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WMI for advanced, real-world probabilistic inference

Consider an autonomous agent operating in the real-world and under uncertainty, e.g., a self-driving car. It would have to model both continuous variables
like the speed and position of other cars and discrete ones like the color of traffic
lights and the number of pedestrians. Moreover, to take decisions, it would also
need to perform probabilistic reasoning over complex algebraic constraints, such
as the geometry of vehicles and roads ahead and the laws of physics.
Performing probabilistic inference in these constrained and hybrid (mixed
continuous-discrete) scenarios goes beyond the limited inference capabilities of
probabilistic models such as variational autoencoders [10] and generative adversarial networks [8]. This is also the case for classical probabilistic graphical
models for hybrid domains [9, 13] and more recent tractable ones [14, 16, 17]
which struggle to either perform inference over complex algebraic constraints or
make too simplistic representational or distributional assumptions.
On the other hand, Weighted Model Integration (WMI) [2, 15] supports general hybrid probabilistic reasoning over algebraic constraints, by design: mixed
complex continuous-discrete interactions can be easily expressed in the language
of Satisfiability Modulo Theories (SMT) [1] and answering probabilistic queries
involving algebraic constraints can be naturally cast as integration of certain
weight functions over the regions that satisfy those constraints. Consequently,
much attention has been posed to devising more and more sophisticated generalpurpose WMI solvers [15, 20, 11, 12]. However, they are generally oblivious to the
structure of the problem at hand and as such do not scale. Here we advance the
WMI framework on two fronts: we i) deepen the theoretical understanding of the
complexity of WMI inference on real-world problems by proving some hardness
results; and we ii) deliver an efficient and accurate approximate WMI solver,
ReCoIn, as a practical algorithmic solution to deploy WMI in the real-world.

2

Tracing the boundaries of tractable WMI classes

Recent works have started looking for classes of tractable WMI problems, i.e.,
problems for which a solution can be computed exactly in polytime [18, 19].
These classes of problems can be characterized by two parameters: the treewidth
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Fig. 1. Relaxing a WMI problem with an SMT formula ∆ with loopy primal graph
(left): first a copy of Z is added and connected in the augmented formula ∆aug (center
left), then the added edge (orange) is removed yielding a relaxed formula ∆rel (center
right) amenable to tractable inference and a remaining part ∆rem (right).

and the diameter of the primal graph [7] of the SMT formulas considered, where
the latter is generally expressed as a function of the number of variables in the
problem. We provide the necessary conditions for the largest class of tractable
WMI known so far4 , introduced in [19] by defining some sufficient conditions
over the treewidth and diameter length of the primal graph of a WMI problem.
Theorem 1. Let WMI(Ω, log(n), t) be the class of WMI problems whose primal
graph has treewidth t and diameter that is Θ(log(n)), where n is the number of
variables in the problem and whose parametric weight function family Ω satisfies
the conditions stated in [19]. Then WMI(Ω, log(n), t) is a tractable WMI class
for inference if-and-only-if treewidth t = 1.
Our complexity result sets the standard in the landscape of WMI solvers: every
exact solver that aims to be efficient, needs to operate in the regime of Theorem 1.
However, real-world problems do not always conform to the structural desiderata
for primal graphs stated in it. This implies that efficient approximations might
not only be useful in these scenarios, but needed. We fill this gap, by introducing
ReCoIn which performs approximate inference on intractable WMI problems,
by relaxing them into a tractable version in WMI(Ω, log(n), t).

3

ReCoIn: efficient approximate WMI inference

ReCoIn comprises three phases: i) RElaxing an intractable WMI problem into
a simpler one amenable to exact inference by removing dependencies from it;
then ii) introduce certain literals and weights to COmpensate for the dependency structure lost in relaxation and iii) optimize them by solving a series of
exact INtegration problems. As such, it can be cast within the relax-compensaterecovery (RCR) framework [4–6] for approximate inference.
Algorithm 1 sketches the main phases involved. First, given a WMI problem
with an SMT formula ∆ and weight functions W, we mark some set of edges Ed
in the primal graph of ∆ to be removed to obtain a tree-shaped primal graph
4

W.l.o.g., we consider WMI problems over continuous variables only by leveraging the
polytime reduction of [18] from WMI problems with continuous-discrete variables.
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Algorithm 1 ReCoIn (∆, W, K)
Input: a WMI model (∆, W), K number of compensating literals
Output: (∆rel , W rel ): relaxed and compensate WMI problem.
1: Ed ← selectEdgesToRemove(∆, W)
. Select edges to remove
2: ∆aug , W aug , L ← augmentModel(∆, W, Ed )
3: (∆rel , W rel ), (∆rem , W rem ) ← relaxModel(∆aug , W aug , L)
4: ∆rel , W rel ← addingCompensations(∆rel , W rel , L, K)
5: while not converged do
6:
for Xi ∈ copiedNodes(∆rel ) do
V i
c
rem
)−1
7:
for k ∈ [K] do rk ← WMI(∆rem , W rem ) / WMI(∆rem ∧ C
c=0 `k,i , W
P
c,(t+1)
c,(t)
k
8:
for c ∈ [Ci ] do θk,i
← log(r αk,σ(c) ) − log(1 − αk,σ(c) ) − c0 6=c θk,i
9: Return (∆rel , W rel )

with bounded diameter. For each edge Xi − Xj ∈ Ed , we copy one of its variables, say Xi , into Xic , and augment formula ∆ into ∆aug by introducing literals
representing equality constraints `ˆ : (Xic = Xi ) and properly renaming occurrences of Xi in ∆aug . In essence, this augmentation substitutes the dependency
Xi − Xj by Xi − Xic − Xj . Then, we break ∆aug into a relaxed formula ∆rel
and a remaining part ∆rem by removing the previously introduced equivalence
constraints between the copies. As a result, we sparsified the primal graph of
∆rel to make it amenable to exact and efficient inference. Figure 1 illustrates
the process. Later, we retrieve the lost constraints by optimization. As in other
RCR schemes [4, 3] we introduce K compensating literals {`ci,k }K
k=1 between
each Xi , and its copies Xic and equip them with compensating weight functions
c
w`ci,k := exp(θi,k
). Lastly, we iteratively optimize the compensating weights pac
rameters θi,k such that we recover the probability of the compensating literals
across the different copies. That is, we want to satisfy the following constraints:
^



Ci
c
i
Pr∆rem
`k,i = Pr∆rel `0k,i = · · · = Pr∆rel `C
k,i , for k = 1, · · · , K. (1)
c=0

Therefore, at each iteration V
t, we need to solve 2K integration
for
VCiproblems
Ci
computing rk = WMI(∆rem ∧ c=0
¬`ck,i , W rem ) / WMI(∆rem ∧ c=0
`ck,i , W rem )
π(c)

terms and Ci ·K integrations for αk,σ(c= = Pr∆rel (`k,i ) for each pair of a variable
and its copies, for an arbitrary permutation π of the copies. To this end we
adopt MP-WMI [19] to solve these tractable WMI problems because it is the
fastest solver yet for tree-shaped and bounded diameter problems, and even
more importantly, it allows to amortize inference across queries. That is, we can
compute all the Ci · K literal probabilities in a single message-passing step.
In our preliminary experiments over synthetic WMI problems with loopy
primal graphs, ReCoIn delivers more accurate answers to probabilistic queries
than alternatives like rejection sampling [12] and scale to larger problems than
exact solvers like PA [15] or approximate ones like XSDD (Sampling) [20].
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