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Abstract. In the k-party set disjointness problem, the goal is to determine whether given subsets
S1,82,...,Sk C{1,2,...,n} have empty intersection. We study this problem in the number-on-the-
forehead model of communication, where the ith party knows all the sets except for S;, and prove
a lower bound of Q(n/4k)1/ 4 on the randomized and nondeterministic communication complexity.
This lower bound is close to tight. Previous lower bounds for set disjointness with k > 3 parties were
weaker than Q(n/2k3)1/(k+1) .

We also prove that solving £ instances of set disjointness requires £ - Q(n/4’“)1/4 bits of communi-
cation, even to achieve correctness probability exponentially close to 1/2. This gives the first direct-
product result for multiparty set disjointness, solving an open problem due to Beame et al. (2005).

Finally, we construct a read-once {A, V}-circuit of depth 3 with exponentially small discrepancy
for up to k ~ % log n parties. This result is optimal with respect to depth and solves an open problem
due to Beame and Huynh-Ngoc (FOCS ’09), who gave a depth-6 construction.
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1. Introduction. Communication complexity theory, initiated in a seminal pa-
per by Yao [56], studies the communication requirements of evaluating a function when
its arguments are distributed among several parties. In the basic model, two parties
seek to evaluate a function f(x,y) with minimal communication, where the first party
knows only = and the second party only y. To capture communication among three
or more parties, one considers a function f with several arguments that are somehow
distributed among the parties, possibly with overlap. For a model to be meaningful,
no party should know all the arguments (making communication necessary to evalu-
ate f), and every argument should be known to some party (making communication
sufficient). The number-on-the-forehead model of multiparty communication, due to
Chandra, Furst, and Lipton [19], is the most powerful model that obeys these two
principles. This model features k parties and a function f(x1,x9,...,xx) with k ar-
guments. The ith party knows all the arguments except for x;; one can think of x;
as written on the ith party’s forehead, hence the name of the model. Communica-
tion occurs in broadcast, a bit sent by any given party instantly reaching everyone
else. The main research question is whether f has low communication complexity,
i.e., can be computed by a protocol in which the number of bits communicated
is small on every input. We will be primarily interested in randomized protocols,
which are allowed to err with a small constant probability, as well as nondetermin-
istic and Merlin-Arthur protocols. The number-on-the-forehead model is a natural
computational model in its own right and has additionally found a variety of appli-
cations, including streaming algorithms, circuit complexity, pseudorandomness, and
proof complexity [6, 57, 29, 46, 12].

The number-on-the-forehead model draws its richness from the overlap in the
parties’ inputs, which makes it challenging to prove lower bounds. For this reason,
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several fundamental questions in this model remain open despite much research. One
such unresolved question is the communication complexity of set disjointness, ar-
guably the most studied problem in the area [3, 31, 4, 7, 45, 53, 35, 13, 55, 49, 52,
39, 22, 11, 14, 34]. In the k-party version of set disjointness, the inputs are sets
S1,82,...,5: C€{1,2,...,n}, and the ith party knows all the sets except for S;. The
goal is to determine whether S1NS5N---NSE = . One also studies a promise version
of this problem called unique set disjointness, in which the input sets Sy, So,..., Sk
either have empty intersection or intersect in a unique element, i.e., either |[.S;| =0
or |[(S;| = 1. It is common to represent set disjointness in function form as

n k
DISJmk(l‘l,Z‘Q,...,l‘k} = /\ \/fij,
j=1i=1

where the bit strings 1, x2,..., 2 € {0,1}" are the characteristic vectors of the k
sets. Unique set disjointness UDISJ,, ;. is represented by an identical formula, with
the understanding that the strings x1,xs,...,x) are legal inputs if and only if their
bitwise conjunction 21 A xs A - - - A xj has at most one nonzero bit. In communication
complexity, set disjointness plays a role closely analogous to the role of satisfiability
in computational complexity. Outside of communication complexity the study of set
disjointness is motivated by various applications, some of which we will discuss shortly
in the context of our results.

Previous work. In the model with two parties, the communication complexity
of set disjointness is thoroughly understood. One of the earliest results in the area is a
tight lower bound of n+ 1 bits for deterministic protocols solving set disjointness. For
randomized protocols, a lower bound of Q(y/n) was obtained by Babai, Frankl, and
Simon [3] and strengthened to a tight Q(n) by Kalyanasundaram and Schnitger [31].
Simpler proofs of the linear lower bound were discovered by Razborov [44] and Bar-
Yossef et al. [7]. All three proofs [31, 44, 7] of the linear lower bound apply to
unique set disjointness as well. Finally, Razborov [45] obtained a tight lower bound of
Q(y/n) on the bounded-error quantum communication complexity of set disjointness
and unique set disjointness, with a simpler proof discovered several years later in [49].
Already in the two-party model, set disjointness has been a driving force for various
technical innovations, including ideas from combinatorics, Kolmogorov complexity,
information theory, matrix analysis, and Fourier analysis.

For k > 3 parties, progress on the communication complexity of set disjointness
prior to this paper is summarized in Table 1. In a surprising result, Grolmusz [28]
proved an upper bound of O(log®n + k*n/2*) on the deterministic communication
complexity of this problem. Proving a strong lower bound, even for k = 3, turned
out to be difficult. Tesson [53] and Beame et al. [13] obtained a lower bound of
Q(4 logn) for randomized protocols. Four years later, Lee and Shraibman [39] and
Chattopadhyay and Ada [22] gave an improved result. These authors generalized the
two-party method of [47, 49] to k > 3 parties and thereby obtained a lower bound
of Q(n/22"#)1/(:++1) on the randomized communication complexity of set disjoint-
ness. The only subsequent work of which we are aware is due to Beame and Huynh-

Ngoc [11], who proved a lower bound of (29(Vklog”)/2k2)l/(k+l) on the randomized
communication complexity. This improves on the previous bound for k sufficiently
large. In what follows, we state the new results of this paper on set disjointness and
related problems.



TABLE 1
Randomized number-on-the-forehead communication complexity of k-party set disjointness, k > 3.

Bound Reference
kE
o (log2 n+ Tkn) Grolmusz [28]
O logn Tesson [53]
k Beame, Pitassi, Segerlind, and Wigderson [13]
o ™ 1/ (k+1) Lee and Shraibman [39]
22k k Chattopadhyay and Ada [22]
2Q(Vklogn) 1/(k+1)
Q T Beame and Huynh-Ngoc [11]
n\1/4 .
Q (47) This paper

Communication complexity of set disjointness. To summarize Table 1,
lower bounds on the k-party communication complexity of set disjointness prior to
this paper, both deterministic and randomized, were weaker than Q(n/2%")1/(k+1),
In particular, no polynomial lower bounds were known for k = w(1) parties. Our
first result is the following theorem, where R. denotes randomized communication
complexity with error probability e.

THEOREM 1.1. Set disjointness and unique set disjointness have randomized
communication complexity

n oy 1/4
Ry/3(DISJ, 1) > Ry 5(UDIST, ) = Q (47)

Theorem 1.1 comes close to matching Grolmusz’s longstanding upper bound and
shows in particular that the randomized communication complexity of set disjoint-
ness remains polynomial for up to k ~ %logn parties. This is representative of
the state of the art in multiparty communication complexity in general: no explicit
function F': ({0,1}")* — {0,1} is currently known with nontrivial communication
complexity for k > logn parties. Theorem 1.1 subsumes all previous multiparty lower
bounds, with a strict improvement starting at & = 4. Finally, several restrictions of
the number-on-the-forehead model have been considered [4, 53, 13, 55, 14, 34], in-
cluding simultaneous message passing, one-way protocols, and certain intermediate
models. The strongest communication lower bound [53, 13] in these restricted models
was Q(n/k*)Y/ (=1 which is already weaker than Theorem 1.1 starting at k = 6.

XOR lemmas and direct product theorems. A natural question to ask in
any computational model is how the resources needed to solve ¢ instances of a problem
scale with £. Suppose that solving a single instance of a given decision problem, with
probability of correctness 2/3, requires R units of a computational resource (such
as time, memory, communication, or queries). How many units of the resource are
needed to solve ¢ independent instances of the problem? Common sense suggests
that the answer should be Q(¢R). After all, having less than e/R units overall, for
a small constant € > 0, leaves less than eR units per instance, intuitively forcing
the algorithm to guess random answers for many of the instances and resulting in
overall correctness probability 2-©() . Such a statement is called a strong direct product
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theorem. A related notion is an XOR lemma, which asserts that computing the XOR
of the answers to the ¢ problem instances requires Q(¢R) resources, even to achieve
correctness probability % + 279 While intuitively satisfying, XOR lemmas and
strong direct product theorems are hard to prove and sometimes simply not true.

In communication complexity, the direct-product question has been studied for
over twenty years. We refer the reader to [34, 50] for an up-to-date overview of the
literature, focusing here exclusively on set disjointness. In the two-party model, the
direct-product question for set disjointness has been resolved completely and defini-
tively [35, 13, 14, 30, 34, 50|, including classical one-way protocols [30], classical
two-way protocols [13, 34], quantum one-way protocols [14], and quantum two-way
protocols [35, 50]. Starting at k = 3, however, we are not aware of direct-product
results of any kind for set disjointness. Obtaining such a result was posed as an open
problem by Beame et al. [13, p. 426]. We prove a direct-product result for up to
k=~ %logn parties.

THEOREM 1.2. The following tasks have communication complexity £-Q(n/4%)/*:

(i) computing with correctness probability % + 2790 the XOR of ¢ independent
instances of unique set disjointness UDISJ,, j;

(ii) solving with probability 2= at least (1 — €){ among { instances of unique set
disjointness UDISJ,, i, where € > 0 is a small enough constant.

Clearly, this result also holds for set disjointness, a problem harder than UDISJ,, .
Theorem 1.2 generalizes Theorem 1.1, showing that Q(n/4%)'/4 is in fact a lower bound
on the per-instance cost of set disjointness. Note that by (ii), this lower bound remains
valid if the protocol only needs to solve a 1 — € fraction of the given ¢ instances, rather
than all . Results of this type are known as threshold direct product theorems.

Nondeterministic and Merlin-Arthur communication. Nondeterminism
is a natural counterpart to deterministic and randomized communication. Analo-
gous to computational complexity, a nondeterministic protocol starts with a guess
string, whose length counts toward the protocol’s communication cost, and proceeds
deterministically thenceforth. A nondeterministic protocol for a given communica-
tion problem F' is required to output the correct answer for all guess strings when
F = 0, and for some guess string when F' = 1. Observe that the complement of
set disjointness has a highly efficient nondeterministic protocol. Indeed, it suffices to
guess an element i € {1,2,...,n} and verify with two bits of communication that
1€ 5, NS3N---NSE. We show that set disjointness, unlike its complement, has high
nondeterministic complexity.

THEOREM 1.3. Set disjointness has nondeterministic communication complexity

1/4
NDISI) =2 (17) "
The best previous lower bound [27] on the nondeterministic complexity of set dis-
jointness was (n/22"k)2(1/k),

We further consider Merlin-Arthur protocols [2, 5], a communication model that
combines the power of randomness and nondeterminism. As before, a Merlin-Arthur
protocol for a given problem F' starts with a guess string, whose length counts toward
the communication cost. From then on, the parties run an ordinary randomized

protocol. The randomized phase in a Merlin-Arthur protocol must produce the correct
answer with probability 2/3 for all guess strings when F = 0 and for some guess
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string when F' = 1. We prove that set disjointness has high Merlin-Arthur complexity,
denoted MA:

THEOREM 1.4. Set disjointness has Merlin-Arthur communication complexity

n\1/8
MA(DIST, ) = © (47)
Theorem 1.4 can be viewed as a generalization of Theorems 1.1 and 1.3 on randomized
and nondeterministic communication, respectively. These lower bounds are close to
optimal, in view of Grolmusz’s deterministic upper bound. As with nondeterminism,
the best previous lower bound [27] on the Merlin-Arthur complexity of set disjointness
was (n/22kk)9(1/k).

Theorems 1.1, 1.3, and 1.4 shed new light on communication complexity classes,
defined in the seminal work of Babai, Frankl, and Simon [3]. An infinite family
{F,}2,, where each F,: ({0,1}")* — {0,1} is a k-party number-on-the-forehead
communication problem, is said to be efficiently solvable in a given model of com-
munication if F,, has communication complexity at most log°n, for a large enough
constant ¢ > 1 and all n > ¢. This convention allows one to define BPPy, NPy, coNPy,
and MAj as the classes of families with efficient randomized, nondeterministic, co-
nondeterministic, and Merlin-Arthur protocols, respectively. In recent years, the rela-
tions among these classes have been almost fully determined [9, 39, 22, 25, 11, 10, 27].
It particular, for & < ©(logn), it is known [10, 27] that coNPy is not contained in
BPP, NPy, or even MAg. As a corollary to Theorem 1.4, we show that coNPj can be
separated from all these classes by a particularly simple function, set disjointness.

COROLLARY. For k < (% — ¢)logn, where € > 0 is any constant,

DISJn)k € coNP,, \ BPPk7
DISJn’k € coNPy, \ NPk7
DISJ,, 1 € coNP, \ MA,.

Prior to this paper, the separation DISJ,, , € coNPy\ BPP; was known to hold for
up to k < @(logl/3 n) parties [11], with a much weaker lower bound on randomized
communication complexity (see Table 1). The other two separations were known to
hold for up to k < O(loglogn) parties [27], again with a much weaker lower bound
on nondeterministic and Merlin-Arthur communication complexity.

Discrepancy and circuit complexity. Theorem 1.1 rules out an efficient pro-
tocol that solves set disjointness with correctness probability % However, for any
number of parties k, set disjointness has a simple and efficient protocol with nonneg-
ligible correctness probability, % +n~9W In fact, such a protocol exists not just for
set disjointness but any function computable by a polynomial-size {A, V, =}-circuit of
depth 2, regardless of how the bits are assigned to the parties. We show that this phe-
nomenon is special to depth 2, by constructing a read-once {A, V}-circuit of depth 3
whose communication complexity remains high even for correctness probability expo-
nentially close to %

THEOREM 1.5. There is a k-party communication problem H, j: ({0,1}")F —
{0, 1}, given by an explicit read-once {A, V}-formula of depth 3, such that solving H,, j,
with correctness probability & +exp(—Q(n/4K)Y/7T) requires communication Q(n/4%)1/7.



To use a technical term, Theorem 1.5 shows that depth-3 circuits have expo-
nentially small discrepancy for up to k =~ %logn parties, i.e., exponentially small
correlation with low-cost communication protocols. As we mentioned in the previous
paragraph, Theorem 1.5 is optimal with respect to circuit depth. It is also quali-
tatively optimal with respect to the number of parties k: by the results in [1, 29],
every polynomial-size {A, V, =}-circuit of constant depth admits a log® n-party proto-
col with communication log®n and correctness probability % + 27 108" where ¢ > 1
is a suitably large constant. Theorem 1.5 solves an open problem posed by Beame
and Huynh-Ngoc [11], who constructed a similarly hard depth-6 formula and asked
whether the depth can be reduced. The communication lower bound in Theorem 1.5
is stronger than in [11], where a lower bound of Q(n/23'%)1/29 bits is derived for
correctness probability 1 + exp(—Q(n/2%1%)1/29).

Theorem 1.5 has applications to circuit complexity, which we now pause to ex-
plain. Circuits of majority gates are a biologically inspired computational model
whose study spans several decades and several disciplines. Research has shown that
majority circuits of depth 3 already are surprisingly powerful. In particular, Allen-
der [1] proved that depth-3 majority circuits of quasipolynomial size can compute all
of ACY, the class of {A, V, —}-circuits of constant depth and polynomial size. Yao [57]
further proved that depth-3 majority circuits of quasipolynomial size can compute all
of ACC, the class of {A,V,—, mod m}-circuits of constant depth and polynomial size
for an arbitrary but fixed modulus m. For several years, it was open whether these
simulations are optimal. Hastad and Goldmann [29] showed that Yao’s result for
ACC is optimal with respect to circuit depth, by exhibiting a function in ACC whose
computation by a depth-2 majority circuit requires exponential size. The analogous
question for AC long remained open [36]. It was resolved in [47, 18, 49], where AC’
functions were constructed whose computation by depth-2 majority circuits requires
exponential size. The results of Allender [1] and Yao [57] were thus shown to be
optimal with respect to circuit depth.

Another natural parameter to study is the fan-in of a circuit’s bottom gates.
The simulations of Allender [1] and Yao [57] had bottom fan-in log®™®) n. Hastad and
Goldmann [29] showed that this fan-in is close to optimal, in that computing ACC by
a depth-3 majority circuit with bottom fan-in = % log n requires exponentially many
gates. The analogous question for AC" was considered by Chattopadhyay [20], who
generalized the method of [49, 47] to show that depth-3 majority circuits with constant
bottom fan-in require exponentially many gates to simulate AC’. More recently, Beame
and Huynh-Ngoc [11] proved an analogous result for bottom fan-in ~ % logn. It was
thus shown that the simulations of Allender [1] and Yao [57] are close to optimal with
respect to bottom fan-in.

The lower bounds surveyed in the previous paragraphs [29, 49, 47, 20, 11] apply
not only to majority circuits but all circuits of type MAJ o SYMM o ANY (with a
majority gate at the top, arbitrary symmetric gates at the middle level, and arbitrary
gates at the bottom). This line of research is summarized in Table 2, with quantitative
detail. Theorem 1.5 in this paper implies the following new lower bound.

THEOREM 1.6. Let H, ;: ({0,1}")* — {0,1} be the depth-3 read-once {A,V}-
formula constructed in Theorem 1.5. Then every circuit of type MAJoSYMM o ANY
with bottom fan-in at most k that computes H,, 1 has size

(1 0(2)”)



TABLE 2
Lower bounds for computing functions in ACC and AC® by circuits of type MAJoSYMMo ANY
with bottom fan-in k. All functions are on n(k + 1) bits.

Function Circuit lower bound Reference
n k+1
P A =i (lQ(l)) Hastad and Gold
Tij exp ( ¢ s astad and Goldmann [29]
j=1i=1

read-once depth-3
{A, V}-formula

Buhrman, Vereshchagin, and de Wolf [18]
Sherstov [47, 49]

depth-3 1
{A, V}-formula exp | © (n 6k2 )) Chattopadhyay [20]

1/29
. _n_ -
(A, V}-formula Q (231k) ) Beame and Huynh-Ngoc [11]

read-once depth-3
{A, V}-formula

read-once depth-6 (

1 n 1/7 .
=0 (E) This paper

As Table 2 shows, Theorem 1.6 improves on previous AC constructions [20, 11] with
respect to all parameters: the function is simpler than those considered previously,
and the circuit lower bound is stronger and applies to MAJ o SYMM o ANY circuits
with larger fan-in. In particular, the construction in Theorem 1.6 has optimal depth
because {A, V}-circuits of depth 2 are clearly computable by MAJ o SYMM circuits
of the same size.

Using the method of random restrictions, Razborov and Wigderson [46] discovered
a way to convert lower bounds for MAJoSYMM o ANY circuits with restricted fan-in
into lower bounds for MAJ o SYMM o AND without any fan-in restrictions. Using
that technique, we obtain the following consequence of Theorem 1.6.

THEOREM 1.7. FEvery circuit of type MAJ o SYMM o AND that computes the
function

n n logn log’n

T —

K2

Ti,j,k,e

x>
=

1j=1 =1

has size nft(loglogn),

Again, Theorem 1.7 improves on previous work [11], where the same lower bound was
derived for a more complicated, depth-8 AC? function. For AC? functions of depth 10,
stronger superpolynomial lower bounds are known [11], of the form pflogn)

Additional results and generalizations. Theorem 1.1 on the randomized
communication complexity of set disjointness and Theorem 1.2 on the direct product
property are proved here in greater generality. Specifically, our results apply to any k-
party communication problem of the form F' = f(UDISJ, ;, UDISJ, x, ..., UDISJ, 1),
i.e., an arbitrary Boolean function f composed coordinatewise with independent in-
stances of k-party set disjointness. Provided that r is not too small, we are able to
bound the e-error randomized communication complexity of F' from below in terms
of the e-approzimate degree of f, defined as the least degree of a real polynomial
that approximates f within e pointwise. Approximate degree is a thoroughly studied
quantity, with tight estimates known for various € and various functions of interest
to us. By taking e = 1/3, we derive lower bounds for bounded-error communication,
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including the lower bound for set disjointness (f = AND). Letting ¢ * 1/2, we ob-
tain lower bounds for protocols with error exponentially close to random guessing,
including the discrepancy result for constant-depth circuits.

In the setting of bounded-error communication, we are further able to give a
near-optimal lower bound on the k-party communication complexity of every compo-
sition of the form f(ORyV ANDy,...,OR;V ANDy), where f is an arbitrary Boolean
function. The same holds for XOR, lemmas and direct-product theorems. Finally, our
randomized lower bounds carry over in full to the quantum model. We provide techni-
cal details as well as introductory references for quantum communication complexity
in Remark 5.3.

Previous analyses. In a precise technical sense, our approach to set disjointness
is the opposite of previous multiparty analyses [20, 39, 22, 24, 25, 11]. In the overview
that follows, we describe the limitations of previous analyses and then explain how this
paper overcomes them. Let F': ({0,1}")¥ — {0,1} be a given k-party communication
problem. A fundamental fact [6] in communication complexity is that a cost-c deter-
ministic protocol for F' gives a representation F' = x1 + x2 + - -+ + X2¢, where the x;
are highly structured Boolean functions called cylinder intersections. This fact imme-
diately generalizes to randomized communication since a cost-c randomized protocol
is a probability distribution on cost-c¢ deterministic protocols. Specifically, a cost-c
randomized protocol for F' gives a representation F' = ZX ay X, where the sum is over
cylinder intersections and Y |ay| < 2°. Accordingly, proofs of communication lower
bounds often work by bounding the correlations of a relevant function with cylinder in-
tersections. The simplest such technique is the discrepancy method [23, 6, 37], whereby
one carefully chooses a probability distribution z on the domain ({0,1}™)* and argues
that F' has small correlation under p with all cylinder intersections. This property
of F is referred to as small discrepancy with respect to u, hence the name of the
technique. A more powerful technique is the generalized discrepancy method [32, 45],
whereby one constructs a real function ¥ such that W is highly correlated with F' but
almost uncorrelated with cylinder intersections.

Even in the two-party setting, it is difficult to construct the right g or ¥ and an-
alyze the associated correlations. To illustrate, it was an open problem until recently
whether ACY circuits have small two-party discrepancy with respect to some distribu-
tion. This problem was solved in considerable generality in [47, 49]. The technique
developed in that work, called the pattern matriz method, automates the choice of u
and ¥ as well as the subsequent analysis of correlations for a class of communication
problems. The communication problems F' to which the pattern matrix method ap-
plies are of the following form. Let f: {0,1}" — {0, 1} be a given function, fixed once
and for all. In the two-party model, the first party receives a bit string = € {0,1}"
where n > m, the second party receives a subset S C {1,2,...,n} of cardinality m,
and their goal is to compute F(z,S) = f(z|g). For any f, the pattern matrix method
constructs the desired p and W, using a dual characterization of the approximate
degree of f. This results in a lower bound of Q(deg.(f)) on the e-error randomized
communication complexity, where deg, (f) denotes the e-approximate degree of f.

Originally formulated in [47, 49] for the two-party model, the pattern matrix
method has been adapted to three or more parties [20, 39, 22, 24, 25, 11], resulting
among other things in improved multiparty lower bounds for set disjointness. Anal-
ogous to the two-party setting, one starts with a function f: {0,1}™ — {0,1}. In
the case of k parties, the inputs to the communication problem are Boolean strings
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T,Y1,Y2,-..,Yx—1 and the goal is to compute

F(xvylnya s 7yk—1) = f(x|S(y1,y2,...,yk,1))v

where the selector S(y1,ys, ..., yr—1) is some mapping into cardinality-m subsets. In
other words, in the multiparty setting, the bit strings y1,ys, ..., yr—1 jointly deter-
mine to which bits f is to be applied. What fundamentally differentiates the various
multiparty extensions of the pattern matrix method is the definition of the selec-
tor. The simpler the selector, the stronger the communication lower bounds—and
the harder they are to prove. Arguably the simplest meaningful selector is a small
CNF or DNF formula. This is the selector used in the original two-party pattern
matrix method [47, 49] as well as its first multiparty adaptations [20, 39, 22]. This
selector is desirable in that it embeds nicely in the disjointness function and thus
directly gives communication lower bounds for this problem. While the simple selec-
tor works well for k = 2 parties, the situation changes qualitatively at k£ = 3, and
the multiparty lower bounds degrade rapidly with k. In the case of set disjointness,
one obtains a lower bound of Q(y/n) for k = 2 parties [49] and Q(n/22"%)1/(k+1) for
k > 3 parties [39, 22]. At the other extreme, one can use the most complicated se-
lector possible, namely, a random mapping. This is the approach taken in [24]. The
communication lower bounds for the random selector remain very strong for up to
k =~ logn parties, which is excellent. The problem here is that the random selector
cannot be computed by a small circuit, let alone a small CNF formula, and thus
the communication lower bounds do not apply to set disjointness. Finally, selectors
of intermediate complexity were considered in [25, 11], using bounded independence
and XOR gates. These ideas were fruitful, giving an explicit separation of NP, and
BPPy in communication [25] and strong multiparty lower bounds for constant-depth
circuits [11]. However, a strong lower bound for set disjointness has remained off-
limits—the above approaches have not yielded a bound better than €(n/2%°)1/(k+1)
for the problem.

At a technical level, previous approaches to multiparty set disjointness face the
following fundamental difficulty. Recall that the goal in multiparty lower bounds
is to bound correlations of relevant functions with cylinder intersections. The only
known way [6] to bound the maximum correlation of a given real-valued function

U(x,y1,...,Yyk—1) with a cylinder intersection is in terms of the quantity
1
k=T
Yoyt ya vy Y11 | @ se{r k-1
In the pattern matrix method, the function of interest is U (z,y1,¥y2,.-.,Ys—1) =

Y(x]5(yy,....yr_1)), Where the low-order Fourier coefficients of ¢ are zero. This Fourier-
theoretic fact is what allows one to bound A(W). Specifically, previous papers—
starting with the original two-party work [47, 49]—argue that the 2*~!-fold prod-
uct will likely have 0 for the constant Fourier coefficient and thus zero expectation.
To handle the unlikely complementary event, one needs to additionally control the
growth of the 2¥~!-fold product. As the number of parties k grows, this argument
requires an increasingly complex selector.

Our proof. Our proof reverses the steps in the above argument: we first apply
the Fourier-theoretic property and then the correlation bound. In more detail, we
first write ¢ in terms of its Fourier expansion ¢ = Y~ , ¥(A)xa, where x4 denotes a
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character of the Fourier transform. We then observe that by linearity, the correlation
of ¥ with a cylinder intersection is at most ) , [1(A)|A(x4). From then on, we work
with the quantities A(x4), whereas previous multiparty papers worked directly with
A(v)). Intuitively, the switch from an arbitrary real function ¢ to x4 is motivated by
the convenient multiplicative structure of the characters and their global boundedness.

This leaves us with the challenge of proving a strong upper bound on A(x 1) with
a selector as weak as a small CNF formula. Prior to this paper, it was unclear whether
it could be done at all, let alone how to do it. Indeed, the “reverse” argument has been
known to researchers since 2007; it was introduced as a refinement [49] of the two-
party pattern matrix method and as part of another duality-based technique [52].
Previous attempts to use the reverse argument in multiparty communication were
unsuccessful. In particular, it was shown in [21, p. 189] that its direct application
gives a lower bound worse than (n/kk)l/(2+k2k) on the (k + 1)-party communication
complexity of set disjointness, which is much weaker than the lower bound [39, 22]
obtained by following the steps of the pattern matrix method in the original order.

We are nevertheless able to prove a strong, essentially exact bound on A(x4)
for a selector which is computable by a small CNF formula and thus efficiently em-
beds in the disjointness function. This part of the proof exploits metric properties
of distributions induced by set disjointness on the Boolean cube (such as conditional
independence), as opposed to the Fourier-theoretic content of previous work. Specif-
ically, we use conditioning to make appropriate variables independent and thereby
simulate XOR-like behavior with an OR, gate. This simulation is of course only ap-
proximate, and the bounding of error terms requires additional conditioning. The
argument proceeds by induction on the number of parties, the base case admitting a
first-principles solution.

Once A(x4) has been bounded, we are in a strong position to prove Theorem 1.1
and its generalization to arbitrary compositions and arbitrary error rates. To be more
precise, we give two alternate proofs of this result. One proof is based, like previous
work [47, 49, 52, 20, 39, 22, 24, 25, 11], on the dual view of the problem. The other
proof is quite different and works with the primal view, explicitly converting a low-
cost protocol for a given communication problem into a low-degree approximant for
the given Boolean function. In addition to being more intuitive, the primal approach
allows us to prove the direct product theorems and XOR lemmas for set disjointness
(Theorem 1.2), by reducing them to a corresponding direct product theorem and
XOR lemma for polynomial approximation and appealing to known results in that
setting [50].

Once Theorem 1.1 has been established, we are able to use it almost as a black
box to obtain Theorems 1.3 and 1.4 on nondeterministic and Merlin-Arthur communi-
cation. Specifically, we are able to apply an earlier argument for these models, due to
Gavinsky and the author [27], using the new randomized lower bound of Theorem 1.1
in place of earlier bounds.

Recent progress. In follow-up work, the author [51] obtained a lower bound of
Q(y/n/2%k) on the randomized communication complexity of set disjointness DISJ,, »
and its promise version UDISJ,, ;. The new bound is a quadratic improvement on The-
orem 1.1 and is tight for quantum protocols. More recently, Rao and Yehudayoff [43]
showed that a modification of our argument in Theorem 5.1 gives a lower bound of
Q(n/4%) on the deterministic communication complexity of set disjointness, which is
essentially tight. It remains open to prove a lower bound of n/ 20(F) for randomized
protocols or (a fascinating possibility!) to rule out such a bound.
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2. Preliminaries. From now on we will view Boolean functions as mappings
f+ X — {—1,41} for some finite set X, where —1 and +1 correspond to “true” and
“false,” respectively. A partial function f on a set X is a function whose domain of
definition, denoted dom f, is a proper subset of X. For emphasis, we will sometimes
refer to functions with dom f = X as total. We use lowercase letters (x,y,u,v) for
vectors and Boolean strings, and uppercase letters (A, B, X,Y") for real and Boolean
matrices. The empty string is denoted . The complement of a set S is denoted S.

For a bit string « € {0,1}", we let |z| = 21 + x2 + - - - + x,, denote the Hamming
weight of x. The componentwise conjunction of z,y € {0,1}" is denoted x Ay =
(x1 AY1,. ..y Ty A ypn). In particular, |x A y| refers to the number of components in
which 2 and y both have a 1. The bitwise negation of a string « € {0,1}" is denoted
T=(1-x,...,1 —x,). For a string x = (21,...,2,) and a set S C {1,2,...,n},
we adopt the shorthand z|s = (2i,, %4y, ..., ¥i 5 ), Where iy <ip < .-+ < ig) are the
elements of S. For convenience, we adopt the convention that 0/0 = 0. The symbol =
means “equal by definition.” The indicator function of an event E is given by

15| - {1 if E holds,

0 otherwise.

The set membership sign €, when used in the subscript of an expectation operator,
means that the expectation is taken over a uniformly random member of the indicated
set. The uniform distribution on {0, 1}" is denoted %,,. The notation log x refers to the
logarithm of x to base 2. For a real function ¢ on a finite set X, the support of ¢ is the
subset supp ¢ = {z € X : ¢(x) # 0}. For probability distributions  and A on finite
sets X and Y, respectively, the symbol p x A refers to the probability distribution
on X xY given by (¢ x A)(z,y) = p(z)A(y). The total degree of a multivariate
real polynomial p is denoted deg p. For (possibly partial) Boolean functions f and g
on {—1,+1}" and X, respectively, the symbol f o g refers to the (possibly partial)
Boolean function on X™ given by (f o g)(z1,22,...,2,) = f(g(x1),g(x2),...,g9(xn)).
Clearly, the domain of f o g is the set of all (x1,z9,...,2,) € (domg)™ for which
(g(xl),g(xg), s 79(‘1'71)) € dom f.

The symbol {0, 1}"** denotes the family of n x k matrices with entries 0, 1. The no-
tation ({0, 1}")* refers to the set of vector sequences (x1, s, ..., zy), where each z; €
{0,1}™. Throughout this paper, we identify the sets {0,1}"** and ({0,1}")*. This
means that (z1, 22, ..., zx) can be viewed both as a sequence of vectors in {0,1}" and
as a matrix of size n x k with columns 1, zo, .. ., ;. Taking this convention a step fur-
ther, we view (X1, X, ..., X,.) as an element of ({0, 1}7)ki++kr = [0, 1}nx (kat-tkr)
whenever X; € {0,1}"*F% (i =1,2,...,7).

For X € {0,1}"%F the disjointness predicate D(X) € {—1,4+1} is defined as
D(X) = —1if and only if each row of X has a 0 entry. By the convention of the pre-
vious paragraph, this also gives meaning to D(X1, X, ..., X,) and D(x1, 9, ..., xg),
where X; € {0,1}"*% and z; € {0,1}". For example,

D ) —1 ifxy Az A--- Az =07,
T1,T9,. ., Tf) = )
b2 F 1 otherwise.

By convention,

D(e) =—1.
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For a Boolean matrix X = [X; ;] € {0,1}"** and a string y € {0,1}", we let X|,
denote the submatrix of X obtained by keeping only those rows ¢ for which y; = 1.
More formally,

Xign Xi2o oo Xk
Xiz1 Xigz oo Xigk
Xly = : S
Xir Xz X,
where i1 < ig < .-+ < i)y are the indices with y;, = y;, = -+ = Yip, = 1. In

particular, X|on = €. It is useful to keep in mind that
D(X,y) = D(X]y).

The familiar functions AND,,, OR,,, and PARITY,, on the Boolean hypercube
{=1,41}" are given by AND,,(z) = A, z;, ORn(z) = \/,_, i, and PARITY ,(z) =

1=
—~—

@, z;. We also define a partial Boolean function AND,, on {—1,+1}" as the re-
striction of AND,, to the set {z : |{i: x; = —1}| = n — 1}. In other words,

AND, (@) = {AND”(a:) i {5 a= =1} >0 -1,
undefined otherwise.

Analogously, we define a partial Boolean function /O\]F/{n on {—1,+1}" as the restriction

of OR,, to the set {x: [{i:2; = -1} < 1}.

A decision tree in Boolean variables x1,xo, ..., 2, is a binary tree with internal
nodes labeled with one of x1,z9,...,x, and leaves labeled —1 or +1. A decision tree
naturally corresponds to a deterministic algorithm with input = € {-1,+1}" and
Boolean output. Specifically, the algorithm starts at the root of the tree and pro-
ceeds down a path toward a leaf, each time descending into the left or right subtree
depending on the value of the variable associated to the current node. The output
of the algorithm is the label of the leaf reached in this manner. The main complex-
ity measure of a decision tree is its depth, or equivalently the worst-case number
of variables queried by the corresponding algorithm. For a given Boolean function
fi{=1,4+1}" = {—1,+1}, its decision tree complezity dt(f) is the minimum depth
of a decision tree for f. An excellent introduction to decision trees and related com-
putational models is the survey by Buhrman and de Wolf [17].

Norms and products. For a finite set X, the linear space of real functions on
X is denoted R¥. This space is equipped with the usual norms and inner product:

8]l = max|o(x) (¢ € RY),
ol =Y 6(2)] (¢ € RY),
rzeX
(6, 0) = > dla)(x) (6,9 € RY).
rzeX

The tensor product of ¢ € RX and ¢ € RY is the function ¢ ® 1 € RX*Y given by
(p @) (z,y) = &(x)1(y). The tensor product ¢ R P& -+ ® ¢ (n times) is abbreviated
¢®™. When specialized to real matrices, the tensor product is the usual Kronecker
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product. The pointwise (Hadamard) product of ¢, € RX is denoted ¢o1p € RX and
given by (¢o)(xz) = ¢(x)1p(z). Note that as functions, ¢ o4 is a restriction of ¢ @ 1.
Tensor product notation generalizes to partial functions in the natural way: if ¢ and
1) are partial real functions on X and Y, respectively, then ¢ ® ¢ is a partial function
on X x Y with domain dom ¢ x dom and is given by (¢ ® ¢)(z,y) = ¢(z)1(y) on
that domain. Similarly, ¢®" = ¢ @ ¢ @ --- ® ¢ (n times) is a partial function on X"
with domain (dom ¢)™.

The spectral norm of a real matrix A is given by ||A| = max,.o [[Az|2/]|z||2,
where || - ||2 stands for the Euclidean norm on vectors. The spectral norm is multi-
plicative with respect to tensor product: |4 ® B|| = ||4] || B|l-

Fourier transform. Consider the real vector space of functions {—1,+1}" —
R. For S C {1,2,...,n}, define xs: {=1,+1}" — {=1,+1} by xs(z) = [[,cqz:-
Then every function ¢: {—1,+1}" — R has a unique representation of the form
b=>g #(S) x5, where ¢(S) = 27 > vei—1,413n ?(@)xs(z). Thereals #(S) are called
the Fourier coefficients of ¢. The following fact is immediate from the definition of
o(9):

PROPOSITION 2.1. For all ¢: {—1,+1}" — R,

<27 ]
scihax 10(9)] 161

Approximation by polynomials. Let ¢: X — R be given, for a finite subset
X C R"™. The e-approzimate degree of ¢, denoted deg (o), is the least degree of a
real polynomial p such that ||¢ — p|lec < €. We generalize this definition to partial
functions ¢ on X by letting deg,(¢) be the least degree of a real polynomial p with

) 6() ~p@)| < & @€ dom,
21) Ip(x)] < 1+, x € X \ dom ¢.

For a (possibly partial) real function ¢ on a finite subset X C R™, we define E(¢,d)
to be the least e such that (2.1) holds for some polynomial of degree at most d.
In this notation, deg (¢) = min{d : E(¢,d) < e}. We will need the following dual
characterization of approximate degree.

FACT 2.2. Let ¢ be a (possibly partial) real-valued function on {—1,+1}". Then
deg (@) > d if and only if there exists ¢: {—1,4+1}" — R such that

ST b)) - > @) —elvlh >0,

z€dom ¢ z¢dom ¢

and (S) = 0 for |S| < d.
Fact 2.2 follows from linear programming duality; see [50, 49] for details.

A related notion is that of threshold degree deg, (f), defined for a (possibly partial)
Boolean function f as the limit deg (f) = lime\ o deg, _(f). Equivalently, deg. (f) is
the least degree of a real polynomial p with f(x) = sgnp(z) for x € dom f. We recall
two well-known results on the polynomial approximation of Boolean functions, the
first due to Minsky and Papert [41] and the second due to Nisan and Szegedy [42].

THEOREM 2.3 (Minsky and Papert). The function MP,(z) = \/i_, /\jfl Ty
obeys

deg, (MP,,) = n.

13



THEOREM 2.4 (Nisan and Szegedy). The functions AND,, and mn obey

deg; ;5(AND,,) > deg1/3(mn) = 0(yvn).

Multiparty communication. An excellent reference on communication com-
plexity is the monograph by Kushilevitz and Nisan [37]. In this overview, we will limit
ourselves to key definitions and notation. The simplest model of communication in
this work is the two-party randomized model. Consider a (possibly partial) Boolean
function F on X X Y, where X and Y are finite sets. Alice receives an input = € X,
Bob receives y € Y, and their objective is to compute F(z,y) with high accuracy
whenever (z,y) € dom F. To this end, Alice and Bob share a communication channel
and have an unlimited supply of shared random bits. Alice and Bob’s protocol is
said to have error € if on every input (z,y) € dom F, the computed output differs
from the correct answer F(x,y) with probability no greater than e. The cost of a
given protocol is the maximum number of bits exchanged on any input. The e-error
randomized communication complexity of F, denoted R(F), is the least cost of an
e-error protocol for F. The canonical quantity to study is Ry /3(F"), where the choice
of error parameter is largely arbitrary since the error probability of a protocol can be
decreased from 1/3 to any other positive constant at the expense of increasing the
communication cost by a constant factor.

A generalization of two-party communication is the multiparty number-on-the-
forehead model, due to Chandra, Furst, and Lipton [19]. Here one considers a
(possibly partial) Boolean function F' on X7 X X5 x -+ x X}, for some finite sets
X1, Xo,..., X). There are k parties. A given input (z1, 22,...,z) € X1 xXax---x X},
is distributed among the parties by placing z; on the forehead of party i (for i =
1,2,...,k). In other words, party i knows xy,...,2;—1,%;+1,..., 2, but not x;. The
parties communicate by writing bits on a shared blackboard, visible to them all. They
additionally have access to a shared source of random bits. Their goal is to devise
a communication protocol that will allow them to accurately predict the value of F
everywhere on the domain of F. As before, an e-error protocol for F' is one which, on
every input (z1,Zs,...,2;) € dom F, produces the correct answer F(x1,xo,...,x))
with probability at least 1 — €. The cost of a communication protocol is the total
number of bits written to the blackboard on the worst-case input. Analogous to the
two-party case, the randomized communication complexity R.(F) is the least cost of
an e-error communication protocol for F' in this model.

Let G be a (possibly partial) Boolean function on X; x X x -+ x X}, repre-
senting a k-party communication problem, and let f be a (possibly partial) Boolean
function on {—1,+1}". We view the composition f o G as a k-party communica-
tion problem on X7' x X3 x --- x X}'. The primary problem of interest to us is
set disjointness DISJ, 1 ({0,1}")* — {—1,+1}, given by DISJ, (w1, 7a,...,2%) =
D(x1,x2,...,2,). We will also consider the partial Boolean function UDISJ,, ;, on
({0,1}™)* given by

D(zq1,x9,...,xy,) if |x1 Axzo Ao Axg] < 1,

UDISJ 3 L2y =
n.k (1, 2 Zn) {undeﬁned otherwise.

The k-party communication problem that corresponds to UDISJ,, ;. is known as unique
set disjointness. In other words, unique set disjointness is a promise version of set
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disjointness, the promise being that the input matrix (xq,s,...,2;) € {0,1}"** has
at most one row consisting entirely of ones. It will be helpful to keep in mind that
for all positive integers r,s, one has DISJ,;, = AND, o DISJ;; and analogously
UDISJ,, x = AND, o UDISJ, 4.

A k-dimensional cylinder intersection is a function x: X1 x Xox -+ x X — {0,1}
of the form

k
X(:Ch cee 7I’k) = HXz‘(Ih sy L1 Lip 1y - - - 7xk)a
=1

where y;: X1 X+ X X;_1 X X431 %X+ - X X = {0,1}. In other words, a k-dimensional
cylinder intersection is the product of %k functions with range {0, 1}, where the ith
function does not depend on the ith coordinate but may depend arbitrarily on the
other k — 1 coordinates. Cylinder intersections were introduced by Babai, Nisan, and
Szegedy [6] and play a fundamental role in the theory due to the following fact.

FAacT 2.5. Let II: X1 X X X --- x X — {=1,+1} be a deterministic k-party
communication protocol with cost c. Then

g
II= Z a;Xi
i—1

for some cylinder intersections x1,...,x2c with pairwise disjoint support and some
coefficients aq, . ..,asc € {—1,+1}.

Recall that a randomized protocol with cost ¢ is a probability distribution on
deterministic protocols of cost c. Therefore, Fact 2.5 immediately implies the following
two results on randomized communication complexity.

COROLLARY 2.6. Let F be a (possibly partial) Boolean function on X1 x Xo X
<o X Xp. If Re(F) = ¢, then

|F(z1,...,25) — (z1,...,28)| < (x1,...,2x) € dom F,

1—¢€

|H(x1,...,xk)|< (l‘l,...,.’ll‘k)EXlx-“XXk,

1—¢€’

where I1 = 37 ayXx is a linear combination of cylinder intersections with - |ay| <

2¢/(1 —e).
COROLLARY 2.7. Let Il be a randomized k-party protocol with domain X1 X Xo X
<o+ X Xp. If IT has communication cost ¢ bils, then

PII(z1,z2,...,2) = —1] = Zaxx(xhxg,...,xk)
X

on X1 X Xo X---x Xy, where the sum is over cylinder intersections and ZX |aX| < 2¢.

Discrepancy and generalized discrepancy. For a communication problem
F: X1 x Xgx--+x X — {=1,41} and a probability distribution P on X; x Xz x
-+« X X}, the discrepancy of F' with respect to P is defined as

discp(F) = max [(F o P, x)|,
X

15



where the maximum is over cylinder intersections. We generalize this definition to
partial functions as follows: for a partial Boolean function F' on X; x X5 X -+ x Xj
and a probability distribution P on X7 x X x --- X X,

discp(F) = P(z) + max F(z)P(z)x(z)],
zgg);n F x ze% F

where the maximum is again over cylinder intersections; this agrees with the previous
definition if dom F' = X; x X5 X -+ X Xj. The least discrepancy over all distribu-
tions is denoted disc(F') = minp discp(F). Estimating the discrepancy is difficult and
represents a central obstacle in multiparty communication complexity. For two-party
communication, the following method is frequently useful.

PROPOSITION 2.8 (see Kushilevitz and Nisan [37]). Fiz a function F: X XY —
{—=1,+1} and probability distribution P on X xY. Define ® = [F(z,y)P(x,y)]zcx yey-
Then

discp (F) < [|[@[|V/[X][Y].

In light of Fact 2.5, upper bounds on the discrepancy give lower bounds on the
communication complexity. This technique is known as the discrepancy method. The
original treatment [23, 6, 37] of the discrepancy method was specialized to total
Boolean functions. In the theorem that follows, we extend the method to partial
functions.

THEOREM 2.9 (Discrepancy method). Let F be a (possibly partial) Boolean
function on X1 X Xo X -+ X Xi. Then

oR.(F) 5 L= 2
disc(F)

Proof. (Based on [37, pp. 36-38].) Fix a probability distribution P such that
disc(F) = discp(F). The distribution P’ induced by P on dom F satisfies discp/ (F') <
discp(F'). Thus, we may assume that supp P C dom F' to start with.

Now, suppose that F' has a communication protocol with error e¢ and cost c.
Approximate F' uniformly by I = ZX a,x as in Corollary 2.6. Then

S (Fla) - M) F@P@) < (g [P - 1)) Y Plo)

dom F
dom F

dom F dom F dom F
>1—=Y layl | Y x(@)F(z)P(x)
X dom F
2¢
>1- discp (F).



The claimed lower bound on 2¢ follows. ]

A more general technique, originally applied by Klauck [32] to the two-party
quantum model and subsequently adapted to many other settings [45, 40, 49, 39, 22],
is the generalized discrepancy method. Again, previous treatments focused on total
Boolean functions. In what follows, we derive a version of the method that applies to
partial functions as well.

THEOREM 2.10 (Generalized discrepancy method). Let F be a (possibly partial)
Boolean function on X1 X Xo X +-- X Xg. Then for every nonzero ¥: X; x Xg X - -+ X
X — R,

QRE(F»HWR;APH{ > F@)U(x) - > I\I’(x)l—leell‘l’lll}a

re€dom F z¢dom F

where the maximum s over cylinder intersections x.

Proof. (Based on [45, 49, 39, 22]). Suppose that F' has a communication protocol
with error € and cost c¢. Extend F' to a total function G: X7 x - -+ x X}, — R by letting
G = 0 outside dom F. By Corollary 2.6, there is a linear combination of cylinder
intersections Il = 3 ayx such that >_ |ay| < 2¢/(1 —¢€) and II approximates F' in
the sense that [[II||oo < 1/(1 —€) and |F —II| < €¢/(1 — €) on the domain of F. It
follows that

G-Tw < 3 @+ Y @)

1—e€ 1-—
rz€dom F z¢dom F
However,
<G - Ha \I/> = <Ga \I/> - <Ha \I/>
> Y F@)W(@) =) lax| (¥, x)]
re€dom F X
2C
> Y F@)¥(@) - —— max (9, )|
—€ X
r€dom F'
These two estimates of (G — II, ¥) force the claimed lower bound on 2°. d

3. Preparatory work. For positive integers n, k, we let p,,  denote the uniform
probability distribution on those matrices in {0,1}"** that have exactly one row
composed of all ones. Thus p,, i, is supported on n(2% —1)"~! matrices, each occurring
with the same probability. For a Boolean matrix Y = (y1,...,yx—1) € {0, 1}”x<k—1),
we consider the marginal probability distribution

Ik (Y) = D pnk(Yow)

ue{0,1}n
(3.1) — ly1 A=+ Ayg—1] on—ly1 A=Ay —1]
| n(2k — 1)n-1 )
and the conditional probability
. Hn k(K u)
(3:2) ,Un,k(u |Y) = E 2 2
ﬂn,k(Y)
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Note that the argument to p,, x is a matrix of size either n x k or nx (k—1), depending
on the meaning intended. Finally, we let A, ; be the probability distribution on
{0, 13 F=1) % {0,1}™ x {0,1}™ given by

Mt (Vet0,0) = iV (| V) prn (0| V).

In other words, A, j corresponds to an experiment whereby one first chooses Y accord-
ing to the marginal distribution (3.1) and then, given Y, chooses v and v independently
according to the conditional distribution (3.2). The remainder of this section is de-
voted to establishing various metric properties of A, . The four lemmas that follow,
Lemmas 3.1-3.4, are independent and can be read in any order. We alert the reader
that we will refer to the distributions fi,,  and A, j in later sections as well, without
restating the definitions just given.

LEMMA 3.1 (On decomposition). For each (Y, u,v) in the support of A, and
each x € {0,1}",

D(z,Y, v)D(xz,Y,u if D(Y, =-1
D(.Z‘,Ku)D(m,Y,’U) — (1}7 7U/\U) (I, "U//\'U) Zf ( 7'u7/U) ?
1 otherwise.
Proof. By definition of \,, i, there is exactly one coordinate, call it 7, where u and
the columns of Y all have a 1. Analogously, there is exactly one coordinate, call it j,
where v and the columns of Y all have a 1. When D(Y,u,v) = 1, it follows that i = j
and hence D(z,Y,u)D(z,Y,v) = (—=1)**T% = 1. When D(Y,u,v) = —1, we have
D(z,Y,u) = D(z,Y,u,v) A D(z,Y,u,v) = D(z,Y,u,v),
D(z,Y,v) = D(z,Y,u,v) A D(z,Y,u,v) = D(z,Y,q,v),
whence D(z,Y,u)D(z,Y,v) = D(z,Y,u,v)D(z,Y,u,v) as claimed. d
LEMMA 3.2 (On conditional independence). Let (Y, u,v) ~ Ay, . Conditioned on
fized values of u, v, Y |ysv, and Y |gaz with D(Y |yry) = —1, the remaining parts Y|uaz
and Yl|gny are independent and distributed according to puss|k—1 and fgav| k-1,
respectively.

Proof. Put Y = (y1,...,yx—1). By (3.1) and (3.2), the support of \, j, consists of
tuples (Y, u,v) with

(33) |y1/\--~/\yk,1/\u\:\yl/\-~-/\yk,1/\v|:1,
each such tuple with probability

olyi A Ayr-1]

3.4 Ano(Ys u,0) = '
(3.4) k(Yyu,0) n(2F —1)n=12m [yg A Ayp—a]

Now assign values to u,v, Y |uav, and Y|gaz such that D(Y|,a,) = —1. We are to
determine the conditional distribution of the remaining variables Y|,z and Y|gay.
It follows from (3.3) that each of these two matrices will have exactly one row made
up entirely of ones. But by (3.4), any such assignment to Y|,z and Y|z, carries
the same probability. Hence, Y|,r5 and Y|z, are independent and have the claimed
distributions. nl

LEMMA 3.3 (On expected intersection size). For A, i defined above,

I[D(Y,u,v)z—n} _4 2k

N X n

Ank n 28 -2’
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Proof. By convexity,
1 < 1 n 1
Viurtaao]  2luAT|  2lmAv]

It is clear by symmetry that the strings u A v and u A v have identical distributions,
leading to

DY, u,0) = 1]
V]uAT| [a A vl

Let y1,...,yr—1 denote the columns of Y. Recall that |y; A--- Ayg—1 Au| =1 on the
support of A, x, whence by symmetry the right-hand side of (3.5) is unchanged after
conditioning on y; A -+ Ayp—1 Au = 0""'1. But then the first n — 1 bits of u A7 are
distributed independently, each taking on 1 with probability p = % . %, whereas
the nth bit of u A T takes on 1 whenever D(Y,u,v) = —1. These facts bound the

right-hand side of (3.5) from above by

n—1
-1\ . 1 1—(1=p)» 4 2F_1
Z(n )pt(l_p)n—l—l _ ( p) <= . 0
1

— i+1 pn n 2k -2

(3.5) £

_  [UDO ) =1
An.k lu AT

LEMMA 3.4 (On the probability of disjointness). For X, j defined above,

ok _1
(3.6) P [D(Y,u,v) =1] < .
)‘n,k n

Proof. Conditioned onY = (y1,...,ykr—1), the probability that y; A- - - Ayg_1 AuAv
is not the zero vector is exactly 1/|y1 A --- A yg—1]. Thus, the left-hand side of (3.6)
equals

Z P k(Y15 - - Y1) 2nk E 1
[y1 A - Ayg—i] b n(2F — 1)1y yeoiefo1yn | 214 Aykal

Yi5--Yk—1
2nk 1\"
= - 1 _ —
n(2k = 1)n-1 ( 2k>
2k
==
where the inequality holds by (3.1). d

4. A discrepancy result. The goal of this section is to analyze the k-party
discrepancy of (UDISJ,, )®™, the XOR of m independent copies of the unique dis-
jointness problem. In actuality, we will derive a somewhat more general result. For
positive integers ni,ns, ..., N, , define

Tr(ni,ne, ... ,ny) = m)z(ix

)

E 11Dt wi
(1, W), (zm W) [X 21;[ ( )‘|

where (z°, W?) ~ %,, X jin,  independently for each i, and the maximum is taken over
all (k+1)-dimensional cylinder intersections y: ({0, 1}m1+n2t+nrm)k+1l 5 10 1} Our
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objective is to bound I'y from above. The proof will use induction on k, the base case
corresponding to the following proposition.
PROPOSITION 4.1. For all positive integers ni,na, ..., M,
1

Fl(nl,ng,...,nm) < E——
nan"'nm

Proof. Define M; = [(—1)*/]; », where the indices range as follows: j =1,2,...,n;
and x € {0,1}". Then ||M;|| = v/2™, whence by Proposition 2.8

m

M;

i=1

Fl(’ﬂl,’ﬂg,...,nm) g

m 1/2
1
el /nlnz .o nm

We now proceed to bound I'y, for all k. We will use the general technique of Babai,
Nisan, and Szegedy [6] to pass from (k + 1)-party discrepancy to k-party discrepancy.
What complicates this passage in our case is the fact that set disjointness does not
have the kind of XOR structure crucially used in [6]. To overcome this difficulty,
we will use the metric properties of the distribution A, ;, established in the previous
section. More concretely, we will use conditional independence to simulate XOR
structure.

THEOREM 4.2. For all positive integers ni,No, ..., Ny, and k,

(2 1"

n1n2...nm.

Tr(ng,nay...,nm) <

Proof. We adopt the following notational shorthand: if X,Y are random vari-
ables with some joint distribution and ®(X,Y’) is a real function, we abbreviate
ExEy[®(X,Y)] = ExEy|[®(X,Y) | X]. In other words, the inner expectation is
always with respect to the conditional probability distribution induced by the outer
variable.

The proof will proceed by induction on k, the base case k£ = 1 having already
been established in Proposition 4.1. For the inductive step, fix k > 2 and consider a
cylinder intersection x: ({0, 1} F+nm)k+1 10 1} for which T, is achieved:

i

(4.1) Tr(ni,ne,...,ny) = E lx~HD(xi,Yi,ui)

(@Y ul), @™ Y™ ™) i=1

where (2%, (Y%, u')) ~ %, X pin, r independently for each i, and the symbol x is
shorthand for y(z',...,2™, Y1 ..., Y™ u! ... u™). Recall that
(b a™ Y Y™ et u™)
= Xt (@ 2™ Y Y™ (2™ Y YT,
where X1, ym: ({0,1}" T Fmm)k 5 £0,1} is a k-dimensional cylinder intersection

for each (u!,...,u™), and ¢ is some function into {0, 1}. Rearranging the right-hand
side of (4.1) gives

m
Fk(nla"'vnm): E E XHD(xZaszuz)
(Il Yl) ..... (11717)/771) ul ..... ™ i—1
m
< E E Xul .. um ~HD(xl,Y’,u’) .
(Y, @™ yYy™) |ut o u™ i=1
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We now apply the technique of Babai, Nisan, and Szegedy [6]. Squaring both sides
and using the Cauchy-Schwarz inequality, we arrive at

where X' = Xyt um - X1, om and the expectation in (4.2) is taken with respect
to (2, (Y",u',v")) ~ ., X An,k, independently for each i. It is crucial to ob-

serve that with «',...,u™ and o', v™ fixed, x’ is a cylinder intersection on

({0, 1prtetrm)k,

We now need to analyze (4.2). It is here that similarities with Babai, Nisan, and
Szegedy [6] end, and we must exploit properties specific to set disjointness. To restate
Lemma 3.1,

(43) D" Y u')D(a",Y",v") =1 [D (Y'|yinw) = 1]
+I[D (Y'yinet) = =1 D ((&",Y)|yingi) D (2", Y ") gipui)
on the support of A, k. To bound (4.2), we will take advantage of conditioning.

Specifically, using (4.3) and conditioning on u;, vs, Y| iy, and Y |u7 Agi for each 4,
we arrive at the following expectation over the remaining variables x%, Y|, i 5, and

(4.4) E|x - [[ D@, Y, u)D@E’, Y*, 0
=1
= > EWX: ] D@ Y)uire) D (Y aine)
ze{—-1,+1}™ tiz;=—1
< JT1[D (Y uinet) = 2] -
=1

The expectations on the right-hand side of (4.4) admit direct analysis. By Lemma 3.2,
conditioning on any fixed value of u®, v’ Y?|inyi, Y (Y yinei) = —1
makes the remaining variables Y| i x5 and Y|gin,: independent and distributed ac-
cording to fijyingi| k—1 a0d fijgiayi| k—1, T€SPectively. Since X' is a cylinder intersection
for fixed u',...,u™ and v', ..., v™, the inductive hypothesis applies to the right-hand
side of (4.4), bounding it in absolute value by

2k 1 1) I[ (Y |ul/\v = I o) =1
DD | ey T g ) =

ze{—1,+1}m drz;=— i1z, =1
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Passing to expectations, one concludes that I'y(n1,n2,...,n.,)? is at most

(281 =121 [D (Y|yipyt) = —1]

> 1l ,k = AL
z€{—-1,41}m Gz l |u? AT'| [T A v
< 1

112, =

uiAvi) ::1]

= 1:[ <(2k_1 —1)? /\E}k l wingi) = 1]) .

The probabilities and expectations in the final expression are given by Lemmas 3.3

P [D(YV?
Rl

LD (Yilyini) =

lut AT [Tt A vl

| ]] + APk [D (Y

and 3.4, leading to I'y(n1,n2,...,n,)% < (28 —1)2™/(nyny - - -n,,) and thereby com-
pleting the inductive proof. 1]
Notes. We are only interested in I'y(nq, ng, ..., n,) forny =ng =--+ = n,,. How-

ever, the above inductive proof requires consideration of the more general quantity.
We also note that the base case, given by Proposition 4.1, could have been handled
by a first-principles argument analogous to Theorem 4.2. However, we find the above
treatment more concise and modular.

5. Randomized communication. Combining the technical work of the pre-
vious sections with additional ideas, we will now derive a general lower bound on
randomized communication complexity for composed functions (Section 5.1). We will
specifically be interested in compositions of the form f o UDISJ, ;. In Sections 5.2
and 5.3, we will apply our findings to the bounded-error and small-bias communica-
tion complexity of ACY circuits, including set disjointness itself.

5.1. A master theorem. We start with the main technical result of the section.
We present two different proofs for it, one based on the primal view of the problem
and the other, on the dual view. The primal proof seems more intuitive to the author,
whereas the dual proof is more versatile. Both proofs will be needed in later sections
to obtain additional results.

THEOREM 5.1. Let f be a (possibly partial) Boolean function on {—1,+1}".
Consider the k-party communication problem F = f o UDISJ, ;. Then for e,d > 0,

degs (f)
(5.1) 9R(F) > (5 — ¢(1+0)) <W> _

2ken

The idea of the primal proof is to convert a communication protocol for F' into
a low-degree polynomial approximating f in the infinity norm. The dual proof pro-
ceeds in the reverse direction and manipulates explicit witness objects, in the sense of
Fact 2.2 and Theorem 2.10. More specifically, the dual proof converts a witness of f’s
inapproximability by polynomials to a witness of F’s high communication complexity.
The primal point of view is original to this paper, whereas the dual approach is due
to [49, 52].

Primal proof of Theorem 5.1. Define pn = %, X iy ,—1, a probability distribution
on the domain of UDISJ, ;. Let ;1 and g stand for the probability distributions
induced by p on UDISJ,- 4(—1) and UDISJ n L(+1), respectively. Consider the following
Txk)n

averaging operator M, which linearly sends real functions x on ({0,1} to real
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functions on {—1,+1}":

M = E ... E Xq,..., X))l
(M)E) = B o B (XK X))

When y is a k-dimensional cylinder intersection,

E

Mx(S)| = E -
| X( )| ZG{*11+1}” X1~u21 Xn"’llzn

X(Xl,...,Xn)Hzi]

€S

E Xi,...,X,) [[ UDISJ, n(X;
X1,y X~ [X( 1 )ZGHS 7k( )‘|

|51
—
< kal(/ra Tyoon 77n)

o (20"

where the second equality uses the fact that p = (u—1 + py1)/2, and the final step
follows by Theorem 4.2.

Fix a randomized protocol for F with error € and cost ¢ = R.(F'). Approximate
F as in Corollary 2.6 by a linear combination of cylinder intersections II = Zx Ay X,
where - [ay| < 2°/(1 —€). We claim that MII is approximable by a low-degree
polynomial. Indeed, let d be a positive integer to be chosen later. Discarding the
Fourier coefficients of MTI of order d and higher gives

. 1 T
E(Mﬂ,d—l)gmln m, XX:G)AS;dHWX(S)

{2 () (2]

d
2¢ 2Fen
5.3 < — ,
(5:3) 1—e¢ (dﬁ)
where the second step uses (5.2). On the other hand, recall from Corollary 2.6 that
IT approximates F' in the sense that |||l < 1/(1—¢€) and |F —TI| < ¢/(1 —¢€) on the

domain of F. It follows that |MTI|| < 1/(1 —¢€) and |f — MTII| < €¢/(1 — €) on the
domain of f, whence

E(f,d—1) < %+E(Mﬂ,d—1).
— €

Substituting the estimate from (5.3),

€ 2¢ 2ken
(5.4) E<f’d_1)<1e+1e(d\/77) .

For d = degs(f), the left-hand side of (5.4) must exceed §, forcing the claimed lower
bound on 2¢. 0

We now present an alternate proof, which combines the argument in [49, 52] with
the discrepancy result in this paper.
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Dual proof of Theorem 5.1. As before, consider the distribution p = %, X fir -1
on the domain of UDISJ, ;. For d = degs(f), Fact 2.2 provides ¢: {—1,+1}" = R
with

(5.5) Do) - Y )] >
z€dom f z¢dom f

(5.6) Il =1,

(5.7) () =0, S| < d.

Define ¥: ({0,1}"**)» — R by
\P(Xla cee aXn) = an (DISJT,k(Xl)a ceey DISJr,k(Xn)) HN’(Xl)

Since p places equal weight on UDISJ;%(—l) and UDISJ;i(—&—l), we have

(5:8) W] = ()] =

T

and analogously

(5.9) S F(Xy, o X)) W(Xy, o X)) = Y WX, X))
dom F dom F
Do) - Y 1)
z&€dom f z¢dom f
> 0,

where the final step in the two derivations uses (5.5) and (5.6). It remains to bound
the inner product of ¥ with a k-dimensional cylinder intersection y. By (5.7),

<2" ) ()

]%(N,L[ (X1,..., X,) [ DIST, 0 (X H

|S|>d icS
<2 E [H(S)| Ty (ryry ..., 1)
%/—/
|S|>d 15

Z <2k1>s
< — ;
[S|>d vr

where the final step uses Proposition 2.1 and Theorem 4.2. Combining this with the
trivial bound [{¥, x)| < [[¥]1]x|lcc = 1,

on e S0 (5 ()

By (5.8)—(5.10) and Theorem 2.10, the proof is complete. O
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5.2. Bounded-error communication. The general theorem that we have just
proved allows us to obtain lower bounds on bounded-error communication in terms
of the 1/3-approximate degree, as follows.

THEOREM 5.2. Let f be a (possibly partial) Boolean function on {—1,+1}". Let
d = degy 3(f). Then

Ryjs (f o UDISJMH[%T’IQ) > Q(d).

Proof. Take e =1/5, § =1/3, r=4*2[n/d]? in Theorem 5.1. ]
As a corollary, we obtain our main result on the randomized communication
complexity of set disjointness, stated as Theorem 1.1 in the Introduction.
COROLLARY. The k-party set disjointness problem obeys
n oy 1/4
Ry/3(DISJ, 1) > Ry 5(UDIST, ) = Q (47)

Proof. Recall that UDISJ,,, ;, = m)noUDISJnk for all integers n, r. Theorem 2.4
shows that degl/g(mn) > §4/n for some constant § > 0. Thus, taking f = AND,,
and d = dy/n in Theorem 5.2 gives Ry/3(UDISI kr2,,1 /m/572,6) = Q(v/n), which is
equivalent to the claimed bound. 0

REMARK 5.3 (On quantum protocols). As shown by the dual proof of Theo-
rem 5.1, we obtain the Q(n/4%)!/4 communication lower bound for set disjointness
using the generalized discrepancy method. By the results of [38, 15], the generalized
discrepancy method applies to quantum multiparty protocols as well. In particular,
Theorem 1.1 carries over to the quantum setting. The same applies to the other ran-
domized communication lower bounds in this paper. For formal statements and an
introduction to quantum communication, we refer the reader to [26, 16, 38, 15].

Theorem 5.2 gives a general lower bound on bounded-error communication com-
plexity for compositions f o G, where G is a gadget on a relatively large number of
variables. We will now derive an alternate lower bound, in which the gadget G is
essentially as simple as possible and in particular depends on only 2k variables.

We first recall some combinatorial complexity measures of a Boolean function
f:{-1,41}" — {—1,+1}. For a string x € {—1,4+1}" and a subset S C {1,2,...,n},
let z° stand for the string obtained from z by negating the bit positions in S, i.e.,

(LES)' . {—xi ifie S,

T; otherwise.

The block sensitivity of f, denoted bs(f), is the maximum number of nonempty,
pairwise disjoint subsets Si,Sa2,S3,... € {1,2,...,n} such that f(x) # f(z) =
f(z%2) = f(z%) = ... for some string x € {—1,+1}". The sensitivity of f, denoted
s(f), is defined analogously with the additional requirement that Sy, Ss,Ss,... con-
tain exactly one element each. In other words, the sensitivity of f is the maximum
of |[{i : f(x) # f(x1,...,%i—1, T4, Tiy1,...,2,)}| over all strings x € {—1,4+1}".
Recall from Section 2 that the decision tree complexity of f, denoted dt(f), is the
minimum depth of a decision tree for f. It is a remarkable fact [42] that bs(f),
dt(f), and deg; /3(f) are polynomially related for every total Boolean function. Fi-
nally, a contraction of a Boolean function f: {—1,+1}" — {—1,+1} is any func-
tion g: {—1,41}" — {—1,+1} such that g(z) = f(2;,, iy, ..., z;, ) for some indices
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11,19, .,in € {1,2,...,n}. Informally, a contraction is the result of replacing groups
of variables by a single variable (and possibly permuting the variables).

We are now in a position to prove the alternate lower bound on communication
for composed functions. We will study compositions of the form f o (ORg V ANDy).
Here ORg V ANDy, refers to the k-party communication problem (z1,...,2ox) —
1V VoV (Tre1 A - ATog) in which the ith party sees all the bits except for z;
and xgy;. Observe that fo(ORgV ANDy) has a deterministic k-party communication
protocol with cost 3dt(f): simply evaluate an optimal-depth decision tree for f. (In
this protocol, a query by the decision tree corresponds to computing the function
ORjk V ANDy, on a given set of variables, which players 1 and 2 can do using only
three bits of communication.) In what follows, we prove that this trivial upper bound
on the communication complexity of f o (ORy V ANDy) is close to tight, even for
randomized protocols.

THEOREM 5.4. Let f: {—1,+1}" — {—1,+1} be given, deg, /3(f) = d. Then

bz(kf) > i

d1/3
>2(%F)
This result broadly generalizes Theorem 1.1. By symmetry, it also holds with ORy A
ANDy, in place of ORy V ANDy.
Proof of Theorem 5.4. Tt is clear that d < dt(f), and it is known [8, p. 791] that

dt(f) < bs(f)3. Thus, it suffices to prove the lower bound in terms of bs(f). We will
actually prove the following stronger result: for some fixed z € {—1,+1}",

bs(f) > e
4k ’

R1/3(f o (ORk V ANDk)) >0 (

1/4

1/4

Ry/3(f. o ANDy) > Q <

where f.: {—=1,41}" — {=1,+1} is defined by f.(x) = f(z & ).

Choose z such that f(z) # f(2°1) = f(22) = --- = f(2%=) for some nonempty,
pairwise disjoint subsets S1,S2,...,Shss) € {1,2,...,n}. This means that f.(1) #
f-(1%) = £,(1%2) = ... = f,(1%:), where 1 = (1,1,...,1). But then there is a

contraction g of f, such that

g(1,1,.... 1) #g(l,...,1,-1,1,...,1)

%},—/
for i = 1,2,...,bs(f). Indeed, such a contraction can be obtained from f, by re-
placing the variables in each block S; by a single variable, and suitably permuting
the resulting variable set. In other words, ORyg(y) is a subfunction of g. Therefore,
6§bs(f) o ANDj, = ~UDISJy(y) 1 is a subfunction of go ANDy, and Ry /5(g0o ANDy) =
Q(bs(f)/4%)*/* by Theorem 1.1. The same lower bound holds for f, o AND, since
passage to a contraction cannot increase communication complexity. 1]

It is tempting to go further and try to bound Ry 3(foANDy) from below in terms

of the approximate degree of f. Unfortunately, the gap between R;/3(f o ANDy) and
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degy /3(f) can be as large as ©(1) versus ©(y/n); simply take f = AND,,. As it turns
out, the right approach is to consider the mazimum of the communication complexities
of foANDy and f o ORg.

THEOREM 5.5. Let f: {—1,+1}" — {—1,+1} be given, deg, /3(f) = d. Then

1/2

o( F)1/4
(5.11) max{Ry/3(f o ORy), Ri/3(f o ANDy)} > (b(f)>

2k

1/2
>0 (W)

/12N 12
>0 ( - > |

Proof. As in the previous proof, it suffices to prove the first inequality, and more-
over we may replace f in the left-hand side of (5.11) by a contraction of f. The
argument is closely analogous to the one in [48] for two-party communication. Specif-
ically, by [48, Lem. 3.3], there is a contraction g of f such that s(g) > a+/bs(f) for
some absolute constant & > 0. So, fix a subset S C {1,2,...,n} of size |S| = a/bs(f)
and a string z € {—1,+1}" such that g(z) # g(z1,...,2i—1, —Zi, Zit1, - .., 2n) for all

i € S. We consider two cases. o
(i) If z|s has more “~1” entries than “+1” entries, then ANDg| /3 is a subfunction

of g. As a result, UDISJ g2 is a subfunction of g o OR} (up to negations of
the input variables), and the proof is complete in view of Theorem 1.1.

(ii) If z|g has no more “—1” entries than “+1” entries, then G\E\SW is a subfunction
of g. As a result, “UDISJ|g) /2 is a subfunction of g o ANDy, and the proof is
again complete in view of Theorem 1.1. O

5.3. Small-bias communication and discrepancy. The counterpart of com-
munication with bounded error is small-bias communication, where the protocol is
only required to produce the correct output with probability vanishingly close to 1/2.
Theorem 5.1 gives communication lower bounds in this setting as well, in terms of
the approximate degree with an appropriate error parameter.

THEOREM 5.6. Let f be a (possibly partial) Boolean function on {—1,+1}". Then

1

e—7’

(f o UDISJ4k+3 |'n/ degl,w(fﬂ{k) 2 degl—’y(f) - 10g

1
(f o UDISJ4k+3 |—7l/ degi(f)—|2,k) 2 degi(f) — log E

Proof. The first lower bound follows from Theorem 5.1 with § = 1 — « and
r = 4"3[n/deg, (f)]?. The second lower bound follows from the first by passing
to the limit as v \, 0. |

Finally, Theorem 5.1 allows one to directly prove upper bounds on discrepancy,
a complexity measure of interest in its own right. We have:

THEOREM 5.7. Let f be a (possibly partial) Boolean function on {—1,+1}". Then
for every v > 0,

len >dcg17(f) N
P v
deglf'y(f)\/;
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In particular,

2ken ) degi (f)
disc(f o UDISJ, 1) < | ————= .
v < (give

Proof. The second bound follows from the first by letting v ~\, 0. To prove the
first bound, take § = 1 — v, d = degs(f), and define ¥: ({0,1}"**)" — R as in the
dual proof of Theorem 5.1. Then (5.8) shows that ¥ = H o P, where H is a sign tensor
and P a probability distribution. Letting F' = f o UDISJ, j, we can restate (5.9) as

(5.12) Y F(x)H(z)P(z) — P(domF) > 1 - 7.
dom F

For every cylinder intersection Y,

dom F
= |(HoPx)+ 1ZF(F(:C) — H(2))P(x)x(x) = Y H(z)P(z)x(x)
dom om F
<discp(H) + Y |F(x) - H(x)|P(x) + P(dlonjF)
= discp(H) + ?lem F)— Y F(x)H(x)P(x) + P(domF)
(5.13) < discp(H) + P(dom F) — (11-1: :

where the last step uses (5.12). Maximizing over all cylinder intersections Y,

Z F(z)P(z)x(z)| + P(dom F)

dom F'
< discp(H) + v
(z2)"
X d/r s
where the second step uses (5.13) and the third uses (5.10). O
As an application of the above results on small-bias computation, we exhibit
a hard multiparty communication problem F € AC’. This k-party communication
problem is given by an {A, V}-circuit of size kn and depth 3 and has exponentially
small discrepancy: disc(F) < exp(—Q(n/4F)'/7). In particular, the communication
complexity of F' remains high even to achieve an exponentially small advantage over
random guessing. A more detailed statement follows.

THEOREM 5.8. Let F, j: ({0, 1}4k"7)k — {—=1,41} be the k-party communica-
tion problem given by

discp(F) = max
X

n

4kn6
Fn’k(fﬁ) = \/ /\ (1[,'7;1]‘71 V :ci,j_Q VeV wi,j,k)~

i=1 j=

=
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Then
diSC(F4n7k) g 2—n’

1
Ry_ 3 (Fank) >n—log; (v >0).

This construction achieves optimal circuit depth because ACY circuits of depth less
than 3 have multiparty discrepancy 1 /no(l), regardless of how the bits are assigned
to the parties. The previous best construction, due to Beame and Huynh-Ngoc [11],
was a depth-6 circuit of size kn with discrepancy exp(—Q(n/231%)1/29),

Proof of Theorem 5.8. Let MP,, be given by Theorem 2.3, so that deg (MP,,) = n.
Since MP,, o DISJk+5,4 5 is a subfunction of Fj, ) (up to negations of the input
variables), Theorem 5.7 yields the discrepancy bound. The communication lower
bound follows by Theorem 2.9. ]

Theorem 5.8 settles Theorem 1.5 from the Introduction.

6. XOR lemmas and direct product theorems. In Section 5, we proved that
Q(n/4%)'/* bits of communication are required to solve the set disjointness problem
with probability of correctness 2/3. In this section, we consider the task of simulta-
neously solving £ instances of set disjointness and prove that £-Q(n/4%)'/* bits of
communication are necessary to even achieve advantage 2~2() over random guessing.
We prove an analogous result for computing the XOR of ¢ instances. The theorems
in this section hold in somewhat greater generality, applying to compositions f o G
where f is an arbitrary function and G is an instance of set disjointness on a small
number of variables. Our proof works by reducing these communication statements
to analogous statements about polynomial approximation. We then appeal to known
direct product theorems and XOR lemmas for the latter setting, which were recently
obtained in [50].

6.1. XOR lemmas. We start by proving the XOR lemma for set disjointness,
which happens to admit a more intuitive and direct analysis than the corresponding
direct product theorem. We recall an analogous XOR, lemma for polynomial approx-
imation [50, Cor. 5.2].

THEOREM 6.1 (Sherstov). Let f be a (possibly partial) Boolean function on
{=1,41}"™. Then for some absolute constant ¢ > 0 and every ¢,

degi_g-c-1(f @ ® f) = cldegy /5(f).
——
¢

Using the small-bias version of the master theorem (Theorem 5.6), we are able to
immediately translate this result to communication.

THEOREM 6.2 (XOR lemma). Let [ be a (possibly partial) Boolean function on
{=1,41}". Defined = degl/g(f). Then for some absolute constant C' > 1, the k-party
communication problem

F=foUDISI, rcuyz

obeys



Proof. Define g = f®. Theorem 6.1 provides an absolute constant ¢ > 0 such
that deg;_; joe+1(g) > cld. Letting C' = 8/c, Theorem 5.6 implies that the composition
go UDISJ4k [%P;k = F®€ obeys R1/2_1/2£+1 (F®é) =/ Q(d) 0

The desired XOR lemma for set disjointness, stated as Theorem 1.2(i) in the
Introduction, now falls out as a corollary.

COROLLARY 6.3. For every /,

UDIS UDIS - Q n Y
1 e > . —_ .
R )e+ ( Jn,k & & Jn,k) ( k)

14

l_(l
2 (2

Proof. Theorem 2.4 shows that degl/g(mn) > ey/n for a constant € > 0. Thus,
letting f = m)n and d = €/n in Theorem 6.2 gives

Ryjo_1/9e41 (UDISJALkn[C\/ﬁ/dQ,k@Z) > (- QvVn),

which is equivalent to the claimed bound. ]

Using the argument of Theorem 5.4, we are now able to give an XOR lemma
for arbitrary compositions of the form f o (ORy V ANDy). For this, we will use the
combinatorial complexity measures bs(f) and dt(f), defined in Section 5.

THEOREM 6.4. Let f: {—1,+1}" — {—1,+1} be given. Put F = f o (ORy V
ANDy). Then for every (,

bs(f) ) e

Ré_(é)Hl(F@F@--@F)>e-9< T

1

/33 1/4
24.9<W’>

Recall from Section 5 that F' has a deterministic protocol with cost 3dt(f), and thus
F®* has a deterministic protocol with cost 3/dt(f). In other words, Theorem 6.4 is
reasonably close to tight.

Proof of Theorem 6.4. The argument is essentially identical to that of Theo-
rem 5.4. As argued there, any communication protocol for fo(OR;VAND}) also solves
UDISJyp(f),k» so that the first inequality is immediate from Corollary 6.3. The other
two inequalities follow from general relationships among bs(f), dt(f), and deg; /5(f);
see the proof of Theorem 5.4. O

6.2. Direct product theorems. Let F': X; x Xy X -+ x Xy = {—1,+1} be a
given k-party communication problem. We are interested here in the communication
complexity of simultaneously solving ¢ instances of F. More formally, the communica-
tion protocol now receives £ inputs z!, ..., x¢ € X; x X5 x---x X}, and outputs a string
in {—1,+1}*, representing a guess at (F(z'),..., F(x*)). As usual, an e-error protocol
is one whose output differs from the correct answer with probability no greater than
€, on any given input. The least cost of such a protocol for solving ¢ instances of F' is
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denoted R.(F, F, ..., F), where the number of instances will always be specified with
an underbrace.

It is also meaningful to consider communication protocols that solve all but m
of the ¢ instances (m for “mistake”), where the ratio m/¢ is a small constant. In
other words, given ¢ input instances z',...,z¢, the protocol is required to output,
with probability at least 1 — ¢, a vector z € {—1,+1}* such that z; = F(2%) for at
least £ — m indices 7. We let

stand for the least cost of such a protocol. When referring to this formalism, we
will write that a protocol “solves with probability 1 — € at least £ — m of the /¢
instances.” This setting corresponds to threshold direct product theorems, as opposed
to the more restricted notion of strong direct product theorems for which m = 0.
All of our results belong to the former category. The following definition from [50]
analytically formalizes the simultaneous solution of ¢ instances.

DEFINITION 6.5 (Approximants). Let f be a (possibly partial) Boolean function
on a finite set X. A (o,m,l)-approximant for f is any system {¢.} of functions
b.: X = R, z € {—1,+1}, such that for all 2*,... z* € X,

Z |¢Z(x1,...,x€)|<1, ', .. 2t e X,
ze{—1,+1}*¢

Z By f(a), ., zzf(me))(x17...,x€) > o, ', ... 2" € dom f.
ze{—1,41}*

|[{i:zi=—1}|<m

The following result [50, Cor. 5.7] on polynomial approximation is naturally re-
garded as a threshold direct product theorem in that model of computation.

THEOREM 6.6 (Sherstov). Let f be a (possibly partial) Boolean function on
{~1,+1}". Let B > 0 be a small enough absolute constant. Then every (27P¢, 3¢, ()-
approximant {¢,} for f obeys

degé,} > Bld .
ze{IPf‘,’il}e{ eg ¢.} = pldegy 5(f)

Using the technique of Theorem 5.1, we are able to translate this result to mul-
tiparty communication complexity.

THEOREM 6.7 (Direct product theorem). Let o > 0 be a sufficiently small
absolute constant. Let f be a (possibly partial) Boolean function on {—1,+1}" with
approximate degree d = degl/g(f). Then the k-party communication problem

F=f oUDISJM[LV .
ad ?
obeys

R1,2—aé’a[<F, F, e ,F) 2 ald.
————
4
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Proof. Our strategy will be to convert a low-cost communication protocol for
solving ¢ instances of F' into a low-degree approximant for f, in the sense of Defini-
tion 6.5. Such an approximant would be in contradiction to Theorem 6.6, thus ruling
out the assumed low-cost protocol. The critical part of the proof is the passage from
communication protocols to polynomials, to which end we will mimic the primal proof
of Theorem 5.1.

Abbreviate r = 4F [%12 and let 1 = % X iy -1, a probability distribution
on the domain of UDISJ, ;. Let pu—; and p; stand for the probability distributions
induced by p on UDISJ,- 4(—1) and UDISJ . 1(+1), respectively. Consider the following
averaging operator M, which linearly sends real functions ¢ on ({0,1}"**)" to real
functions on {—1,+1}":

(Mo)(z) = E E  [o(X11,..., Xen)]-

Xl,lNMle XZ,nNU/zL"

Now fix a cost-c¢ randomized protocol II which solves, with probability 27, at least
(1 — )¢ from among ¢ instances of F. We will take v = a(3) > 0 small enough, where
£ > 0 is the constant from Theorem 6.6. Starting with the assumption that ¢ < a/d,
we will arrive at a contradiction.

For z € {—1,+1}¢, consider the protocol II. with Boolean output which on
input from ({0,1}"**)" runs II and outputs —1 if and only if IT outputs z. Let
é.: ({0,1}7*)" — 10,1] be the acceptance probability function for II,. Then ¢, =
>~ ayx by Corollary 2.7, where the sum is over k-dimensional cylinder intersections
and > |a,| < 2° By the argument in the primal proof of Theorem 5.1, for every
positive integer D,

ke n
(6.1) E(M¢,,D —1) < 2° (%)

Observe that {¢.} is a (27%¢, o/, f)-approximant for F, and analogously {M®,} is a
(2= o, £)-approximant for f. By (6.1), each M. can in turn be approximated by
a polynomial of degree less than B4d to within 2°¢(ae/3)#*. Taking o = a(B) > 0
small enough, we arrive at a (275¢, 3¢, {)-approximant for f of degree less than j3/d,
in contradiction to Theorem 6.6. Hence, ¢ > afd. O

As a corollary, we obtain a direct product result for set disjointness, stated as
Theorem 1.2(ii) in the Introduction.

COROLLARY 6.8. For some absolute constant o > 0 and every /,

n 1/4
Ry ot ag(UDIS, 4, ..., UDIST, ) > £ Q) (47) .

14

Proof. Theorem 2.4 shows that degl/g(mn) > ey/n for a constant € > 0. As a
result, taking f = A/NTDH and d = e4/n in Theorem 6.7 gives

Rl—?“"z,aé<' .. 7UDISJ4kn[\/ﬁ/O¢6—|2,k7 .. ) == E . Q(\/ﬁ),

L

which is equivalent to the claimed bound. ]
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Again, the above corollary readily generalizes to arbitrary compositions of the
form F = f o (ORy V ANDy,).

THEOREM 6.9. Let f: {—1,+1}" — {—1,+1} be given. Put F = f o (ORy V
ANDy,). Then for some absolute constant o > 0 and every ¢,

—— 1/4
Ri_g ot qo(F F,...,F)>0-Q (bs(f))

/33 1/4
>g.Q<dt<f)”’)

1/4
deg1/3(f)l/3

Proof. Identical to Theorem 6.4, with Corollary 6.8 invoked in place of Corol-
lary 6.3. ]

We have focused here on XOR lemmas and direct product theorems for £ instances
of the same communication problem. The results and proofs above generalize easily
to £ distinct communication problems, by invoking, in place of Theorems 6.1 and 6.6,
correspondingly more general results from [50] on polynomial approximation.

7. Nondeterministic and Merlin-Arthur communication. In this section,
we study the communication complexity of set disjointness in the nondeterministic and
Merlin-Arthur multiparty models. We will see that the lower bound of Theorem 1.1
carries over. We will reinterpret our findings in terms of communication complexity
classes.

7.1. Definitions. We start by describing the nondeterministic k-party model of
communication, which is similar in some ways and different in others from the ran-
domized model. As in the randomized model, one considers a function F: X x X5 X
<o x Xj = {=1,+1} for some finite sets X1, Xs,..., X;. An input (z1,22,...,2%) €
X1 x Xy x - x Xy is distributed among the k parties as before, giving the ith party all
the arguments except for z;. Beyond this setup, nondeterministic computation pro-
ceeds as follows. At the start of the protocol, ¢ bits appear on the shared blackboard.
Given the values of those bits, the parties execute an agreed-upon deterministic proto-
col with communication cost at most c3. A nondeterministic protocol for F' is required
to output the correct answer for at least one nondeterministic choice of the ¢y bits
when F(z1,22,...,2,) = —1 and for all possible choices when F(x1,za,...,zr) = +1.
The cost of a nondeterministic protocol is defined as ¢; + ¢o. The nondeterministic
commaunication complexity of F', denoted N(F), is the least cost of a nondetermin-
istic protocol for F. The co-nondeterministic communication complexity of F is the
quantity N(—F).

The Merlin-Arthur model [2, 5] combines the power of randomness and non-
determinism. Similarly to the nondeterministic model, the protocol starts with a
nondeterministic guess of ¢; bits, followed by c¢s bits of communication. However, the
communication can be randomized, and the requirement is that the error probability
be at most € for at least one nondeterministic guess when F'(z1,2,...,z;) = —1 and
for all possible nondeterministic guesses when F'(xq, s, ...,2;) = +1. The cost of a
Merlin-Arthur protocol is defined as ¢y + ¢o. The e-error Merlin-Arthur communica-
tion complexity of F, denoted MA.(F), is the least cost of an e-error Merlin-Arthur
protocol for F. Clearly, MA.(F) < min{N(F), R.(F)} for every F.
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7.2. Communication lower bounds. To analyze the nondeterministic and
Merlin-Arthur complexity of set disjointness, we start with a criterion for high commu-
nication complexity in these models. It was derived by Gavinsky and the author [27,
Theorem 4.1] and builds on earlier work by Klauck [32, 33|, including the generalized
discrepancy method.

THEOREM 7.1 (Gavinsky and Sherstov). Let F: X — {—1,+1} be a given
k-party communication problem, where X = X7 X X9 X -+ x Xy. Fiz a function
H: X — {—1,41} and a probability distribution P on X. Put

a=PF 1 (-1)nH(-1)),
f=P(F 1 (=1)nH ' (+1)),

Q=108 G fisep ()
Then
N(F) =z Q,
MA, /3(F) > min {Q(\/@, Q (bgg/a)) } .

A key technical observation in [27] is the following property of the AND function,
which we will use in a similar way in this paper.

THEOREM 7.2 (Gavinsky and Sherstov). There is a function ¢: {—1,+1}" - R
with

(¥, AND,,) > é,

¥l =1,

() =0, |S| < degy/3(AND,,),
(7.1) P(=1,...,-1) < —%.

Proof (Gavinsky and Sherstov). The first three properties of ¢ are guaranteed by
Fact 2.2. To establish the remaining property, note that (1, 1) = 0 because (&) = 0.
Thus,

“20(=1,.... =)= Y (x){AND,(2) ~ 1}

ze{~1,+1}"

> (2)AND,(2)
ze{—1,+1}"
1
~.
~3

Gavinsky and the author [27] obtained a lower bound of n?(1/*)/ 22" on the non-
deterministic and Merlin-Arthur communication complexity of set disjointness. The
main result of this section, which we are about to establish, is an improved lower
bound of Q(n/4F)'/* for nondeterministic and Q(n/4%)*/% for Merlin-Arthur proto-
cols. Our proof closely follows the proof in [27], i.e., we use Theorem 7.2 to construct
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H and P for Theorem 7.1. The main difference resides in the discrepancy calculation,
for which we turn to the master theorem in this paper on randomized communication
complexity.

THEOREM 7.3 (restatement of Theorems 1.3 and 1.4). The set disjointness prob-
lem obeys

n o\ 1/4

)
n\1/8
7)o

MA; 5(DIST, ;) > Q (

Proof. Let 7 be a parameter to be set later. Put f = AND,,, d = deg; ;5(AND,,),
and fix ¢: {—=1,41}" — R as in Theorem 7.2. Let F' = f o DISJ,; and define
U: ({0,1}7*¥)" — R as in the dual proof of Theorem 5.1, viz.,

n

U(X1, ..., Xp) = 2" (DIST, o (X1), ..., DIST, (X)) T m(X0),
i=1

where = % X p ;-1 as before. Then (5.8) shows that ¥ = H o P for some sign
tensor H and probability distribution P. In particular, (5.10) asserts that

(7.2) discp (H) < (Zk;’;) d.

By (7.1), we have ¥(z) < 0 whenever f(z) = —1, so that

(7.3) P(F~Y(=1)nH '(+1)) =0.
Also,
(7.4) PF Y (-1)nH'(-1)=PF(-1) =|¢(-1,...,—-1)| > é,

where the first step uses (7.3), the second step uses the fact that p places equal
weight on the sets DISJ;,ﬁ(fl) and DISJ;,i(Jrl), and the final inequality uses (7.1).
By (7.2)-(7.4) and Theorem 7.1,

e o ({20 1). -0 (s {27 1)

Recall now from Theorem 2.4 that d > c¢y/n for some constant ¢ > 0. As a result,
setting r = 45+2n[1/c]? gives N(F) = Q(y/n) and MA,; /3(F) = Q(n'/*). It remains
to note that F = DISJ4k+2n2 "1/C—|2,k)' D

7.3. Applications to communication classes. Babai, Frankl, and Simon [3]
defined analogues of computational complexity classes in communication. We will only
mention a few of them, namely, those corresponding to efficient randomized, nonde-
terministic, and Merlin-Arthur protocols. For a given number of parties k = k(n),
fix a family {F,}°; of k-party communication problems, where F,: ({0,1}")* —
{—1,41}. The family {F,,} is said to belong to the communication class BPP}, if and
only if Ry /3(F,) < log®n for some constant ¢ > 1 and all n > ¢. Analogously, the fam-
ily {F,,} is said to belong to NP, or MA if and only if the communication complexity
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of F, in the nondeterministic or Merlin-Arthur models, respectively, is at most log®n
for some constant ¢ > 1 and all n > ¢. The derived classes coNP, and coMA, have
the usual definition, e.g., {F,} € coNPy, if and only if {—F,,} € NP.
A corollary to Theorem 7.3 is that set disjointness separates coNPj from NPy,
BPP;, and even MA, for k < (% — ¢)log n parties, where € > 0 is any constant.
THEOREM 7.4. For k < (% - e) log n, where € > 0 is any constant,

DISJn’k € coNPy, \ NP,
DISJn’k € coNPy, \ BPPk,
DISJmk € coNPy, \ MA.

Proof. Tt suffices to prove the final statement, since MA; contains NPy and BPPy.

Theorem 7.3 shows that DISJ, r ¢ MAj. On the other hand, it is well-known
that N(—DISJ, 1) < [logn] + 2. Specifically, the parties choose i € {1,2,...,n}
nondeterministically and compute 1 ; A- - - Az ; with two bits of communication. As
a result, DISJ,, 1 € coNPy,. 0

8. Applications to circuit complexity. We will now apply our results on
small-bias communication to circuit complexity. We start with a well-known con-
nection between multiparty communication and circuits, due to Hastad and Gold-
mann [29].

PROPOSITION 8.1 (Hastad and Goldmann). Let f be a Boolean function com-
putable by a MAJ o SYMM o ANY circuit, where the top gate has fan-in m, the
middle-level gates have fan-in at most s, and the bottom gates have fan-in at most
k—1. Then the k-party number-on-the-forehead communication complezity of f obeys

Ry (f) <k[log(s +1)],

27 2(m+1)

regardless of how the bits are assigned to the parties.

Proof (Hastad and Goldmann). The parties pick a uniformly random gate G at
the middle level, evaluate it deterministically using k[log(s -+ 1)] bits of communica-
tion, and output the answer. The deterministic computation is possible because every
input to GG can be computed by some party without communication, which makes it
possible to partition the bottom gates among the parties and have each party report
the sum of those inputs to G assigned to him. Since G is symmetric, the sum of its
inputs uniquely determines its output. 0

We arrive at the first result of this section, a lower bound on the size of MAJ o
SYMM o ANY circuits with small bottom fan-in computing a depth-3 formula.

THEOREM 8.2. Let F,, ;.: {0, 1}4k”7k — {—1,+1} be the read-once {A, V}-formula
of depth 3 defined in Theorem 5.8. Then any circuit of type MAJ o SYMM o ANY
with bottom fan-in at most k — 1 computing F,  has size 282n/k)

Proof. We interpret F), j as the k-party communication problem defined in The-
orem 5.8. Let C be a circuit of type MAJ o SYMM o ANY that computes F,, ;, where
the bottom fan-in of C'is at most k — 1. If C' has size s, then the fan-in of the gates
at the top and middle levels is at most s, which in view of Proposition 8.1 gives

15t (Fk) < kflog(s + 1)].
By Theorem 5.8, this leads to s > exp(2(n/k)). o
Theorem 8.2 establishes Theorem 1.6 from the Introduction.
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Consider now a different computational model, that of MAJ o SYMM o AND
circuits without any fan-in restrictions. We will prove a superpolynomial lower bound
in this model as well. We will use a well-known argument due to Razborov and
Wigderson [46] which reduces the job to proving lower bounds for MAJoSYMMoANY
circuits with small bottom fan-in. This argument has already been used by several
authors [54, 11] in the context of proving lower bounds for AC® functions.

THEOREM 8.3 (Razborov and Wigderson). Let 6 > 0 be a sufficiently small
absolute constant, f: {0,1}N — {—1,+1} a given function. For e € (0,6), define

F. = foPARITY 1,2 5.

If F, is computable by a MAJ o SYMM o AND circuit C' of size at most N€'ln In N
then f is computable by a MAJ o SYMM o AND circuit of the same size with bottom
fan-in at most eln N.

For completeness, we include the short proof of this theorem. In what follows, we
let G, denote the result of applying a random restriction p to a gate or function G.

Proof of Theorem 8.3 (adapted from [46, 54, 11]). Let p be a random restriction
that leaves each variable unset independently with probability p = 2¢/In N, and
otherwise sets it to 0 or 1 with equal probability. For a conjunction K, let |K| denote
the number of literals in K. We claim that for every conjunction K,

(8.1) P[|K,| > eln N] < N~-©(clnln ),
Indeed, for |[K| < InNlnln N,

|1<‘ In N —O(elnln N
Pl|K,| > eln N| < NN (eInln NV)
[| P‘ € } (61 7\7— p 9

whereas for |[K| > In Nlnln N
|K|
1
P[|K,| > elnN] < P[K, # 1] = (;_p> < N~O(nInN)

Applying (8.1) with a union bound across the bottom gates of C, we find that
with probability 1 — o(1) the bottom fan-in of C, is at most eln N. Furthermore,
the probability that p does not turn any parity gate in F, into a constant is at least
1-N(1—p)* L o(1). In particular, there is a random restriction p such that
on the one hand, €, has bottom fan-in at most eIn IV, and on the other hand f is a
subfunction of C,,. O

We are now in a position to prove the promised lower bound.

THEOREM 1.7 (restated). Fvery MAJ o SYMM o AND circuit that computes

n n logn log?n

o=V

i=1j

Li,j.k,
1 k=

»a

~
Il
—

has size nf2(loglogn)

Proof. Without loss of generality, we may assume that n is a power of 2. Let F}, j,
be the depth-3 read-once {A, V }-formula constructed in Theorem 5.8. By Theorem 8.2,
every MAJoSYMMo ANY circuit with bottom fan-in logn —1 that computes F, jogn
has size 22("/1087) ' Ag a result, Theorem 8.3 gives a lower bound of nf2(°g1°g7) op the
size of any MAJ o SYMM o AND circuit computing the composition H,, = F}, 10gn ©
PARITY ;1542 ,,, where ¢ > 1 is a sufficiently large constant. It remains to note that
HJ is a subfunction of H,c for a large enough constant C' = C(c) > 1. O
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