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Snakes (a.k.a. active contour models) are deformable contours that have
been used in many image analysis applications, including the image-
based tracking of rigid and nonrigid objects. Deformable contours and
their multidimensional generalizations conform to object shapes and
motions by numerically integrating differential equations of Lagrangian
elastodynamics. The snake equations of motion provide flexible track-
ing mechanisms that are driven by simulated forces derived from time-
varying images.

This chapter first reviews the physically motivated formulation of
snake models. It then proposes a probabilistic interpretation of the
approach that leads to optimal estimation as a means of extracting reli-
able information from noisy observations. For the purposes of real-time
tracking, it is essential that the estimation proceed sequentially as new
observations become available. This is the premise of Kalman filtering
theory. We show how to construct continuous Kalman filters that in-
corporate the dynamic snake into their system and prior models. These
Kalman snakes are a promising technique for image-based tracking of
rigid and, especially, nonrigid objects; they forge a link between the
physical and probabilistic modeling approaches to active vision.

Snakes were introduced in [21, 40]. The idea of edge and curve de-
tection by optimizing models of curve contrast and smoothness can be
traced back to [33] and [26]. The snake model generalizes this notion
through the use of elastodynamic models and applied forces. This chap-
ter builds upon the dynamical systems point of view and its connec-
tions to estimation theory. For simplicity we consider the original snake
model formulated using controlled-continuity variational splines. There
exist several noteworthy variants, however, including snakes based on
the Fourier [36, 37], B-spline [29, 22, 11] (also see Chapter 4), finite
element [9, 8], and discrete representations [41, 6].! Snakes and their
variants have been applied to static images requiring edge, curve, and
boundary detection, as well as region segmentation and skeletonization
[21, 43, 16, 17, 12, 1, 34]. Since snakes conform readily to complex bio-
logical structures, many applications have been in the area of biomedical

1 Chapter 3 considers parameterized models akin to snakes, known as deformable
templates [25].
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image interpretation [2, 24, 9, 22, 4, 8, 6].2

The idea of tracking objects in time-varying images using snakes was
originally proposed in [21], where it was applied to track a speaker’s
lips through dynamic forces generated by the images. A more thorough
tracking of articulate facial features using multiple snakes is described in
[41]. In [23], closed snakes are applied to track amorphously deforming
living cells that locomote using pseudopods. In [7, 11], real-time snakes
are used to track the occluding contours of 3D objects as seen from a
camera attached to a moving robot arm. These applications have demon-
strated that snakes are very well suited to tracking rigid and nonrigid
objects. As it tracks an object of interest, a snake can provide detailed
quantitative information about its position, velocity, acceleration, and
its evolving shape in the image plane.

Another popular approach to tracking, particulary in the context of
active vision, is based on Kalman filtering theory [18] (see also Chapters
5, 6, 8, 18, and 19 ). The Kalman filtering approach was first applied
to the incremental estimation of rigid object motion [20, 5, 35] and
to the tracking of sparse rigid features such as points and lines [15,
28]. More recently, the approach has been extended to more complex
representations, such as the depth maps obtained when a camera moves
through a static scene [27].

Dynamic deformable models, such as snakes, can serve as system mod-
els for Kalman filter trackers [39, 30, 31]. The resulting shape and motion
estimators are able to deal very effectively with the complex motions of
nonrigid objects, because deformable models are governed by the princi-
ples of nonrigid dynamics. This chapter formulates image-plane Kalman
filter trackers using snakes, while Chapter 6 considers the more general
case of three dimensional tracking using 3D deformable models that are
related to snakes.

1.1 Snakes: Dynamics and Tracking

Snakes are planar deformable contours that move under the influence
of image forces. We can define a deformable contour by constructing
a suitable deformation energy &;(v), where v represents the contour as
a mapping from the unit parametric domain s € [0, 1] into the image

2 Deformable contours are also applicable to problems unrelated to vision [14, 13].
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plane R2.3 The components of the mapping v(s) = (z(s),y(s)) are the
contour’s coordinate functions. It is convenient to think of the external
forces on the contour as deriving from a potential P. A snake is a
deformable contour that minimizes the energy

E(v) =E&s(v) +P(v). (1.1)

For a simple (linear) snake, the internal deformation energy is

1
ES:/ wy (8)|vs|* 4 wa(s)|ves|? ds, (1.2)
0

where the subscripts on v denote differentiation with respect to s. The
energy models the deformation of a stretchy, flexible contour v(s) and
includes two physical parameter functions: ws(s) controls the “tension”
and ws(s) controls the “rigidity” of the contour. These functions are
useful for manipulating the physical behavior and local continuity of the
model. In particular, setting wi(sg) = wa(sg) = 0 permits a position
discontinuity and setting wa(sg) = 0 permits a tangent discontinuity to
occur at sg.

To apply snakes to images I(x,y), we specify external potentials P
which attract the snake to intensity extrema, edges, or other perhaps
more complex features of interest, depending on the application. We
define

P(V):/o P(v(s))ds, (1.3)

where P(x,y) is a scalar potential function defined over the image plane
and which is typically computed through image processing. It is natural
to interpret the local minima of P as snake “attractors.” The snake
will have an affinity for darkness or brightness if P(z,y) = +c[G, *
I(z,y)], depending on the sign, and for intensity edges if P(z,y) =
—c|V[Gy * I(z,y)]|, where ¢ controls the magnitude of the potential.
G, * I denotes the image convolved with a (Gaussian) smoothing filter
whose characteristic width ¢ controls the spatial extent of the attractive

3 For the purposes of this paper, we can think of an image intensity function as being
defined over all of R2, albeit with a value of zero outside some finite bounded region.
4 Tt makes sense to compute P(z,y) at all image points only if dedicated hardware
is available that can do so in real time. According to (1.3), however, P need only
be computed along the deformable contour v(s), which presents an opportunity for
improving efficiency when such hardware is unavailable (see Chapter 4).
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Figure 1.1
Snake attracted to cell membrane in an EM photomicrograph.

“depression” of P. [21] discusses some of the motivations and issues
surrounding the smoothing operation.

Figure 1.1 shows a snake, the closed white contour, which has been
attracted by the dark membrane of a cell in an EM photomicrograph
(see [6] for details). In the figure, P = ¢[G, % I] where I is the EM image
and o is about 1 pixel.

1.1.1 Lagrangian Dynamics

It is natural to view energy minimization as a static problem. More
generally, however, one can construct a dynamical system and allow it
to arrive at a minimal energy state as it achieves equilibrium. Suit-
able dynamic models with intuitively appealing physical behaviors may
be derived by applying the principles of Lagrangian mechanics. This
approach leads to dynamic snakes which offer a variety of interesting
possibilities that are not necessarily evident from the static energy min-
imization point of view. For example, a dynamic model may be guided
by an adaptive control system or interactively by the user as it mini-
mizes its energy. To visualize a dynamic snake in an image potential,
think of P as slippery terrain and the deformable contour as having a
tendency to slide downhill into the depressions in the terrain, conforming
to their shapes as it does so. In Figure 1.1, for example, the snake has



Tracking with Kalman Snakes 5

slid into the ravine associated with the dark membrane that surrounds
the large cell. The snake minimizes the total energy & when it attains
the equilibrium state shown in the figure.

The Lagrangian formulation of snakes was first presented in [40]. We
can represent a dynamic snake by introducing a time-varying mapping
v(s,t) and a kinetic energy fol u|ve|? ds, where p(s) is the mass density,
and the subscript ¢t denotes a time derivative. We combine the kinetic
energy and the deformation potential energy functional £(v) to define
the Lagrangian

1
L(v) = %/O plve|? ds — %5(\;). (1.4)

If the initial and final configurations are v (s, to) and v(s, t1), then Hamil-
ton’s principle dictates that the deformable model’s motion v(s,t) from
t = tg to t = t1 is such that the action integral fttol L(v)dt is stationary,
which implies that its variation with respect to v vanishes:

t1 1
oo (5 [ [ il = sl = sl - PO s ) 0. (1)
to JO

The condition leads to Lagrange’s equations of motion for the model
[10]. Once set in motion, a snake with a mass distribution will move
perpetually, unless kinetic energy is dissipated. To dampen the snake
so that it can achieve static equilibrium, we incorporate the Rayleigh
dissipation functional D(v;) = %fol v|v¢|? ds where ~(s) is the damp-
ing density. Evaluating the appropriate variational derivatives of the
integrands L in (1.5) and D in the dissipation functional, the Lagrange
equations are

ALy oD oL 0 (oLY o (onNy_ o
dt \ Ov; vy Ov  0s \ Ovy 0s2 \Oves ) ’

Assuming constant mass density u(s) = p and constant dissipation

~(s) = 7, the equations of motion for the snake may be written as
82

0
pvee +9ve = oo (W1vs) + 5 (w2vss) = =V P(v(s, 1)) (1.7)

with appropriate initial and boundary conditions. This can be inter-
preted as a force balance relationship. On the left hand side are inertial,
damping, stretching, and bending forces. These forces balance the neg-
ative gradient of the potential on the right hand side, which may be
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interpreted physically as generalized external forces coupling the snake
to the image data.

1.1.2 Force-Based Tracking

The equation of motion (1.7) suggests a straightforward force-based
mechanism for tracking dynamic data where the model maintains dy-
namic equilibrium in a time-varying potential [21].

If the image varies as a function of time, the potential P(x,y,t) will
also be time-varying. If the potential P(z,y,t) changes after a snake
has achieved static equilibrium, potential energy is converted to kinetic
energy and the snake will move nonrigidly to achieve a new equilibrium.
Thinking in terms of the force balance relationship in (1.7), the model
will track the dynamic data as it attempts to maintain the generalized
forces —V P in dynamic equilibrium against the inertial, damping, and
deformation forces.

One way to visualize the tracking scheme on a discrete, frame-by-frame
basis is to imagine once again the potential energy surface P(z,y, t)) for
a given image frame k as a slippery terrain. Suppose that a deformable
contour is at rest at the bottom of an extended depression in the terrain.
The next frame k + 1 will induce a potential P(x,y,trt1) which is a
perturbation of P(z,y,tx) such that the depression will have shifted. If
the shift is not too great, the snake will now find itself somewhere up on
a slope and will slide downhill into the shifted depression, moving (and
deforming) appropriately as it does so. In this way, are convected over
the image by the moving depressions of the potential surface.

Figure 1.2 illustrates the force based tracking procedure. At the top
are three frames from an image sequence of a surprise expression. In
the middle are the negative potential functions —P = ¢|V[G, * I]|. The
snakes track the nonrigidly moving image features, making it possible
to glean useful information about the face. For example, it is possible
to derive dynamic estimates of facial muscle contractions shown in the
plotted traces (see [41] for details).

In Section 1.3, we will identify force driven tracking as a special case of
a general framework for sequential estimation of dynamic data which is
capable of dealing with uncertainties in image data and modeling them
in an optimal way.
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Figure 1.2
Tracking facial features using snakes. (a) Three frames from an image sequence
with snakes (black contours) tracking hairline, eyebrows, nose, mouth, and chin.
(b) Snakes (white contours) on negative potential function. (c) Estimated facial
muscle contractions plotted as time series.
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1.1.3 Discretization and Numerical Simulation

In order to numerically compute a minimal energy solution, it is neces-
sary to discretize the energy £(v). A general approach to discretizing
energies £(v) is to represent the function of interest v in approximate
form as a linear superposition of basis functions weighted by nodal vari-
ables u;. The nodal variables may be collected into a vector u to be
computed. The local-support polynomial basis functions prescribed by
the finite element method are convenient for most applications. An al-
ternative to the finite element method is to apply the finite difference
method to the continuous Euler equations, such as (1.7), associated with
the model.

The discrete form of quadratic energies such as (1.1) may be written
as

E@%:%FKu+PmL (1.8)

where K is called the stiffness matriz, and P(u) is the discrete version
of the external potential. The minimum energy (equilibrium) solution
can be found by setting the gradient of (1.8) to 0, which is equivalent
to solving the set of algebraic equations

Ku=—VP =T, (1.9)

where f is the generalized external force vector.

Finite elements and finite differences generate local discretizations of
the continuous snake model, hence the stiffness matrix will have a sparse
and banded structure. To illustrate the discretization process, suppose
we apply the finite difference method to discretize the energy (1.2) on a
set of nodes u; = v(ih) fori =0,..., N—1 where h = 1/(N—1). Suppose
we use the finite differences vy ~ (w11 — u;)/h and vgs =~ (w41 —
2u; +u;_1)/h%. For cyclic boundary conditions (i.e., a closed contour),
we obtain the following symmetric pentadiagonal matrix (unspecified
entries are 0):
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ap by o cn—2 bn_1
bo ai by C1 CN-1
Co by az b C2
c1 by as b3 C3
K= . . . . . ,(1.10)
cN—5 byn_s an—3 byn_3 cN-_3
CN—2 cN—4 bn_3 an—2 bn_2
| bv—1 ev—1 cN—3 byn_2 an—1 |
where
a; = (wi_q 4+ wi;)/B* + (wa;_y + dwg; + w2i+1)/h4v (1.11)
bi = _1,U1Z'/h2 — 2(’[1}2,L + w2i+1)/h4, (112)
¢ = way/RY, (1.13)

assuming that wy; = wi(th) and we; = wy(ih) are sampled at the same
nodes. All indices in these expressions are interpreted modulo N.

The discretized version of the Lagrangian dynamics equation (1.7)
may be written as a set of second order ordinary differential equations
for u(t):

Mii + Cu + Ku = f, (1.14)

where M is the mass matrix, C is a damping matrix; both matrices are
typically also sparse and banded. In the simple case of a finite difference
discretization where we assume that mass is lumped at the nodes, M
and C will be diagonal matrices. Note that for static f, the dynamic
equilibrium condition i1 = 1 = 0 leads to the static solution (1.9), as
expected.

To simulate the snake dynamics, this system of ordinary differential
equations must be integrated forward through time. The finite element
literature offers several suitable explicit and implicit direct integration
methods, including the central difference, Houbolt, Newmark, or Wil-
son methods [3]. We can illustrate the basic idea with a semi-implicit
Euler method that takes time steps At. We replace the time deriva-
tives of u with the backward finite differences it ~ (u(*+2% — 2u®) 4
ul=20)/(At)?, and u ~ (ut2) — ult=2)/2A¢t, where the super-
scripts denote the quantity evaluated at the time given in parentheses.
This yields the update formula
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Ault+28) — p®), (1.15)

where A = M/(At)? + C/2At + K is a pentadiagonal matrix and b =
(2M/(At)?)u®) — (M/(At)? — C/2Atut—D + £,

The pentadiagonal system can be solved very efficiently (O(N) com-
plexity) by factorizing A into lower and upper triangular matrices, then
solving the two resulting sparse triangular systems. We compute the
unique normalized factorization A = LDU where L is a lower triangu-
lar matrix, D is a diagonal matrix, and U = L7 is an upper triangular
matrix [3]. The solution u**+2% to (1.15) is obtained by first solving
Ls = b® by forward substitution, then Uu = D~'s by backward sub-
stitution. For the linear snakes described above, only a single factoriza-
tion is necessary, since A is constant. Note that the LDU factorization
and forward /backward substitutions are inherently sequential, recursive
operations.

Researchers have investigated alternative approaches to numerically
simulating snake models, including dynamic programming [1] and greedy
[42] algorithms.

1.2 Snakes and Bayesian Estimation

The dynamic response of snakes to forces computed from images ad-
dresses the problem of inferring the image-based shapes and motions of
rigid or nonrigid objects. An alternative to this physical point of view
is to cast the inference task in a probabilistic framework and to view
it as an estimation problem. Snake models may then be interpreted in
terms of Bayesian estimation, where the posterior distribution p(u|d) of
the unknown quantity u conditioned on the data d is computed using
Bayes’ rule

p(dfu) p(u)
p(d)

with the normalizing denominator

p(d) = p(du).

p(uld) = (1.16)

The prior model p(u) is a probabilistic description of the state we are
trying to estimate before any sensor data is collected. The sensor model
p(d|u) is a description of the noisy or stochastic processes that relate the
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original (unknown) state u to the sampled input image or sensor values
d. Bayes’ rule combines these two probabilistic models to form a poste-
rior model p(u|d) which describes probabilistically the best estimate of
u given the data d [32].

The snake serves as a prior model of the shapes and nonrigid motions
of features of interest in the image. Intuitively, it should yield prior
distributions that bias Bayesian estimates towards low energy configu-
rations as measured by the deformation energy & in (1.2). The trick
is to convert an energy which elastically restores the deformable model
to its natural shape into a prior distribution over expected shapes, with
lower energy shapes being the more likely. This is done conveniently
using a Gibbs (or Boltzmann) distribution of the form

p(u) = Zl exp(—Ep(u)), (1.17)

where Ep,(u) is a discrete version of &, and Z,, is a normalizing constant
(called the partition function). When Ej,(u) stems from a finite element
or finite difference discretization, it can be written as a sum of local
energy terms, and the distribution (1.17) reduces to a Markov random
field. Since, according to (1.8), E(u) is a quadratic energy of the form
Ey(u) = %uTKu, (1.18)
the prior distribution is a correlated zero-mean Gaussian with a covari-
ance matrix P = K~!. Although, K is sparse and banded, P will not
be.

The external potential applied to the snake is equivalent to a sensor
model. We can see this by examining a linear sensor model involving
Gaussian uncertainty. For simplicity, consider the physical situation
depicted in Figure 1.3, where a snake is constrained by a set of zero-
length “springs” with stiffnesses ¢;. The springs couple the snake to
“nails” d; in the plane which represent data points with independent
additive Gaussian noise. If spring 7 is attached to the snake at s;, it
is stretched by an amount |v(s;) — d;|. Hence the continuous potential
energy functional of all the stretched springs is

P(v) = cilv(si) — di]*. (1.19)

K2

The discrete version of this potential may be written as the quadratic
form
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Figure 1.3
Snake (black) constrained with spring (grey) forces.

1
P(u) = E4(u,d) = 5(Hu ~d)"R7'(Hu - d). (1.20)
The associated spring forces (cf. (1.9)) are expressed by the linear form

~VP=f=H"R!(d - Hu). (1.21)

Here, H, known as the interpolation or measurement matrix, maps nodal
variables to the nails which are interpreted as measurement data d.® ©
The entries of R™! are spring stiffnesses ¢;. Using the Gibbs distribution
once again, we arrive at the sensor model

5 In general, (e.g., for nonlinear snake models) the measurements d may be related to
the state variables u through a non-linear function d = h(u). The exztended Kalman
filter formulation is applicable in this case, although the resulting estimator may be
sub-optimal [18]. The extended Kalman filter formulation is necessary for the 3D
physical models described in Chapter 6.

6 Note that if the dimensionality of d is smaller than that of u, the snake will
approximate the data using the deformation energy as a smoothness constraint to
constrain the extra degrees of freedom. On the other hand, if the dimensionality of d
is greater than that of u, the snake will provide a least squares fit to the data. Both
cases are handled by the same measurement equation.
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Figure 1.4
Confidence envelope of snake estimate. The snake is shown in white, and the
confidence envelope in black.

p(dlu) = Zid exp(— Ea(u, d)), (1.22)

This implies that the sensor distribution is a correlated Gaussian with
covariance matrix R™!. Hence, if each datapoint has independent noise
with standard deviation o2, the optimal spring stiffnesses for estimation
are ¢; = 1/02.

Combining the prior (1.17) and the sensor (1.22) models using Bayes’
rule, we obtain the posterior distribution

pdu)p(u) 1

p(u|d) = p(d) = Eexp(_E(u))’ (123)
where
E(u) = Ey(u) + Eq(u, d). (1.24)

Note that this is the same energy equation as (1.8), which describes the
energy of a discrete snake. Thus, computing the mazimum a posteriori
(MAP) estimate [19], i.e., the value of u that maximizes the conditional
probability p(u|d), provides the same result as finding the minimum
energy configuration of the snake.

Although in this case both the physical and the Bayesian models may
be used to produce the same solution, there are several advantages to the
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probabilistic approach [38]. Most importantly, the external force fields
(data constraints) can be derived in a principled fashion taking into ac-
count the known noise characteristics of the sensors and the uncertainty
in the posterior model can be quantified and used by higher level stages
of processing.

As an example of quantifying the uncertainty of a snake, we can com-
pute its in equilibrium by generating random samples from the posterior
distribution and accumulating the desired statistics. In general, gener-
ating good random samples can be tricky [38]. However, for a snake
with spring constraints, the posterior energy is quadratic

1
E(u) = i(u—u*)TA(u—u*) +Ek, (1.25)
where u* = A~!b is the minimum energy solution. The Gibbs dis-
tribution (1.23) corresponding to this quadratic form is a multivariate
Gaussian with mean u* and covariance A~!. It is straightforward to
generate an unbiased random sample because the discrete snake energy

factorizes into LDU form. Substituting u = LTv into (1.25), we obtain

E(v) = %(V—V*)TD(V—V*)—l—k7 (1.26)
where v* = D!L~!b is the intermediate solution in the LDU solution
of the banded snake system LDL”u = b. Thus, to generate a random
sample, we simply add white Gaussian noise with variance D~! to v*
and continue with the solution for u. The resulting collection of random
snakes are used to compute the local variance at each point on the snake,
and hence a confidence envelope (Figure 1.4).

1.3 Sequential Estimation and Kalman Snakes

The probabilistic interpretation of snakes allows us to generalize and
ameliorate the force-based tracking scheme. It enables us to design, in a
principled way, sequential estimation algorithms which integrate visual
measurements over time to improve the accuracy of estimates. Such
sequential estimation algorithms become even more potent when they
are combined with the equations of motion of a physical model. The
resulting estimation algorithm is known as the continuous Kalman filter

[18].
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1.3.1 The Kalman Filter

The Kalman filter is formulated by adding a system model to the prior
and sensor models of the Bayesian formulation. The system model de-
scribes the expected evolution of the vector of state variables u(t) over
time.” The continuous Kalman filter assumes the system model

d

where F is the system matrix and q is a white Gaussian noise process
with covariance Q. The system noise is used to model unknown distur-
bances or uncertainty about the true system dynamics.

The sensor model component p(d|u) of the Bayesian formulation is
rewritten as

d=Hu+r, r ~ N(O,R), (1.28)

where each measurement is assumed to be corrupted by a Gaussian noise
vector r whose covariance R is known.

The Kalman filter operates by continuously updating an estimated
state vector @t and an error covariance matrix P. The state estimate
equation

t=Fa+S'H'R(d - Ha) (1.29)

consists of two terms. The first term predicts the estimate using the
system model, while the second term updates the estimate using the
residual error (d — Hu) weighted by the Kalman filter gain matriz
G = ST'HTR™!, where S = P! is the inverse covariance (or in-
formation matriz) of the current estimate. The size of the Kalman gain
depends on the relative sizes of the S and the noise measurement covari-
ance R. As long as the measurements are relatively accurate compared
to the state estimate, the Kalman gain is high and new data measure-
ments are weighted heavily. Once the system has stabilized, the state
estimate covariance becomes smaller than the measurement noise, and
the Kalman filter gain is reduced.

The information matrix S is updated over time using the matriz Ric-
cati equation expressed in terms of inverse covariance

7 In the remainder of this paper, we will assume that all quantities are continuous
functions of time, and we will omit (¢).
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S=-SF-F’S-SQS+H'R'H. (1.30)

This equation is derived from the standard matrix Riccati equation [18,
p. 122] using simple matrix algebra.® Here again, we see the competing
influences of the system and measurement noise processes. As long as
the measurement noise R is small or the Kalman filter gain G is high,
the information (or certainty) S will continue to increase. As the sys-
tem begins to reach steady state, the relative influence of the system
noise Q, which decreases the certainty, and the measurement inverse co-
variance R™1, which increases it, counterbalance each other. Of course
the absence of new measurements or sudden bursts of new or accurate
information can cause fluctuations in this certainty.

1.3.2 The Kalman Snake

We create Kalman snakes by employing the snake equations of motion
(1.14) as the system model of a continuous Kalman filter. To this end,
we write these equations in the standard dynamical system form

du
— =Fu 1.
7 +g (1.33)

which corresponds to the system model (1.27) of the Kalman filter. For a
massless snake (i.e., for M = 0), (1.14) reduces to the first-order system

%u =-C 'Ku+C™'f (1.34)

which is in standard form. To express the second-order system (1.14)
similarly, we include the nodal velocities du/dt = 0 as explicit state
variables along with the positions u to obtain the set of coupled first
order equations

8 To convert the standard Riccati equation

P = FP+PFT+Q-GRGT
FP +PFT + Q - PHTR 'HP (1.31)

into the inverse covariance form, we use the lemma

S = —SPS (1.32)
which can easily be derived from the identity SP =1,

d . .

g(SP) =SP +SP =0.

Substituting (1.31) into (1.32), we obtain the desired result (1.30).



Tracking with Kalman Snakes 17

S[3]-[ 7 R

We can then rewrite (1.35) in the standard form (1.33) by simply re-
naming the augmented state vector [u? u?]? to u.

We can relate the second term in (1.29) back to the physical snake
model, thus arriving at a physical interpretation of the Kalman filter.
The residual error (d — Ha) can be interpreted as the deformations of
springs coupling selected state variables Hu to the data d, the matrix
R ! contains the spring stiffnesses (inversely proportional to the vari-
ances in the measurement noise), and H? converts the spring forces to
generalized forces that can then be applied directly to the state variables
of the model. The general idea is very similar to the simple force-based
tracking scheme described in Section 1.1.2, but there is one significant
difference. Before applying the generalized spring forces to the state
variables of the model, the Kalman snake transforms them with the co-
variance matrix S™! = P which has accumulated the history of prior
observations, their uncertainties, etc., through the evolving matrix Ri-
catti equation. A simple way of describing the relationship is that force-
based tracking amounts to “Kalman filtering” with a constant unit co-
variance/information matrix.

Both the first-order (1.34) and second-order (1.35) system models may
be employed in Kalman snake trackers, but their behaviors will differ.
Suppose a Kalman snake is tracking an object that is translating across
the image and the object suddenly becomes temporarily occluded. The
first-order Kalman snake, although simpler to compute, lacks an inertial
term and it will therefore stop moving as soon as data forces vanish be-
cause of the occlusion. When the object reappears, it may have moved
too far away for the first-order snake to recapture it. The inertial term
of the second-order Kalman snake, however, will enable it to continue
moving for a distance which will depend on the magnitude of the damp-
ing term, and it may stand a better chance of regaining its lock the
object when it reappears.

It is worth explaining why we prefer the inverse covariance formulation
of the matrix Riccati equation S rather than the more commonly used
covariance formulation involving P. This has to do with the nature of
the prior distributions that arise from the snake model’s elastic energy.
As we showed in Section 1.2, the prior distribution is a multivariate
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Gaussian with a covariance matrix P(0) = K~!, the inverse stiffness
matrix. While K is sparse and banded, P(0) (and hence P(¢)) will not.
For snake models with many nodal variables, it is impractical to store
and update the dense covariance matrix.

1.3.3 A Simplified Kalman Snake

We can derive a more convenient approximation to the Kalman snake
equations if we assume that the inverse covariance matrix S can be
partitioned into a time-invariant internal stiffness component K, and a
time-varying diagonal component S’

S(t) = K, + S'(¢). (1.36)

We can set Ky = K, the snake stiffness matrix. We then apply the
Riccati equation (1.30) directly to S’, and ignore any off-diagonal terms
that arise. The state update equation (1.29) becomes

ti=Fa+ (K,+S) 'H'R!(d - Ha) (1.37)

The state update equation (1.37) changes the current state estimate
according to both the dynamics of the system described by F and ac-
cording to the filtered difference between the sampled state Hu and the
data values d (these can be replaced by other external forces). The
Kalman gain contains a weighting component R~! which is inversely
proportional to the noise in the new measurements, a weighting term
S’ which varies over time and represents the current (local) certainty in
the estimate, and a spatial smoothing component corresponding to the
internal stiffness matrix K. Note that we do not explicitly compute G.
Instead, we solve the system of equations (K,+S’)a = H'R~!(d—Hu)
for @1, and use this as the second term in (1.37).

Equation (1.37) employs the snake elasticity, as expressed through the
stiffness matrix K, in two places. The first is in the system dynamics F,
which result in the model returning to a rest state in the absence of new
measurements. The second is through the “prior smoothness” K, which
filters the new measurements to ensure smoothness and interpolation,
without destroying shape estimates that may already be built up.

We now demonstrate these two behaviors of Kalman snakes. Fig-
ure 1.5 (a)—(e), which shows several frames from an image sequence of
a rotating dodecahedral puzzle in which a closed snake is tracking the
left-to-right motion of the dark boundary of one of the pentagonal faces.
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Figure 1.5

(f)
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Snake tracking a rotating object. (a)—(e): frames 0-16 (steps of 4), (f): image data

is occluded.
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(b)

Figure 1.6
Kalman snake. (a) snake at equilibrium in last frame of image sequence (b) snake
retains shape after image data is occluded.

If the model smoothness and shape structure are totally in the dynamics
F, then the snake will return to its natural, relaxed rest configuration
when the image data is temporarily removed (such as when the object
being tracked becomes occluded). For example, after the image data is
removed from the snake in Figure 1.5(e) it relaxes to the equilibrium
state in Figure 1.5(f).

If, on the other hand, the smoothness is totally in the prior, then
the snake will retain its shape during occlusion, but will find it increas-
ing difficult to adapt to non-rigid motion because of its adherence to
old measurements (“sticky data”). The latter behavior is illustrated
in Figure 1.6. Compare the equilibrium shape of the Kalman snake in
Figure 1.6(b) to Figure 1.5(f).

The right blend of the aforementioned sources of a priori knowledge is
application specific and depends on what is known about the real-world
physics of the objects being modeled and about the sensor characteris-
tics. For example, a rigid object should have a system model F which
only supports rigid transformations, whereas a nonrigid object should
have a deformable system model. The advantage of the Kalman filter
which incorporates the Lagrangian dynamics of snakes is that it gives
us the flexibility to design tracking behaviors that are not possible with
conventional snakes. Moreover, the model parameters, such as how much
to weight new measurements versus old shape estimates, can be derived
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from statistical models of sensors, rather than being heuristically chosen,
and they can vary over time.

1.4 Conclusion

The class of deformable models known as snakes has proven useful in sev-
eral image analysis tasks. When applied to static images, the physical
behavior of these models is useful mainly to support user interaction.
The dynamical nature of snakes has a much larger impact, however,
when they are applied to time-varying imagery. The dynamical sys-
tem approach yields snakes and other deformable models that can track
nonstationary data using forces, continuously adapting to to images of
complicated rigidly or non-rigidly moving objects of interest. The prob-
abilistic approach, especially the well-known techniques of Bayesian esti-
mation and Kalman filtering, has proven successful in dealing with noisy
measurements and integrating information from multiple sources (sen-
sor fusion) and over time (sequential estimation). This chapter realizes
the full potential of the dynamic and probabilistic approaches, by com-
bining them to create a new sequential motion estimator, the Kalman
snake. The Kalman snake uses snake dynamics as a system model to
constrain and predict possible motions and, under the right conditions,
it optimally acquires new information from uncertain measurements in
a sequential fashion and optimally blends them with previous estimates.
Chapter 5 will extend this approach to more sophisticated deformable
models.
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