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Graph Embedding
• What is Graph Embedding

• Shallow Network Embedding

• Graph Convolution Network

• Knowledge Graph Embedding

• Summary
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How to represent nodes?
• A naïve solution

• Limitations:
• Extremely High-dimensional
• No global structure information integrated
• Permutation-variant
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A Better Solution
•Map each node into a low dimensional 
vector
•𝜙𝜙:𝑉𝑉 → 𝑅𝑅𝑑𝑑
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Shallow Network Embedding 
Approaches

• Inspired by word embedding
• A node’s embedding is determined by its 
context

•How to define the local context of a 
node?
• DeepWalk [Perozzi, KDD’14]

• LINE [Tang, WWW’15]

• Node2Vec [Grover, KDD’16]
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LINE: Large-scale Information Network 
Embedding

• First-order proximity

• Assumption: Two nodes are similar if they are 
connected

• Limitation: links are sparse, not sufficient
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𝑢𝑢𝑖𝑖: 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑖𝑖



Objective function for first-order 
proximity

•Minimize the KL divergence between 
empirical link distribution and modeled 
link distribution
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𝑤𝑤𝑖𝑖𝑖𝑖:𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖, 𝑗𝑗)



Second-Order Proximity
•Assumption:

• Two nodes are similar if their neighbors are 
similar
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𝑢𝑢𝑖𝑖: 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑖𝑖
𝑢𝑢𝑗𝑗′: 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑗𝑗



Objective function for second-order 
proximity

•Minimize the KL divergence between 
empirical link distribution and modeled 
link distribution
• Empirical distribution

• Objective function
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Negative Sampling for Optimization
•For second-order proximity derived 
objective function
• For each positive link (i, j), sample K negative 
links (i, n)
• An edge with weight w can be considered as w 

binary edges

• New objective function
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𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑: 𝑃𝑃𝑛𝑛 𝑣𝑣 ∝ 𝑑𝑑𝑣𝑣
3/4



Graph Embedding
• What is Graph Embedding

• Shallow Network Embedding

• Graph Convolution Network

• Knowledge Graph Embedding

• Summary

13



Limitation of Shallow Network 
Embedding

•Too many parameters
• Each node is associated with an embedding 
vector, which are parameters

•Not inductive
• Cannot handle new nodes

•Cannot handle node attributes
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From shallow embedding to Graph 
Neural Networks

•The embedding function (encoder) is 
more complicated
• Shallow embedding

•𝜙𝜙 𝑣𝑣 = 𝑈𝑈𝑇𝑇𝑥𝑥𝑣𝑣, where U is the embedding matrix 
and 𝑥𝑥𝑣𝑣 is the one-hot encoding vector

• Graph neural networks
•𝜙𝜙 𝑣𝑣 is a neural network depending on the graph 

structure
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Graph Convolutional Network
•Recall CNN

• Regular graph

•GCN
• Extend to irregular graph structure
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Set up
•An attributed graph G=(V,E)

• A: adjacency matrix  

• X: feature matrix for all the nodes

• N(v): degree of node v

•Representation vector at Layer l
•ℎ𝑣𝑣𝑙𝑙
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Each GCN Layer
•Neighbor Aggregation

• Aggregate neighbors’ representations

•Nonlinear transformation
• Transform the representation
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𝑊𝑊𝑘𝑘:𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 𝑘𝑘, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛



Illustration
•Matrix form

• A toy example of 2-layer GCN on a 4-node graph
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How to train a GCN?
•Let 𝑧𝑧𝑣𝑣 be the final layer output for node v
•Define a task and the determine the loss

• Node classification
• Softmax(𝑧𝑧𝑣𝑣), then cross entropy loss

• Link prediction
• 𝜎𝜎(𝑧𝑧𝑢𝑢𝑇𝑇𝑧𝑧𝑣𝑣) for link (u,v), then binary cross entropy 

loss

• Graph classification
• Softmax(𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑛𝑛 ( 𝑧𝑧𝑣𝑣 𝑣𝑣∈V ))
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Question
•How many parameters are there in a 
GCN?
• Assuming initial features are with 𝑑𝑑0
dimensions

• Representation in later layers are with 𝑑𝑑
dimensions
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An example of Knowledge Graph
•A set of triples (h, r, t), which form a graph
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Triple



Knowledge Graph Application
•When you search in Google
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Facts from KG



KGs are everywhere
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General-purpose KGs

Common-sense KGs & NLP

Bio & Medical KGs

Product Graphs & E-commerce



Knowledge Graph Embedding
•Goal: represent entities and relations as 
latent vectors or matrices and support 
effective relation learning and inference 
• Input: Relation facts (triples)

• Output: Embedding representations of objects 
and relations
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KG embedding algorithms
•Key idea

• Design a score function for each triple using 
embeddings

• The score for a positive triple should be higher 
than a negative triple
• Define loss accordingly
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Triple

Score Function



Popular approaches
•Differ in score function design
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More Details on TransE
•Objective Function

• Margin-based ranking loss

• 𝑥𝑥 + denotes the positive part of 𝑥𝑥, i.e., max(0, 𝑥𝑥)
• 𝛾𝛾 > 0 denotes the margin hyperparameter

• The higher the bigger difference between positive triple and 
negative one

• 𝑆𝑆: positive triple set; 𝑆𝑆′: corrupted triple set 
(negative triples) 

•Optimization: stochastic gradient descent
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Summary
•Graph embedding
•Shallow embedding

• E.g., LINE

•Graph neural networks
• E.g., GCN

•Knowledge graph embedding
• E.g., TransE
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