant synthesis, with appropriate examples
generated from the proof state.

Once dilemma has generated a set of candidate lemmas, it filters out candidates that are found to
be either invalid or redundant. It then ranks the remaining candidates in order of rough complexity,
based on the means by which they were created. For example, candidate lemmas that are produced
solely by generalization are ranked higher than those that require an additional implicant to be
synthesized. Within each rank, candidates are ordered by size from smallest to greatest. The top
five lemma candidates are reported to the user.

In the remainder of this section we walk through two examples that illustrate these key ideas.

2.2 Example 1: Weakening Existing Assumptions

Figure 2 shows a portion of the VFA chapter on selection sort.” The function selsort produces
a sorted list of the smallest n elements in the list 1; this is the main function in the implementation
of selection sort. The lemma cons_of_small_maintains_sort at the bottom of the figure proves
a key property about selsort that is required to prove the overall correctness of selection sort,
and it refers to the two propositions defined above it. Roughly, the lemma says that if y is less than

2Throughout this section we elide unnecessary details in the Rocq code and also use standard mathematical and logical
notation where possible.
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(x Selection sort for the n smallest elements of list 1 %)
Definition selsort (1 : list nat) (n : nat) : list nat := ...

(x A proposition that is True if x is less than or equal to each element of xs. %)

Definition le_all (x : nat) (xs : list nat) : Prop := ...

(x A proposition that is True if the elements of xs are in non-decreasing order. x*)

Definition sorted (xs : list nat) : Prop := ...

Lemma cons_of_small_maintains_sort: V (n : nat) (bl : list nat) (y : nat),
(n = length bl) A (le_all y bl) A (sorted (selsort bl n))
= (sorted (y :: selsort bl n)).
Proof.
intros. destruct (selsort bl n) egn:Eq.
- apply sorted_1.
- apply sorted_cons.
(* STUCK =)

Fig. 2. Partial proof in Rocq for the lemma cons_of_small_maintains_sort from VFA’s chapter on selection
sort.

n = length bl

le_all y bl

selsort bl n=a :: 1
sorted (a :: 1)

Fig. 3. Interactive proof state for motivating example 1 (Figure 2).

each element of the list bl, then adding y to the front of the sorted version of bl maintains its
sortedness.

The figure also shows a partial proof of the lemma, which uses Rocq tactics to iteratively transform
the proof state (the details are irrelevant). Figure 3 shows the proof state at the end of our partial
proof. Above the line are four assumptions, propositions that can be assumed to be true, and below
the line is the goal that we must prove. A bit of thought shows that the given assumptions do
indeed imply the goal: y is less than or equal to each element of b1, and a is in the sorted version
of bl, so y must be less than or equal to a. But how can we prove it?

Fortunately, the VFA book provides a lemma earlier in the chapter, whose proof is left as an
exercise for the reader and which exactly fits our needs here:

Lemma le_all__le_one : V (bl : list nat) (y : nat) (a : nat),
(le_all y bl) A (Inabl) = y < a.
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Here the proposition In a bl is true if the list bl contains the element a. The above lemma allows
us to make progress in the proof by decomposing it into two parts. First, we have to prove the
above lemma, which follows easily from the definitions of 1le_all and In. Second, after applying
the lemma in our proof state, we are left to prove In a bl; this follows from the assumption in our
proof state that selsort bl n = a :: 1.

The VFA book provides this lemma for us, but in a more typical interactive proof setting the user
would simply be stuck at this point in the proof and left to figure out a useful lemma on their own.
Our work aims to fill this gap by identifying useful implication lemmas like the one above, and
indeed our tool dilemma automatically suggests that lemma when invoked from the proof state in
Figure 3.

How does dilemma do this? As shown in Figure 1, first it identifies the relevant assumptions in
the proof state: those assumptions that are necessary in order to prove the goal. In our proof state
there are four assumptions but it turns out that only the second and third of them are relevant to
the goaly < a. The dilemma tool determines a likely set of relevant assumptions in a data-driven
manner using the black-box property testing function check, which takes a set of assumptions
and a goal and tries to identify validity counterexamples — variable valuations that satisfy the
assumptions but falsify the goal. Specifically, dilemma identifies a minimal subset S of the current
assumptions such that check(S, G) returns no counterexamples, where G is the current goal.
Note that in general propositions can be undecidable, so like other tools that rely on sampling
valuations of the proof state [42] dilemma is restricted to code whose specifications are decidable.

That first step above already yields a potentially useful candidate lemma, namely that the relevant
assumptions imply the goal. In our example, the induced candidate lemma is as follows:

Lemma relevant_state: V (bl : list nat) (1 : list nat) (y : nat) (n : nat) (a : nat),
(le_all y bl) A (selsort bl n=a:: 1) = y < a.

Notice that the above lemma relevant_state is very similar to the lemma that we actually
need, differing only in the second implicant. Specifically, our target lemma le_all__le_one is
a stronger version of relevant_state, due to the fact that In a bl is weaker than (implied by)
the proposition selsort bl n = a :: 1.Based on this observation, dilemma explores a space
of candidate lemmas by systematically weakening the identified relevant assumptions. We use
a form of data-driven invariant synthesis for this purpose, which takes positive and negative
examples and produces propositions that satisfy the positive examples and falsify the negative
examples [16, 20, 21, 37, 40, 53].

Continuing the example, dilemma will use the black-box data-driven synthesizer synthesize
to produce weakenings of the relevant assumption selsort bl n = a :: 1. The black-box
sample function is used to obtain random valuations of the variables in the current proof state, and
dilemma uses these valuations to produce the examples for synthesis. The positive examples for
synthesis are valuations that satisfy selsort bl n = a :: 1.Forinstance, {(bl, [51), (n, 1),
(a, 5), (1, [, (y, 3)}isapositive example, so any synthesized proposition must satisfy
it. Intuitively, the positive examples drive the synthesizer to explore weakenings of the original
assumption. The negative examples for synthesis are valuations of the variables that satisfy all
other relevant assumptions — in this case just le_all y bl — but falsify the goaly < a. For
instance, { (b1, [51), (n, 1), (a, @), (1, [1), (y, 3)}is a negative example, so any
synthesized proposition must falsify it. Intuitively, the negative examples help to ensure that the
synthesized weakenings are still strong enough to prove the goal.

One of the propositions that dilemma synthesizes through this process is In a bl. This induces
a proposed decomposition of the remaining proof that dilemma suggests to the user in the form
of a pair of lemmas to prove. One lemma is exactly the target lemma le_all__le_one that VFA
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(* A type for binary trees of natural numbers, with constructors Leaf and Node. *)
Inductive tree : Type := ...
Definition priqueue := list tree.

(* True if t is a power-of-two heap of depth n. *)
Definition pow2heap (n: nat) (t: tree) : Prop := ...
(x True if 1 is the ith tail of a binomial heap. *)
Definition priq' (i: nat) (1: priqueue) : Prop := ...

(x Combine two trees into a single tree. *)
Definition smash (t1 : tree) (t2 : tree) : tree :

(x Add tree t to the priority queue q. *)
Definition carry (qg: priqueue) (t: tree) : priqueue := ...

Theorem carry_valid: V (n : nat) (q : priqueue),

(prig' nq) = (V (t : tree), (t=Leaf V pow2heap n t) = priq' n (carry q t)).
Proof.

intros n g. generalize dependent n. induction q.

+ intros. destruct t. { simpl. inversion H@. auto. auto. } { auto. }

+ intros. destruct Ho.

++ simpl. destruct a. { subst. assumption. } { subst. assumption. }

++ destruct a.

- simpl. destruct t.

-- split.

* left. reflexivity.

* apply IHg. inversion H. assumption. right.

(* STUCK =)

Fig. 4. Partial proof in Rocq for the theorem carry_valid from VFA’s chapter on binomial queues.

provides, which is produced by replacing (selsort bl n = a :: 1) with (In a bl) in the lemma
relevant_state. The other lemma prompts the proof that In a bl is indeed a valid weakening,
namely thatV bl 1 n a, (selsort bl n=a :: 1) = (In a bl).

2.3 Example 2: Synthesizing Missing Assumptions

Figure 4 shows part of the VFA chapter that implements priority queues using the binomial heap
data structure. A priority queue in this representation is a list of binary trees (as shown on the
second line of the figure), but they have a very special form. Specifically, the ith element of the list
is either a Leaf or it is a power-of-2 heap that has exactly 2’ nodes. In the chapter this property is
formalized by the priq' proposition, and its definition leverages the pow2heap proposition, which
indicates whether a tree is a power-of-2 heap.

The carry function shown in the figure incorporates a new tree into a priority queue and is
an important subroutine for both inserting new elements into a priority queue and merging two
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V (n : nat), priq' nq =

YV (t : tree), (t = Leaf V pow2heap n t) = (priq' n (carry q t))
prig' n ((Node n@ al a2) :: q)
pow2heap n (Node nl1 t1 t2)

pow2heap (n+1) (smash (Node n1 t1 t2) (Node n@ al a2))

Fig. 5. Interactive proof state for motivating example 2 (Figure 4).

prig' n (gvl :: q)
pow2heap n gvo

pow2heap (n+1) (smash gvo gvl)

Fig. 6. Generalized proof state for motivating example 2 (Figure 4).

priority queues. That function relies on the smash function shown above it, which combines two
trees into a single tree. The theorem carry_valid shown in the figure is the key correctness
property for carry. Intuitively, the theorem says that carry q t preserves the priq' property for
the given priority queue q whenever the tree t being added is a valid power-of-2 heap of the right
size.

Figure 4 also shows a partial proof of the carry_valid theorem (whose details are not important
to understand), and Figure 5 shows the proof state at that point, including three assumptions.
Roughly, the user has to prove that smashing together two trees produces a valid power-of-2 heap
of the right size, given the assumptions about those trees. As in the previous example, VFA provides
a lemma that allows the user to make progress, as an earlier exercise:

Lemma smash_valid: V (n : nat) (t : tree) (u : tree),
(pow2heap n t) A (pow2heap n u) = (pow2heap (S n) (smash t u)).

With that said, if the lemma were not provided, then the user would be left to find it on their own.
As in the previous example, dilemma can automatically synthesize this lemma for the user.

First dilemma determines the relevant assumptions in the proof state, as shown for the previous
example. For the state in Figure 5, only the second and third assumptions are relevant. While
dilemma will then explore weakening these assumptions like we did in the previous example,
dilemma also pursues a standard approach to lemma synthesis called generalization [6, 34], which
strengthens the proof state by replacing terms with fresh universally quantified variables. As an
example, consider the generalized proof state shown in Figure 6, where (Node n1 t1 t2) and
(Node n@ al a2) are respectively replaced by fresh variables gv@ and gv1, and only the relevant
assumptions are shown. This proof state induces the following candidate lemma:

Lemma relevant_generalized: V (q: list tree) (n: nat) (gv@: tree) (gvl: tree),
(prig' n (gvl :: @)) A (pow2heap n gvd) — (pow2heap (S n) (smash gvo gvl)).

If this lemma is valid, then it can be helpful for the user. Therefore, we use the check function to
try to find counterexamples to validity and include the lemma as a candidate to provide the user
if no counterexamples are found. Unfortunately, in this case, the lemma is not valid; for example,
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when gv1 is a Leaf we can find values of the other variables that satisfy the implicants but falsify
the implicand.

However, instead of simply giving up on this generalization, we observe that the identified
counterexamples indicate that we need additional assumptions about gv@ and/or gv1 — important
information that was lost in the generalization process. We therefore employ data-driven invariant
synthesis, via the sample and synthesize functions, to produce candidate implicants that regain
validity. The negative examples for synthesis are exactly the counterexamples to validity for this
lemma, which will have the effect of producing implicants that rule out these counterexamples.
The positive examples for synthesis are sample valuations from the original proof state that satisfy
both the assumptions and goal, but then lifted to also give values to the generalized variables (e.g.,
gvo gets the value (Node n1 t1 t2) for specific values of n1, t1, and t2). The positive examples
help to ensure that the synthesized implicant is weak enough to be provable from the original proof
state’s assumptions.

One of the propositions that dilemma synthesizes through this process is (pow2heap n gv1).
After incorporating this additional assumption to the proof state shown in Figure 6 and using
check to reduce once more to the relevant assumptions, we obtain exactly the lemma smash_valid
shown earlier, which the VFA book provides.

3 Algorithms

In this section we describe the core algorithms underlying dilemma. Our approach depends on
access to the following three black-box functions:

sample({v; : 71,...,0, : 7,}) Given a set of typed variables, sample generates a set of valua-
tions. Each valuation is a mapping of the form {v; : 1, ...,0, : t,} where each term ¢; has
type 7;.

check(A, G) Given a proof state consisting of a set of assumptions A and a goal G, the check
function uses sample valuations of the variables in the proof state to assess its validity,
i.e., whether the assumptions imply the goal. Specifically, the function generates a set & of
valuations of the variables in the proof state and returns false if there exists a valuation e € &
such that e E A\ A but e |£ G; otherwise check returns true.

synthesize(&*, &™) This function performs data-driven invariant synthesis. Given two sets
of valuations &* and &7, synthesize returns a set of propositions P over the variables in
the valuations such that for each p € P we have Ve € &*,e = p and Ve € &7, e £ p. We refer
to &* as positive examples and & as negative examples for synthesis.

Our approach is independent of the algorithms and implementations of these functions and can
benefit from future improvements in these capabilities. In §4, we’ll describe our specific implemen-
tations of these functions.

Algorithm 1 details our overall approach to lemma synthesis, which follows the informal discus-
sion from the previous section. First, we reduce the assumptions A to a subset S of assumptions
that are deemed necessary. Algorithm 2 shows how this is done: the check function is used to
find a minimal subset of the assumptions that is necessary to imply the goal.® This yields our first
candidate lemma, as shown in line 3 in Algorithm 1.* We then sample valuations of the variables

31f there is no such subset, that implies that the current proof state is invalid and so cannot lead to a proof. In that case, we
halt the algorithm and notify the user.

4All free variables in the propositions will be universally quantified at the front of the lemma, but we elide this detail in the
algorithm for simplicity.
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Algorithm 1 Overall Pipeline for dilemma

Input: set of proof assumptions A, proof goal G
Output: set of ranked candidate lemmas
1: procedure DiLEMMA(A,G):

2: S «ReduceAssumptions(A,G) > S stores a minimal set of assumptions
3: R—{(ANS = G)} > R stores the candidate lemmas
4:

5: & «—sample(vars(S) U vars(G))

6:

7: forae S do

8: W « synthesize(WeakenAssumption(&, S, G, a))

9 R—RU{((a = w),(wA(A(S\{a}) = G))|we W}

10:

11: G «Generalize(S,G)

12: for (8',G’,p) € G do > 1 maps variables to the terms that they generalize
13: if check(S’,G’) then

14: R—RU{ANS = G)}

15: else > I holds the missing assumptions that are synthesized
16: I « synthesize(InferImplicants(&,S’, G, p))

17: R «— R U {/A ReduceAssumptions(S’ U{i},G') = G’ |ie 1}

18: Re—RU{t=t'|v=t €I and (v,t) € pu}

19:

20: return Rank(Filter(R))

Algorithm 2 Reducing to Only Necessary Assumptions

Input: set of proof assumptions A, proof goal G
Output: a minimal subset of A that imply G
1: procedure REDUCEASSUMPTIONS(A,G):
2: forie [0,...,|A|] do
3: for each § C A such that |S| =i do
4: if check(S, G) then
5: return S

in the given proof state, which will be used for data-driven implicant synthesis in the rest of the
algorithm.

3.1 Assumption Weakening

Next the algorithm tries to weaken each assumption a in S. On line 8 in Algorithm 1, we use the
WeakenAssumption function to generate positive and negative examples for weakening, which are
passed to the data-driven synthesizer in order to produce candidate weakenings ‘W. Each candidate
weakening w yields two lemmas, as shown on line 9: one states that w is in fact a weakening of a
and the other is the lemma derived by replacing a with w in the set of necessary assumptions. We
add these two lemmas as a pair into our set R of candidate lemmas, so that they will be filtered and
ranked together in the last step of the algorithm.

Algorithm 3 shows how we produce the positive and negative examples to weaken an assumption
a. For a candidate implicant w to be a weakening of a, any valuation that satisfies a should also
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Algorithm 3 Positive and Negative Examples for Assumption Weakening

Input: valuations of proof variables &, set of assumptions S, goal G, assumption a
Output: positive and negative examples for synthesis to weaken assumption a

1: procedure WEAKENASSUMPTION(S,S,G,a):

2: Et—{ee&|ekEa}

3: E «—{ec&|ekE A(S\{a}) ande [ G}

4 return (E*,&7)

satisfy w. Hence all valuations in & that satisfy a are used as the positive examples for synthesis.
But the implicant w must also be strong enough to imply the goal G in conjunction with the other
assumptions in S. Hence, the negative examples for synthesis are the valuations in & that w must
falsify in order to ensure that the proof state remains valid if a is replaced by w.

3.2 Generalization and Implicant Inference

After weakening existing assumptions, Algorithm 1 employs the generalization [6] technique to
explore additional candidate lemmas. On line 11, the algorithm creates a set of generalizations of the
reduced proof state. The definition of the function Generalize is not shown but is straightforward:
each produced generalization introduces fresh variables v; for one or more terms t; that appear in
the goal G. Each generalization in the resulting set G is a triple consisting of S[t; = v;], G[t; = v;],
and the mapping {v; : t;} that defines this generalization.

Next we consider each generalization in turn (line 12). If the generalization is not found to be
invalid by the check function, then it is simply added to the set of candidate lemmas (lines 13-14).
Otherwise, we use the InferImplicants function to generate positive and negative examples to
infer implicants that can make the generalization valid; these examples are passed to the data-driven
synthesizer in order to produce candidate implicants J. Each synthesized implicant i € J yields a
candidate lemma by adding the implicant to the existing set S” of assumptions and removing any
assumptions that are no longer needed (line 17).

Algorithm 1 also includes special handling for the case when the candidate implicant is an
equality of the form v = ' where v is a fresh variable introduced for generalization (line 18). Since
v was introduced for generalization, it is a stand-in for some existing term ¢ from the proof state.
Hence in this case we also yield a candidate lemma ¢ = ¢’.

Algorithm 4 Positive and Negative Examples to Infer Implicants

Input: valuations of original proof variables &, set of generalized assumptions S’, generalized
goal G’, generalization mapping p
Output: positive and negative examples for synthesis to infer missing assumptions
1: procedure INFERIMPLICANTS(E,S’,G’,1):
2 & « Lift(E,p)
Et—{ec&|eEF NS ande G’}
& «—sample(vars(S’) U vars(G’))
E «—{ec&”|eEANS ande -G}
return (EY,E7)

AN L

Algorithm 4 details how we produce the positive and negative examples for synthesis to infer
new implicants. First, we lift each valuation e in & to include values for the generalized variables.
The Lift function is not shown but is straightforward: each generalized variable v is set to the value
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of u(v) when evaluated under the variable valuation e, where y is the mapping of variables to the
terms they’ve generalized. The positive examples for synthesis are then simply the lifted valuations
that satisfy all assumptions and the goal. This ensures that the inferred implicants will be weak
enough to include the satisfiable valuations of the original proof state. To obtain negative examples
for synthesis, we sample from the generalized proof state (line 4) and collect those valuations that
represent violations of validity (the assumptions are satisfied but the goal is falsified). Including
these valuations as negative examples will help ensure that the synthesized implicants are strong
enough to restore validity.

3.3 Filtering and Ranking

The final step in Algorithm 1 is to filter the lemma candidates that are less likely to be useful, and
then to rank the remaining lemmas for presentation to the user.

Filtering. The Filter function (definition not shown) removes candidate lemmas that are either
invalid or redundant, similar to the filtering done by the 1find data-driven lemma synthesis
tool [48]. Specifically:

e Invalid. We remove candidate lemmas for which check returns false, indicating that the
lemma is not valid. Additionally, if either lemma in a pair resulting from weakening an
existing assumption is invalid, then the entire pair is removed.

e Redundant. We remove candidate lemmas that are clearly unhelpful. This includes weaken-
ings that are syntactically equal to the assumption that they weaken and inferred implicants
that simply assign a generalized variable to be equal to the term that it generalized. To go
beyond syntactic equality, we say that two propositions are redundant with one another if
Rocq’s rewrite, reflexivity, and/or apply tactics can be used to prove that the proposi-
tions imply each other. We remove candidate lemmas that are redundant with either the goal
or with the assumption being weakened (where applicable).

Ranking. The Rank function orders the remaining lemma candidates in order of their likely utility.
The prior 1find tool ranks candidate lemmas based on provability — whether the lemma itself is
provable and whether it can be used to fully prove the goal — by invoking an automated prover [46].
However, this ranking approach degrades as proofs get more complex, because it becomes less
likely that an automated prover can complete the proofs automatically. Indeed, our experiment
with the PROVERBOT9001 automated prover [46] in Section 5.4 shows several instances of useful
lemmas that cannot be automatically proven.

For this reason, we propose a new ranking approach that is specific to the way in which dilemma
constructs candidate lemmas. As defined in Algorithm 1, our algorithm constructs lemmas in
five different ways: (1) reducing the assumptions of the current proof, (2) weakening an existing
assumption, (3) generalizing the proof state, (4) inferring a necessary implicant for a generalization,
and (5) creating an equality lemma for a generalized term. These different means of construction
are given different levels of priority in our ranking based on perceived complexity. We order them
as follows: 3,1,5,2,4. For example, valid generalizations come first in our ranking, as they tend to be
the simplest, while lemmas that require an additional implicant come last. We order all lemmas
and lemma pairs that are in the same priority level based on the size of their abstract syntax tree
representations, from least to greatest.

4 Implementation

We’ve instantiated our approach in a Rocq tactic called dilemma, which is implemented in Rocq
and OCaml.
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4.1 Sampling, Validity, and Synthesis

As described in the previous section, dilemma’s approach depends on black-box functions for
sampling valuations of a proof state; searching for validity counterexamples to a proof state; and
synthesizing propositions from positive and negative examples.

dilemma uses the property-based tester QuickChick [42] as its check function. Given a proof
state with assumptions A and goal G, we invoke QuickChick on the proposition A A = G.
QuickChick will then sample valuations of the variables in the given proposition and use them to
search for counterexamples to the proposition’s validity.

dilemma inherits the requirements for running QuickChick. Specifically, users must provide a
proof of decidability for any propositions used in their code. In addition, each type used in the code
must be showable, meaning that it has a function to produce a string representation of a value, and
it also must have a generator for producing random values of the type. QuickChick includes some
support for automatically generating these functions for inductive types.

We also use QuickChick to implement the sample function, by creating a dummy property of the
right type for QuickChick to test and then recording the values that it generates. We do this instead
of directly invoking the underlying generators for each type in order to leverage QuickChick’s
sampling heuristics.

We implemented a simple enumerative type-based synthesizer in OCaml to perform the data-
driven implicant synthesis as defined by the synthesize function. dilemma passes the synthesizer
the positive and negative examples along with a set of typed constructors, functions, and proposi-
tions (extracted from Rocq) that may be used to construct implicants. The synthesizer enumerates
well-typed propositions in order of size, up to a specified bound on the heights of their abstract
syntax trees, and it returns all those that respect the given positive and negative examples. When
dilemma invokes the synthesizer from a particular point in a proof, it passes all constructors,
functions, and propositions that are defined in the surrounding file, along with all of those that are
used in the file but imported from other libraries.

dilemma currently does not include support for sampling values of a function type. Similarly, the
synthesizer does not currently support synthesizing values of a function type. These limitations
are not fundamental but would require some experimentation to determine the most effective
approaches.

4.2 Hyperparameters and Bounds

The search space for useful implicants is large. dilemma uses several hyperparameters to practically
bound the search space (and hence the time required to run dilemma) while retaining effectiveness.

Generalization A generalized proof state can introduce any number of fresh variables, each
replacing some term in the original proof state. dilemma only considers generalized proof
states with up to three fresh variables, and not all of them are considered. Specifically,
generalized proof states are enumerated in order of the number of fresh variables that they
contain. If a generalized proof state is found to be invalid, then dilemma tries to infer a
missing assumption, yielding new candidate lemmas. If the generalized proof state is valid,
then dilemma generates a candidate lemma from the proof state and then also moves on to
consider extensions of the generalization that include an additional fresh variable, if we are
not already at the limit of three. Due to the limitations described above, terms of function
type are never generalized.

Sampling When using QuickChick to generate sample valuations, we set a limit of 9000
samples, to ensure sufficient diversity. When we use these valuations to produce positive
and negative examples for synthesis, we limit each set of examples to at most 500. Across all

Proc. ACM Program. Lang., Vol. 9, No. OOPSLAZ2, Article 353. Publication date: October 2025.



353:14 Ana Brendel, Aishwarya Sivaraman, and Todd Millstein

of the tests that we ran, a synthesis query had an average of 329 positive examples and 354
negative examples.

Synthesis As mentioned above, dilemma uses a simple enumerative synthesizer for Rocq
propositions. The synthesizer takes as arguments the sets of positive and negative examples,
as well as the set of functions, constructors, and propositions to use for synthesis. In addition
it takes a bound on the height of synthesized propositions, meaning the maximum number of
nodes from the root to a leaf in the proposition’s AST representation. In our experiments we
use a maximum height of 3. For example, Permutation (a ++ b) (b ++ c) has a height of
3 (and is considered), but Permutation (a ++ b) (b ++ a ++ ¢) has a height of 4 (and is
not considered).

These hyperparameter values were determined empirically, attempting to balance expressive-
ness against time. For example, we observed that the number of distinct examples generated by
QuickChick plateaus after 9000 samples or so. The bounds are fairly modest, for example a maxi-
mum height of only 3 for synthesized propositions. With more computational resources and/or
time allowance we could increase them, and of course they can also be made user-configurable.

4.3 Filtering and Ranking

dilemma uses QuickChick to filter invalid candidate lemmas and a simple Rocq script to check for
a candidate lemma’s redundancy. Each candidate lemma is tagged to indicate by which of the five
possible means in dilemma’s algorithm it was constructed, and our ranking function (defined in
OCaml) leverages these tags and the size of each lemma to totally order them. Currently dilemma
returns only the top five ranked candidates; however, it also produces a full log containing all of
the candidate lemmas that were synthesized.

5 Evaluation and Results

In this section, we evaluate the capabilities of dilemma through two experiments, as well as compare
its performance to that of a prior state-of-the-art tool, 1find. First, we evaluate dilemma’s (and
1find’s) ability to synthesize the lemmas used in the correctness proofs for data structures from the
Verified Functional Algorithms (VFA) book [1]. These proofs heavily rely on implication lemmas.
Second, we compare the tools’ performances on the benchmarks used to evaluate 1find [48]. These
benchmarks almost exclusively require atomic equality lemmas, i.e., lemmas of the form Vo.t; = t;,
where #; and t, are terms over the variables in .

5.1 Experimental Setup

Our experiments assess dilemma’s ability to synthesize the lemmas used by a human to prove the
lemmas and theorems in each benchmark. For each proof of a theorem or lemma in a benchmark,
every point in the proof that uses either the apply or rewrite tactic to use a lemma becomes an
evaluation point for dilemma— we execute dilemma from that point in the proof and compare the
synthesized lemmas against the actual one that was used in the proof. For the VFA benchmark,
we started from the proof sketches that the book provides in each chapter, which includes the
statement of key helper lemmas [1]. We manually completed the proofs of all lemmas and theorems,
adding new helper lemmas where needed, to create the benchmark.

All dilemma evaluations were performed on a machine that runs MacOS using an Apple M1 Pro
chip with 10 cores and 16GB memory. We used the artifact submitted with the 1find paper [47] in
order to run 1find on the VFA benchmark.

We deem dilemma to be successful at a particular proof point if one of the top 5 lemmas produced
by dilemma is either an exact match for the lemma used by the human at that point or is otherwise
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Table 1. Results for dilemma on the VFA benchmark

Chper | ot Bt SepinRht WekerVerion | verge
bagperm 11 5 0 0 22.1
binom 46 17 5 6 406.1
merge 17 10 0 0 138.9
perm 1 0 0 0 7.1
priqueue 8 2 2 0 128.1
redblack 32 10 0 0 258.0
searchtree 59 1 3 2 206.1
selection 24 15 2 0 70.3
sort 11 7 0 0 40.4
trie 17 10 0 0 62.9
| TOTALS | 226 77 12 8 206.6

useful for completing the proof. Specifically, we define two classes of useful lemmas that are not an
exact match:

5.2

A step in the right direction From the reduced proof state, dilemma produces candidate lem-

mas either by weakening a single assumption in the state or inferring a single new implicant.
However, some lemmas require that multiple assumptions be weakened or inferred. For
example, suppose that a target lemma requires both that assumption A be weakened to A’
and assumption B be weakened to B’, yielding the lemma A’ A B = G, where G is the
current goal. If dilemma instead produces the lemma A’ AB = G, we consider this a useful
result since it helps the user to make progress by identifying the implicant A”.

A weaker version of the target lemma that is used equivalently A lemma that falls in this

category is weaker that the human lemma that is used, but it is able to make the same step
in the provided proof context when applied, yielding the same resulting proof state. For
example, suppose the target lemma was (In x 1 vV In x m) = (In x (1 ++ m)) but
dilemma instead found (In x 1) = (In x (1 ++ m)).If the latter can be applied to
the current goal in the same way as the former, and if proving the latter lemma is of similar
difficulty as proving the former, then we declare the latter lemma useful.

Evaluation on Verified Functional Algorithms

The VFA benchmark consists of 10 out of the 16 chapters in the book. Two chapters, Multiset
and Maps, were skipped because their data structures are defined using function types, and our
implementation does not currently support sampling or synthesis of functions. The other four
chapters (ADT, Extract, Decide and Color) were skipped because they don’t define or verify a data
structure. In total across the chapters that we used there are 226 points in the proofs where a helper
lemma is used, and hence from where we evaluate dilemma.

5.2.1

Evaluation of dilemma. The results of running dilemma on the VFA benchmark are shown

in Table 1. In 34.1% of the evaluation points (77 out of 226), dilemma finds an exact match to the
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Generalized

Reduced Assumptions

Inferred Missing Assumption

Weakened Existing Assumption
Inferred Equality of Generalized Variable

Fig. 7. Breakdown of the exact matches and useful lemmas from dilemma for VFA.

V (n : nat) (m : nat) (q : list tree) (q' : list tree),
(prigg n p) A (delete_max_aux mp = (q, q')) = (prigq' n q A priq q')
prig' n (Node n@ al Leaf :: p)
(Leaf :: p, unzip al (fun u : list tree = u)) = (q, q')
Leaf :: p=q
unzip al (fun u : list tree = u) = q'

prig (unzip al (fun u : list tree = u))

Fig. 8. Interactive proof state for proof of delete_max_aux_priq from VFA’s chapter on binomial queues.

helper lemma that is used at that point, within the top 5 lemmas returned by dilemma. Further,
97.4% of the exact matches are within the top 3, and 76.6% of the exact matches are the top lemma
returned by dilemma. If we include the two categories of other useful lemmas, as described earlier,
then dilemma returns an exact match or useful lemma in the top 5 in 42.9% of the evaluation points.

Figure 7 breaks down the manner in which each successful lemma was constructed by dilemma
(referring to the categories described in §3). Most of the lemmas come from reducing the assumptions
to the necessary ones. This is a common case in general but also makes sense for these benchmarks,
where very general properties of data structures are being proven. While relatively simpler than the
other parts of dilemma, reducing the assumptions still inherently leverages dilemma’s data-driven
approach. Further, 27 of the 97 successes employ a form of data-driven invariant synthesis. Finally,
64 of the 97 successes are implication lemmas (this is not shown in the figure).

Example. The following example illustrates how dilemma can provide value in making progress
from complex proof states, even when it does not find the exact target lemma. Figure 8 shows a
proof state from the chapter on binomial queues where the following helper lemma (provided by
VFA) is used:
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prig' n (Node n@ al Leaf :: p)

priq (unzip al (fun u : list tree = u))

Fig. 9. Reduced interactive proof state for proof of delete_max_aux_priq from VFA’s chapter on binomial
queues found by dilemma.

Table 2. Breakdown of failures for dilemma on the VFA benchmark.

Failure Reason Quantities
Forward Reasoning 59
'Resource Limit 19
Impléfﬁéﬁfétion Restriction 29
Ranked Exact Match Too Low 3
' ~ Beyond Scope 19

Lemma unzip_preq: V (t : tree) (f : list tree -> list tree) (n : nat) (k : nat),
(pow2heap' n k t) A (prig' n (f [1)) = (priq (unzip t f)).

The details of the unzip function and propositions like pow2heap' are not necessary to under-
stand what dilemma does on this example. First, dilemma reduces the assumptions to the necessary
ones, resulting in the proof state shown in Figure 9. In order to find the target lemma, dilemma
would need to both weaken an existing assumption and infer a missing assumption, but dilemma
performs at most one of these tasks per candidate lemma. Furthermore, because of dilemma’s
current limitations on sampling valuations of functions, it does not support generalization for terms
of a function type, which is needed in this case. Nonetheless, dilemma is able to find the following
lemma through assumption weakening:

Lemma useful_onestep_lemma: V (n : nat) (k : nat) (t : tree),
(pow2heap' n k t) = (priq (unzip t (fun u : list tree = u))).

This lemma is a special case of the target lemma for when the function f is the specific function
(fun u : list tree = u), i.e. the identity function. This is an example of a step in the
right direction because dilemma correctly inferred the required assumption about the pow2heap'
proposition. This example also illustrates that despite dilemma’s limitations on sampling valuations
for variables of function type, it can still provide value for proof states that involve functions.

Failure analysis. We've broken down the reasons that dilemma fails to find a useful lemma into
five broad categories which are shown in Table 2. Specifically:

Forward Reasoning These are cases where the target lemma is applied in an assumption rather
than in the goal. dilemma’s approach to assumption weakening yields a pair of lemmas, one
of which applies to an assumption, as shown in the first example in Section 2. However,
even in that case, the lemmas are derived from the needs of the current goal. Hence proof
strategies that derive new facts from the assumptions before simplifying the goal are not well
supported by dilemma. This also includes cases where the assumptions are contradictory and
so completing the proof requires this contradiction to be proven from the assumptions alone.

Resource Limit These are cases where the resource bounds described in §4 prevent dilemma
from finding the target lemma. The two most common limitations that lead to failures are
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Table 3. The average percentage of time spent by dilemma on different tasks, per evaluation point in the VFA
benchmark.

Group Reduc? Synthesize Rank + Filter
Assumptions
All 56.37% 16.34% 27.29%
Slowest 10% |  49.79% 37.47% 12.74%
Middle 10% | 59.12% 12.06%  28.82%
Fastest 10% |  65.32% 10.06%  24.62%

the limit on the number of generalized terms considered and the limit on the height of
synthesized propositions.

Implementation Restriction These are cases that are not beyond the scope of our approach
but fail due to implementation limitations. The most common one is the lack of support for
generalizing function types.

Ranked Exact Match Too Low These are cases where dilemma found an exact match for the
lemma that was used, however, the lemma was ranked beyond the top 5 candidates. The fact
that there are only three such cases validates the effectiveness of our ranking technique in
general.

Beyond Scope Finding these lemmas appears to be beyond the scope of our technique.

Runtime analysis. Table 1 also shows the average time that dilemma takes at a single evaluation
point, both on a per-chapter basis and over all evaluation points. The time taken varies quite a lot
based on the complexity of the chapter. The average runtime per test is 206.6 seconds, as listed
in bottom right of the table 1. However, the median runtime across the entire set of evaluation
points is significantly less at 100.0 seconds (not shown in the figure). Given these running times,
dilemma is not currently suitable for a tight interaction loop with the user. However, it is still quite
reasonable for the user to wait a few minutes to obtain guidance on how to make progress from a
point at which they are stuck, since without a tool like dilemma users are simply on their own to
figure out how to proceed.

Table 3 breaks down the time that dilemma spends on different tasks, determined as a percentage
of time per evaluation point and then averaged over all such points. The majority of the time is
spent on reducing the assumptions to just those that are relevant to the goal. Currently dilemma
finds a minimal set of relevant assumptions by considering all subsets of assumptions in order
of size. Obviously this becomes expensive as the number of relevant assumptions increases, so
to improve usability it is worth considering heuristics that give up on minimality in exchange
for increased efficiency. The table also shows that the percentage of time spent on synthesis is
dramatically higher on the slowest benchmarks versus on the fastest or median-time benchmarks.
Our synthesizer enumerates all propositions up to some maximum size and so is quite sensitive to
the number of possible propositions, as induced by the given set of constants and functions. Hence
it will also be helpful to improve the black-box synthesizer, for example by adding heuristics for
searching the space or by exploring synthesis techniques other than enumeration (e.g., LLM-based
synthesis).

5.2.2  Evaluation of 1find. 1find is a state-of-the-art prior tool that performs data-driven lemma
synthesis for interactive proofs [48]. 1find is designed to generate atomic lemmas but is not able
to synthesize implication lemmas, so we ran 1find on just the VFA evaluation points where an
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Table 4. 1find and dilemma results for the equality benchmarks. dilemma’s results include only exact matches
with the target lemma.

Benchmark Suite 1find dilemma
clam 101/140  72.1%  54/140  38.6%
lia 11/19  57.9%  6/19  31.6%
full adder 37/62 60.0% 7/62 11.3%
compiler 1/1 100% 0/1 0%

atomic lemma is used. Out of 226 evaluation points in VFA, 54 of them use an atomic lemma, and
33 of these lemmas are atomic equality lemmas.

Unfortunately, 1find has significant limitations on the syntax of functions and terms accepted
by its synthesizer, as discussed in §4.4 of the 1find paper [48]. For example, it does not support
parametric polymorphism and only supports a small subset of the OCaml language, to which
Rocq functions and terms get extracted for purposes of synthesis. The original evaluation of 1find
skipped 44 evaluation points in their benchmarks due to these limitations.

The VFA data structures are all polymorphic and employ polymorphic functions and definitions
from the Roqc standard library. We created monomorphic versions of all required types and
definitions in order to avoid the 1find limitation. Nonetheless, in 49 out of the 54 evaluation
locations, 1find still failed due to a syntactic limitation of its synthesizer. Hence we were only able to
get results for the remaining five evaluation points. None of them yielded a useful lemma, according
to either our success metrics for dilemma or the success metrics used for 1find’s evaluation [48].

5.3 Evaluation on Equality Benchmarks

The existing benchmarks for lemma synthesis contain evaluation points that largely require atomic
equality lemmas. We ran dilemma on the four benchmarks used to evaluate 1find [48]. The clam
and lia benchmarks contain proofs of equalities about numbers and simple data structures. The
full adder benchmark creates a full-adder circuit and proves its correctness, and the compiler
benchmark has a single evaluation point in the proof of a simple compiler’s correctness.

Table 4 lists the results reported on these benchmarks in the 1find paper alongside the results
of running dilemma on the same benchmarks and same evaluation points. For dilemma we conser-
vatively only report success if there is an exact match to the target lemma; the success criteria used
for 1find’s evaluation are somewhat broader [48].

dilemma synthesizes an exact match to the target lemma for a bit more than 30% of the evaluation
points. This constitutes about 45% of the number of evaluation points for which 1find succeeds, but
1find is designed specifically to synthesize atomic equality lemmas. The evaluation demonstrates
that dilemma is also able to express such lemmas, despite its focus on implicant synthesis. We give
an example below to illustrate this expressiveness.

Finally, the clam benchmark has 18 proof locations where an implication lemma was used, and
which were not included in the 1find evaluation since that tool does not support synthesizing
implications. Similarly, there are 9 such locations in the 1ia benchmark. We therefore additionally
evaluated dilemma on these locations, and it was able to synthesize an exact match to the target
lemma in 13 out of the 27 evaluation points (result not shown in the table).

Example. Consider the example in Figure 10, which is used as a motivating example in the
1find paper [48]. The figure shows a proof state in the middle of a proof that rev (rev 1) = 1 for
all lists 1, which is one of the clam benchmarks. At this proof state, the following lemma is used:
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(rev (rev 1)) =1

(rev (append (rev 1) [n1)) = (n :: 1)

Fig. 10. Interactive proof state for proof of rev_rev from the clam benchmarks.

Lemma target : V (1' : Lst) (n : Nat),
rev (append 1' [n]) =n :: (rev 1').

1find identifies this helper lemma through two rewrites on the goal in Figure 10. First, it generalizes
(rev 1) to afresh variable 1'. Then, it performs a form of data-driven program synthesis to identify
thetermn :: (rev 1') asareplacement forn :: 1.

Despite the fact that dilemma does not perform goal rewrites, it is nonetheless able to find this
equivalent implication lemma:

Lemma found : V (1 : Lst) (n : nat) (1' : Lst),
(rev1' =1) = (rev (append 1' [n]) =n :: 1).

As in 1find, dilemma first generalizes (rev 1) to a fresh variable 1'. However, it then infers the
missing assumption rev 1' = 1 which is needed to make the generalized proof state valid.

This example illustrates that dilemma’s approach is expressive enough to support the goal
rewrites that 1find considers. In general, if 1find would replace a term t with another term t’
in the goal, then this can be equivalently represented as an additional assumption t = t’ that is
needed to regain validity of the proof state. Hence in principle, dilemma subsumes the behavior of
1find while additionally supporting synthesis of complex implication lemmas. In practice, dilemma
finds fewer atomic lemmas than 1find due to its resource bounds, for example on the number of
generalized terms to consider. 1find’s exclusive focus on goal rewrites allows it to consider all
possible generalizations of terms in the goal.

5.4 Leveraging dilemma for Proof Automation

We performed a small experiment to gauge the value of dilemma in aiding automated proof
generation. Specifically, we combine dilemma with the PROVERBOT9001 [46] automated neural
prover for Rocq. In all runs of PROVERBOT9001 we used the same hyperparameters that were
used for PROVERBOT9001 in the evaluation of 1find [48]. Specifically, we used the pre-trained
weights that are provided with PROVERBOT9001 and set the max-proof-time field to 15 seconds.
Additionally, we imposed a 5-minute timeout for each entire run of PROVERBOT9001.

As mentioned in the previous subsection, there are 27 proof locations across the clamand lia
benchmarks where an implication lemma is used. We first asked PROVERBOT9001 to complete the
proofs from these 27 locations, but without access to the particular implication lemma that was
appealed to in the original proof. In this way, we are simulating a scenario where the required
helper lemma is not yet written. As expected, PROVERBOT9001 was unable to complete a single one
of these 27 proofs, since it can use existing lemmas but lacks the ability to synthesize new ones.

We then ran a variant of this experiment where we simulate a version of PROVERBOT9001 that
can appeal to dilemma. Specifically, we run dilemma at each of the 27 prooflocations, apply the top-
ranked lemma from dilemma to the current proof state, and then ask PROVERBOT9001 to complete
the proof. We then do the same thing but with the second-ranked lemma that dilemma provides.
PROVERBOT9001 successfully completes the proof in at least one of the two runs for 14 out of the 27
proof locations.
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Finally, we investigated the extent to which the dilemma-provided lemmas in those 14 successful
proof locations are useful in simplifying the overall proof. First we asked PROVERBOT9001 to prove
each of those lemmas, and it was able to do so for one of the top-2 dilemma-provided lemmas at
two of the 14 proof locations. Hence at two proof locations, PROVERBOT9001 can use dilemma to
provide a full proof to the user, which otherwise would not have been possible. For the remaining
12 locations, the helper lemmas are themselves complex enough (e.g., requiring their own helper
lemmas) that PROVERBOT9001 cannot prove them automatically. However, in five of these cases
one of the dilemma-provided lemmas is an exact match to the lemma used by the human in the
original proof. Hence the combination of dilemma and PROVERBOT9001 is still very useful in these
cases: it provides the user with a simpler lemma to be proven, along with a full proof of the original
goal that uses that lemma.

While preliminary, we believe that this experiment demonstrates the promise of combining
lemma synthesis with automated proof search. Without lemma synthesis, PROVERBOT9001 cannot
complete any of the 27 proofs when the needed lemma is not available. With lemma synthesis
from dilemma, PROVERBOT9001 can provide a useful result in 7 cases, including a complete proof
in 2 cases. In the future, we are interested to see how a more powerful automated prover, for
example one that employs LLMs, would benefit from dilemma. To fully integrate dilemma with
an automated prover, we also need to devise approaches to determine when dilemma should be
invoked as part of the proof search.

6 Related Work
6.1 Lemma Synthesis

Our approach to lemma synthesis is closest to that of 1find [48], which also employs a form of
data-driven synthesis based on sample valuations of the current proof state. However, both the
class of lemmas being targeted and the form of data-driven synthesis are quite distinct. The 1find
approach targets lemmas that can be used to rewrite a subterm within the current goal with a
new term, and furthermore these lemmas must be atomic, i.e. true unconditionally. In 1find such
synthesis is reduced to a form of data-driven program synthesis that produces candidate terms for
goal rewriting. In contrast, dilemma targets lemmas that apply directly to the current goal, without
rewriting, but that are only true conditional on a set of assumptions. Hence our key challenge is to
synthesize candidate propositions to use as lemma implicants, and we describe how to reduce this
task to data-driven invariant synthesis from positive and negative examples. We have demonstrated
that dilemma can express some of the goal rewrites performed by 1find despite our focus on
synthesizing implicants. In the future, it could be useful to combine dilemma and 1find for broader
effectiveness in practice.

The most common prior technique for lemma synthesis in interactive theorem proving is gener-
alization [3, 6, 9, 15, 24, 26, 34], whereby selected terms are replaced by fresh variables. Another
class of approaches uses a fixed set of rewrite rules to derive candidate lemmas from the current
state [8, 14, 28]. Compared to these approaches, our work is distinguished by the gain in expres-
siveness that results from reducing the problem to one of data-driven invariant synthesis. We also
directly employ the generalization technique as part of our approach.

6.2 Theory Exploration

A related class of tools performs theory exploration to infer candidate specifications for a given
AP, typically through a form of bottom-up enumeration. This has been done in the context of
both automated and interactive verification [10, 11, 23, 29, 30, 38, 44, 52]. The key difference versus
dilemma is that these approaches are fundamentally undirected — they are not given a particular
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proof state from which to make progress. By leveraging sample valuations of the proof state, we
are able to perform synthesis in a targeted way for the given state, including making use of the
specific assumptions that hold in that state. However, dilemma’s underlying synthesizer is currently
implemented as a simple bottom-up enumeration and thus could potentially benefit from the kinds
of optimizations used in these tools.

6.3 Automated Proofs for Interactive Theorem Provers

As described in Section 1, there has been significant work on proof automation for interactive
theorem provers. For example, hammers [5, 12, 31, 32] employ external constraint solvers to try
to complete proofs, and neural theorem provers use machine learning models to predict the next
tactic in a proof or to generate full proofs [4, 18, 19, 22, 25, 33, 41, 46, 49-51]. These techniques are
increasingly powerful and can leverage existing lemmas, but they do not identify new lemmas that
may be required in order to make progress. Hence it would be natural to integrate dilemma into
an existing automated prover in future work. A key technical question is to determine when the
prover is “stuck” and may need a new lemma to be synthesized.

6.4 Data-Driven Invariant Synthesis

Invariant synthesis from positive and negative examples is a well-studied technology, with various
approaches and applications [2, 16, 20, 21, 37, 40, 53]. These past techniques are all employed in the
context of fully automated verification (e.g., to infer sufficient loop invariants); to our knowledge,
ours is the first application of data-driven invariant synthesis to interactive theorem proving. In the
prior work there is a clear logical specification for the required invariant (e.g., a loop invariant must
be inductive and imply a given post condition), while in our setting there is no such specification.
Hence we have developed novel criteria for synthesizing candidate lemmas, based on the ideas
of weakening existing assumptions and synthesizing missing assumptions, as well as criteria for
filtering and ranking such candidates.

7 Conclusion

A key burden in interactive theorem proving today is the need for users to identify the right
implementation-specific lemmas to define and prove, which will enable them to prove the high-
level correctness properties that they really care about. We present a novel form of data-driven
lemma synthesis that addresses an important gap in prior such tools, namely the lack of support
for implications. Absent resource limitations, our approach subsumes the expressiveness of both
the generalization technique for lemma synthesis [6] and the 1find data-driven lemma synthesis
technique [48]. We have implemented our approach as a Rocq tactic called dilemma and have
demonstrated its effectiveness on several benchmark suites.

There are several fruitful avenues for future work. First, as shown in Section 5, because dilemma
targets lemmas that apply to the current goal state, it fails in many cases that involve forward
reasoning, where a lemma is applied to an assumption. It would be interesting to extend our
approach to explicitly search for such lemmas as well. Second, we would like to integrate dilemma
into an existing proof automation tool, such as a neural theorem prover that leverages LLMs. This
integration has the potential to greatly enhance the capabilities of automated provers by enabling
them to synthesize new lemmas whenever they would otherwise not be able to make progress.
Achieving this goal will require us to improve the efficiency of dilemma and devise heuristics for
when dilemma should be invoked during an automated proof search.
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8 Data-Availability Statement

As discussed in §4, we’ve implemented our approach in a Rocq tactic, dilemma. The source code of
dilemma is on GitHub at https://github.com/ana-brendel/dilemma, along with documentation on
how to install and run it. The benchmarks and result logs for dilemma’s evaluation can be found at
https://github.com/ana-brendel/dilemma-benchmarks. Finally, a Docker image containing all of
the above and scripts for running the benchmarks is available as an artifact[7].
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